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1.(a) A andB arearhitrary eventswithO<P(A)<1,0<P(B)<1

TRUE  FALSE

n n P(A E B) = P(ACE B —P(A%) —P(B°) + 1
[P(ACEB®) - P(A©) —P(B®)] + 1= - P(A®BF) + 1 =1 - P((AEB)) = P(AEB)
n n P(A+B) > P(A)
The conditional probability P(A+B) can be larger, smaller, or the same as P(A)
n n P(A+B) £ P(A)/P(B)
P(A+B) = P(AB)/P(B) £ P(A)/P(B) since P(AB) £ P(A)
n n P(A+B) + P(A+B°) =1
n n P(A+B) + P(A®+~B% =1
n n P(A+B) + P(A®+B) =1
Conditiona probabilities are a probability measure
n n If P(A) = P(B), then P(A+B) = P(B+A)
Since P(A) = P(B), P(A+B) = P(AB)/P(A) = P(AB)/P(B) = P(B+A)
n n If P(A+B) = P(B+A), then P(A) = P(B)
P(A+B) = P(AB)/P(A) = P(AB)/P(B) = P(B+A) b P(A) = P(B) only if P(AB) 1 0
n n P(A+B)P(B) + P(A+B%P(B®) = P(A)
Thisisjust the theorem of total probability!
n n P(A+B) = P(B+A)P(B)/P(A)
Bayes formulagives P(A=B) = P(B=A)P(A)/P(B)
(b) X andY arearbitrary random variables with identical variance s 2
TRUE FALSE
n n E[X?] = E[Y?]
Trueif E[X] = +E[Y], but not in general.
n n var(X +Y) =2s2
Trueif cov(X, Y) =0, i.e. the RVsare uncorrelated, but not in general.
n n var(X —=Y)=0
Trueif P{X =Y} =1, but not in general.
n n var(X +Y) +var(X —Y) =4s?
va(X £ Y)=var(X) +var(Y) + 2ecov(X, Y). Thus, 2ecov(X, Y) cancels
n n var(2X + 3Y) =var(3X + 2Y)
Both variances equal 13s 24 12«cov(X, Y)
n n +cov(X, Y)+£ s2
+r += =cov(X, Y)Nvar(X)var(Y +==cov(X, Y)—:/s2 £1
n n X +Y and X —Y are uncorrelated random variables
cov(X+Y, X=Y) =var(X) —var(Y) + cov(X,Y) —cov(Y ,X)=0
n n X +Y and X —Y areindependent random variables
Uncorrelated random variables are not necessarily independent
3. There are 3 red and 3 black ballsin the urn.
(a) (R,LER,)G(B,EB)=(R, ¢ B)E (B,CR,) sinceR; ¢ B,=R, C B,=/
Hence, P{(R, E R,) G (B, E B,)} = PR)P(B, |R,) + PBPR, [B) =0 3+ 3 3 =2,



University Solutions to Final Exam ECE 313

of lllinois Page 2 of 3 Fall 2000
- o B C (R E Ry} _RB; C Ryl _3.3
PB; | (R, ER,)} = PR, E R,} “P(R, E R}’ We have aready found P{B,CR,} = 6 &
Since PR, E R} =1—P{B, CB,} =1->" 2=24-% Jegattha P(B, | (R, E R,)} ==
1B R = 1 C Byt =1-¢" £=5= 5 Weg 1 1Ry B Ro)p =g
(b) R, and R, are neither digoint nor independent. However,
3.3, 2,3_1
P(Rz) = P(Rz | Bl)P(Bl) + P(Rz | Rl)P(Rl) :g 6 + g 6252 P(Rl)-

(a)
(b)

(c)

6.(a)

(b)

(c)

E[Y]=2=(bt+a)/2.var(Y)=3= (b—a)2/12 giving that b-a= 6. Hence,b=5,a=-1,and P{Y £ 1} = 1/3.

The pdfs under the two hypotheses are as shown below.

1
fy(u)

0.5 fo(U)

-1 05 05 1 05

The maximum-likelihood decision rule chooses H if the observed value of g isin the interval (-0.5,0.5)
and Hy if the observed value of g is outside thisinterval. Hence, Pea(ML) = 1/2 and Py p(ML) = 1/4.

