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1.(a) Yes (b) | interpret both —22+1and 122 as having value -3, and —23+2and 2-2° as having
value—6. However, American grade-school math teachers (and their students!) may have a different
interpretation! According to Microsoft Excel, the—signin —22+1 denotes unary negation of 2 which has
higher priority than the squaring(exponentiation) of 2. Thus, —22+1 means (—2)2+1 = 5; while the —sign
in 1-22 denotes the bi nary subtraction operator which has alower priority than exponentiation, so that

1-22 = 3. Note that with this interpretation, both —23+2 and 2-23 have value 6.
Comment: Microsoft'sworld view invalidates many common mathematical operations. For example,

you cannot factor asin —2342= (—22+1)2 and 2-23 = (1—22)2 because the cancellation law (ac = bc implies
a= b except when ¢ = 0) would then imply that —22+1 = 1-22 ingead of havi ng different values 5 and -3
respectively! (c) Incaseyou didn't figureit out asyet, | don’t agree with Excel!

Later on, when teaching you about Gaussian random variables, | will be writing exp(—xz) alot, so be sure to

remember that | mean exp(—(xz)) and not exp((—x)z) = exp(xz)! Also, be very careful if and when you use Microsoft
Excel in statistical applications!
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(d) True:

It follows that the given expression simplifies to the more familiar

2.(a) If your calculator’s arithmetic unit is designed in accordance with the IEEE Standard for fl oating-point
arithmetic, you should have obtained exactly 3 as the answer.
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3.(a) 7. (b) sinx =x —x3/3! + x2/5! — ... » x —x3/6 for small x. Hence, for small x,
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Here we have used the series: (1—y)‘2 =1+2y+ 3y + ... whichisvalid for |y| < 1.
Remember this series; it and theseri%(l—y)_l =1+y+ y2 + y3 + ... will be used many timesin the course.
Exercise: What do you get when you differentiate both sides of (1 —y)_1 =1l+y+ y2 + y3 + ...

Thus, .1 2_%»1/3+3x2/36+...:1/3atx:0,i.e.,limx®0 _l 2—%=l
[sinx]c x [sinx]c x
2 an2
1 5— 12_X 5 S|2n X is of the form 0/0 at x = 0.
n x] X“sin“x

Thus, by (repeated application of) L‘H8pitaJ‘s rule and the identity %si nx = sin(2x) (huh??), we have

1 1 . X2 — sinzx_ . 2X —sin(2x)

X®0[sin x]2 X2 Moo x2sin®x ImX®02xsin2x + x2sin(2x)
2 — 2cos(2x) —lim 4sin(2x)

"Mh® 0 5n2x + 4xsin(2x) + 2x2cos(2x) M@0 2sin(2x) + 12xcos(2x) 4x2sin(2x) + 4sin(2x)

=lim 8cos(2x) -8_1 Just as before,
M@0 4cos(2x) + 12c0s(2x) + 8cos(2x) + x(some other stuff) ~ 24~ 3 '
(c) x"exp(—ax) has maximum value (n/a)'exp(—n) at x = n/a. Here n =25, a=In 1.00001 giving a maximum
value of 0.123365..." 101°0 at x = 2,500,012.5...
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4.(a) From the picture on the next page: ¢ |x|dx = the shaded area = sum of the areas of two triangles

Those who prefer a purer approach should note that [
S

lim

(area= (1/2)" base altitude, remember?) =(1/2) 2 2+ (1/2)’ 1" 1=25

It is very important to learn the habit of drawing a sketch before tackling integralsin this course. 1t will save you
from alot of errors, and in some cases, it will ease your task considerably. The above is an example of this.
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Those who insist on integration should note that |x| = x if x > 0 and [x] = = if x < 0, and hence ¢[x|dx =
-2
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Puty =1-x. Then, _20 X(1-x) dx—:?(l y)y—(-dy) = é)y y<  dy = 20 ~21 = 140
=-323,772,837.2.... Alternatively, integration by parts can be used. Did you get a positive answer?

(b) Since an integral is“the area under the curve’ theintegral of a nonnegative function cannot be negative. A

proof of this can be written using (for example) the comparison property (see, e.g. Edwards and Penney).

| hope that warning bells will go off in your mind if you ever find the integral of a positive function to be a negative
number. These bellswill peal out more strongly if your sixth sense is aided by a sketch indicating just which area
corresponds to the integral that you are computing.

(c) (i) False: the chain rule gives—g(—x) asthe derivative. (ii) Trueasperthechainrule. (iii) False: the
chainrule gives exp(f(xz))g(x2)2x asthe derivative (iv) True. cf. (i) (v) False: the antiderivative of g(x
need not be related to f(x2) atall! (vi) Trueonly for positive functions f(x).
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(d) Since %exp(—XZIZ) = —x-exp(—x2/2), 0-exp(—x2/2)dx = —exp(—x2/2)'|' =1
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5.(3) Larctan()=—= () 1= 02 gv=dwactan(x). = 2+[p/d—(—p/d)] =
. v T2 10l i p p p.
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(c) True. The value of theintegral does not depend on the name of the variable of integration.

(d)(e) Thesubstitutiony = 1/x, dx = —y_2 dy,x=-1b y=-1,x=1b y=1only seemingly leadsto the
result that | =—J. Infact, although it is perfectly truethat x =—1 b y = -1, it so happens that as x
increases from —1 to O, y decr eases from —1 to —¢. Thus, the change of variablesreally gives
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= 2-arctan(x).:. = 2-arctan(x).:. | =206p/9~(p/2)] + 21(p/2) ~p/4)] = p just asbefore

Sorry, folks, and don’t forget to re-change all those 0's back to p’sin your textbooks!

6.(a) f(x,y) isnonzero only on the triangular shaded region shown above. Hence,
1 x 1 1
0 of(x,y)dxdy = ¢ Oldydx= ¢y X2 dx = (‘)x—x2 dx = x2/2 - x3/3
y > X2 x=0 y:x2 x=0 X x=0
Alternatively, the area under the parabolax2 from 0 to ais a3/3. Thus, the area between the parabolaand
the hypotenuse of the triangleis 1/6 Since f(x,y) = 1 on that region, the integral = volume between f(X,y)
and x-y plane = 1+(1/6) = 1/6.
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(b) Changing to polar coordinates ¢ (‘)(x2 + y2)_2 dxdy = ¢ (‘)r‘4rdqdr =2p (‘)r_3dr =p/3.
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