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1.(a) Inthefigurebelow, | use © to denote a probability mass of 1/12 and ® to denote a probability mass of 1/6.
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px (0) = 1/6 + 1/12 = 1/4, py (1) = 1/3, px (3) = 1/4, px (5) = 1/6.

py(-1) =2 112+ 1/6 = 1/3, py(3) = 1/3, py (4) = 1/3.

Since, for example, px (3)py (3) = (V/3) (/4) =1/12* py v(3,3) =0, the random variables are not
independent. We can aso seethisviathe eyeball test: there are empty spotsin the grid.

P{X £ Y} = ple(O,S) + px,Y(l,3) + pX,Y(1’4) + pX,Y(3’4) =1/2.

PX +Y £ 8 =1-py y(54) =1V12

GivenY = 3, X takeson vaues0, 1 and 5 with conditional probabilities (1/6)/(1/3), (1/12)/(1/3), and
(/12)/(1/3), that is, 1/2, 1/4 and 1/4 respectively. Hence, E[X|Y =3] = 0+(1/2) + 1(1/4) + 5¢(1/4) = 3/2,
and E[X 2|Y =3] = 0P+(1/2) + 12+(1/4) + 52+(1/4) = 26/4, giving var(X |Y =3) = 26/4 — 9/4 = 17/4.

2.(a),(b) Thejoint pdf is nonzero on the quarter-plane shown. For v > 0, the pdf of Y isgiven by
\'

(c)

3.(a)

(b)

(c)
(d)

.V
fy(v) = @-(vz—uz)-exp(—v)du = c-[vzu—u3/3]-exp(—v).:. = c-(4l3)-v3-exp(—v). Werecognizethisasa
u=—v -V

gamma pdf with parameters (4,1) which gives usthat c+(4/3) = 1/G(4) = 1/3! and thus c = 1/8.
¥

Foru>0,fy(U)= (JU8)*(v2-u?)rexp(-v)dv = (1/8)+(~v? —2v — 2 + u2))-@(p(—v).:.
vV=u u

whilefor u <0, theintegral isfromv =-uto¥. Thus, we get fy (u) = (1/4)*(1+|uf)>exp(-Ju]).

The pdf of X is symmetric and the integral of ue(1/4)s(1+u)eexp(—u) from 0 to ¥ isfinite (what's that got to

dowithit??) Hence, E[X]=0.

= (V4)+(1+u)=exp(-u)

The computation of the double integral isleft as an exercise since the final answer is known.
2

fy (u) = (;W7)°(u2 +uv/2)dv = (6/7)°[u?v + uv2/4].:. . (6/7)+(21 + u) for 0 < u < 1, and O otherwise.
v:

u

O(6/7)+(u? + uv/2)dv du = 15/56.

1
P{X >Y}=P{(X,Y)T shadedtriangleshown} = ¢
=0 v=0

u
PIY >3 |X <3} =P{Y >3, X <3}/P{X <3}
=P{(X,Y) T shaded rectangle shown}/P{(X,Y) T shaded rectangle+crosshatched square}
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Now, P{X <3} = ()/7)+(2u? + u)du = (6/7)*[2u%/3 + u2/2].|. = g While
u=0 0
2 1/2 2 - 1/2
PY>2, X<3= ¢ oM W2+widudv=(6/7)[ud3+uvid  dv
v=1/2 u=0 v=1/2 o
2
s _323 .. 1 1, _69
= v:8(23/28)(1/3 +V/2) dv = os'16 91Ving that P{Y >3 | X <3} = 80
1
N i 1 5
(e) E[X]=  Qe(6/7)+(20? + u)du = (6/7)+[u?/2 + u3/3].|. =3
u=0 0
! 1
(f) f (V)= @7 (u>+w/2)du = (6/7)-[u3/3+u2v/4].:. = (6/7)+(1/3 + v/4) for 0 < v < 2, and O otherwise.
u=0 0
2 "2 8
Hence, E[Y] = (y*(6/7)*(L/3 + v/4)dv = (6/7)*[v2/6 + v3/12].:. =3
v=0 0
> B
sin(p/6)=1/2

4.(a) Asisobviousfrom the left-hand figure, the chord is longer than the side of the inscribed equilateral triangle
if itsmidpoint liesinside the inscribed circle. It iseasily seen (or read in Ross!) that the radius of thisinner

circleis /2. Hence, P{random point liesinside inscribed circle} = ratio of areas = p(1/2)2/p(1)2 =1/4.
Thus, we can choose between 1/2, 1/3, and 1/4 as the answer to the random chord problem!

(b) If the midpoint is at distance r from the center of the circle, the chord haslength 2V 1 — re, Thus, we have

that L =2V1 — R2=2V1 — X2 — Y2 whereR isthe distance of the random point (X,Y) from the
origin. Asbefore, 0£ L £ 2, and for any x, 0 £ x £ 2, we have that F (x) = P{L £ X}

2
=P[21 — R%2£x} =P[R * V1 — x2/4} =1-P{R £V1 — x%/4) :1—3(1:—2/4)”2/4.
p

0£x £2
otherwise.

Hence, f| (X) =d%F|_(x) = { )(;/2
2
(c) E[L] = 0@<-x/2dx =4/3.

5.(a) The pdf is nonzero in the shaded region shown.
Vv
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V=¥
(b) fy(u) = O 2exp (—u-v) dv = 2eexp(—2u) if u> 0, and O otherwise.
v=u
u=v
fy (V) = 02 exp (—u—v) du = 2eexp(—v) — 2eexp (—2v) if v > 0, and O otherwise.
u=0
(c) The random variables are not independent: fy (U)fy (V) * fx y (UV).
¥ v ¥
(d) P{Y >3X} = ¢ O 2exp(—u~Vv)dvdu= ¢ 2exp(—4u)du = 1/2.
u=0 v=3u u=0
al2 v=a—u u=a/2
(e) P{X +Y <a}= 9 o} 2e " Vavdu= 0 2e_u[e_u—e_a+u]du =1-(1+a)exp(-a)fora > 0.
u=0 v=u u=0

The praobahility isO for a £ 0.
(f) fysy(@) = %[1 —(1+a)(exp(-a)] =a<exp (-a) for a > 0, and 0 otherwise. Thisisagamma density
with parameters (2,1).

v v dv

u 1/2 u u
- - -
6. Thejoint pdf has values as shown in the two triangular regions.
(a) fy(a) = areaof cross-section at a = sum of areas of two rectangles = (1/2)(1—-a) + (3/2)a = (1/2) + a, for

Ofaf£landOifa<Oora>1.

(b) P{X +Y £3/2} =1-P{X +Y >3/2} =1-volume above heavy linein middle figure above
=1—-(V2) (1/2) (V2) (3/2) = 13/16.

(c) P{X 24y2s 1} = Volume outside heavy curvein right—hand figure above = (1 —p/4) (3/2) = 3/2 - 3p/8.
(Alternatively, volume inside the curveis (]JZ)2 + (p/4—1/2) 3/2=3p/8-1/2)