If P(Hg) * P(Hq), the Bayes rule compares P(Hp)+f(u) = 0.5.P(Hp) and P(Hq)+f1 (u) = (1u[)*P(H1). Since
P(Hg) < 0.5, P(Hq) > 0.5, we see that 1 — |u| must exceed 0.5-P(Hg)/P(H;) whichislessthan 0.5. Hence,
the Bayes rule decidesin favor of Hq if |g] < 1-0.5P(H)/P(H4) where the RHS is larger than 0.5. The
situation is as shown below, and we conclude that Pep (Bayes) > Pea (ML) and By, p(Bayes) < Py p(ML).
Thus, only A isatrue statement. This makes senseintuitively. Since P(Hq) > P(Hq), the Bayesrule

attempts to reduce the chances of error (missed detection) when the more likely hypothesisis true, while
accepting a somewhat larger chance of error (false alarm) when the less likely hypothesisistrue.

4,
0.5+P(H,)
P(H,)+f (u) ~T<FP(H)
T D e
-1 05 05 1 > -1 05 05 1

From the left-hand diagram above, we see that the Bayes decision rule will always choose Hy if 0.5¢+P(Hy)
islarger than P(H1) = 1-P(Hg), i.e. if P(Hg) > 2/3.

1 u?2 1
P{2Y <X} =P{Y <X/2}= ¢ gu+vdvdu= ¢ u2/2+u2/8du:%5+2—14:§1
u=0v=0 u=0
1
ForO£u£ 1, fy(u)= ou+vdv=u+1/2. Forall other values of u, fy (u) =0.
0
1
Sanity check: fy (u)® Oand u + 1/2du=1
0
11 ! 1 1 7
E[Y]= O ove(u+Vv)dudv= gv/2 +vidv="+-=-- =E[X]. Why?
0 0 0 4 3 12
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11 1 L1 1
(d) EIXY]= O ouve(u+v)dudv= gv/3+v2dv=>+="=.
6 6 3
00 0
-1

Hence, cov(X, Y) = EIX Y] -~ E[X]E[Y] = .

(e) Since fy (0.4) = u+ 0.5 = 0.9 from part (a), fy IX (v|0.4), the conditional pdf of Y given that X = 0.4, is

fy v(0.4yv) 119, i
given by fy |x (v[0.4) = g—fo((o 2 ) =] (04+v) TOEVEL
X 10, elsawhere.
() Z =X +Y cantakeonvaluesintherange[0,2]. ForO£a £1,Fy(@)=P{Z £a}=P(X +Y £ a}
a a-v a v a

_ 8 A - A 2 _ 3 2 327 .3
= 0 OuUtvdudv= (@ -V)/2+v(@a-v)dv=—(a-Vv)/6+avi/2-v7/3] =a%/3.

v=0 u=0 v=0 10

1 1

Forlfa£2 1-Fz(@)=P{Z>a}=PX+Y>a}= o O u+vduadv
v=a-1 u=a—v
1

\ |
= Qv+ 12-(a-v)%2 -v(a-v)dv=vZ2+vi2+(a-v)6—av2+v33
v=a-1 Ta-1
X ja’, 0£ af£l,
=ad3-a?+4/3 givingfz(@)=ja(2-a), 1£ af?2, Sanity check: Fz(a) = ad/3
10, otherwise.

increases from 0 to 1/3 asa increases from 0 to 1, while F(a) = 1—(a3/3—a2 + 4/3) hasvalue 1/3 at
a=1andincreasestolata = 2.

7.(a) X isabinomial random variable with parameters (25600, 0.5).

(b) E[X] = 25600-0.5 = 12800. var(X) = 25600+0.5¢0.5 = 6400.

(c) Since X +Y =25600, X andY cannot be independent random variables. Knowing one tellsis the other.

(d) X andY are either both even or both odd. Hence, X — Y cannot equal the lead of B over A; one or the
other of A and B must win.

(e) Z =X —Y =2X —25600 has mean E[Z] = 2.E[X] — 25600 = 0 and variance var(Z) = 4svar(X) = 25600.

(f) According to the Central Limit Theorem, the CDF of Z can be approximated by the CDF of a N(0,25600)

random variable. Thus, P(B wins) = P{Z £ 536} » F (536/\ 25600) = F (536/160) = F (3.35) » 0.9996
(9) Now, X isbinomial with parameters (25600,p) and thusZ = X — Y =2X — 25600 now has mean
E[Z] = 2.E[X] — 25600 = 2+25600+p — 25600 = 25600+(2p—1) and variance 4svar(X) = 25600+p*(1-).

In order for P(A wins) = P{Z 3 538} » 1-F BB =ElZly_ 1 838=2560020-1), e 5 o

e Vva(@z) o e Vvar(Z) [}

more, the argument of F must be at most zero, i.e. 538 £ 25600¢(2p-1), that is,

538 + 25600 538 -
3 —— = — - = |
2e95600 05+ 51200 0.5105... Notethat it is not necessary to compute var(Z) at all!



