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The Reliability Function

¥ Let the random variable X be the lifetime or the time to failure of
a component.  The probability that the component survives until
some time t is called the reliability R(t) of the component.

¥
where F is the distribution function of the component lifetime, X.

¥ The component is assumed to be working properly at time t = 0
and no component can work forever without failure.
i.e.

¥ R(t) is a monotone non-increasing function of t.

¥ For t less than zero, reliability has no meaning, but:
 we let R(t) = 1 for t < 0.  F(t) will often be called the
unreliability.
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¥
C

onsider a fixed num
ber of identical com

ponents, N
0 , under

test.

¥
A

fter tim
e t, N

f (t) com
ponents have failed and N

s (t) com
ponents

have survived.

¥
N

f (t) +
 N

s (t) =
 0.

¥
T

he estim
ated probability of survival:
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¥
In the lim

it as                w
e expect     (survival) to app

roach R
(t).

A
s the test progresses, N

s (t) gets sm
aller and

 R
(t) decreases:
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¥
(N

0  is constant, w
hile th

e num
ber of failed com

ponents N
f

increases w
ith tim

e.)

¥
T

aking derivatives:

N
Õf (t) is the rate at w

hich com
ponents fail.

¥
A

s                the right hand side m
ay be interpreted as the

negative of the failure den
sity function, F

x (t):

¥
N

ote:  f(t)∆
t is the (unconditional) probability that a com

ponent
w

ill fail in the interval (t, t +
 ∆

t].
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¥
If w

e know
 for certain that the com

ponent w
as functioning up to

tim
e t, the (conditional) proba

bility of its failure in the interval w
ill

(in general) be different from
 f(t)∆

t.

¥
T

his leads to the notion of ÒInstantaneo
us failure rateÓ.  N

otice
that the conditional probability that the com

ponent does not
survive for an (additiona

l) interval of duration x given that it has
survived until tim

e t can be w
ritten as:
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¥
D

efinition:  T
he instantane

ous failure rate h(t) at tim
e t is defined

to be:

so that

¥
h(t)∆

t represents the conditional probability that a com
ponent

surviving to age t w
ill fail in the interval (t, t +

 ∆
t].

¥
T

he exponential distrib
ution is characterized b

y a constant
instantaneous failure rate:
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¥
Integrating both sides of the equ

ation:

or

(U
sing the boundary condition, R

(0) =
 1)  H

ence:
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¥
T

he cum
ulative failure rate,                         is referred to as the

cu
m

u
lative h

azard
.

¥
                                    gives a useful theoretical representation

of reliability as a function of the failure rate.

¥
A

n alternate representatio
n gives the reliab

ility in term
s of

cum
ulative hazard:                    .

¥
 If the lifetim

e is exponentially distributed, then                 and w
e

obtain the exponential reliability function.
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f(t) an
d

 h
(t)

¥
f(t)∆

t is the unconditiona
l probability that the com

ponent w
ill fail

in the interval (t, t +
 ∆

 t].

¥
h(t) ∆

t is the conditional probability that the com
ponent w

ill fail in
the sam

e tim
e interval, given that it has survived until tim

e t.

¥
h(t) is alw

ay
s greater than or equal to f(t), because R

(t) ≤ 1.

¥
f(t) is a probability density.  h(t) is not.

¥
[h(t)] is the failure rate.

¥
[f(t)] is the failure density

.

¥
T

o further see the difference, w
e need the notion o

f conditional
probability density.
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C
F

R
(useful life)

DFR (burn-in-period)

IFR (wear-out-phase)
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¥
P

art failure data generally obtained from
 tw

o sources:  the
failure tim

es of various item
s in a population placed on a life

test, or repair reports listing operatin
g hours of replaced parts in

equipm
ent already in field use.

¥
C

om
pute and plot either the failure density function or the

instantaneous failure rate as a function of tim
e.

¥
T

he data: a sequence of tim
es to failure, but the failure density

function and the haza
rd introduced as continuous va

riables.

¥
C

om
pute a piecew

ise-continuous failure density function and
hazard rate from

 the data.

¥
T

his is, a specific approach to the very general engineering
problem

 of how
 to m

odel a problem
 from

 certain qualitative
know

ledge about the system
 supported by quantative data.
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¥
D

efine piecew
ise-continuous failure density and hazard-rate in

term
s of the data.

¥
A

ssum
e that our data describe a set of N

 item
s placed in

operation at tim
e t=

0.  A
s tim

e progresses, item
s fail, and at any

tim
e t the num

ber of survivors is n(t).

¥
T

he em
pirical probability density function de

fined of over the
tim

e interval ti  <
 t ≤ ti  +

 ∆
ti , is given by the ratio of the num

ber of
failures occurring in the interval to the size of the original
population

, divided by the length of the tim
e interval:
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¥
T

he data hazard (inst.failure rate) over the interva
l ti  <

 t ≤ ti  +
 ∆

ti
is the ratio of the num

ber of failures occurring in the tim
e interval

to the num
ber of survivors at the beginnin

g of the tim
e interval,

divided by the length of the tim
e interval:

¥
O

bservation:  T
he failure density function fd (t) is a m

easure of
the overall speed

 at w
hich failures are occurring

, w
hereas the

hazard rate z
d (t) is a m

easure of the instantaneous speed
 of

failure.

¥
N

ote:  B
oth fd (t) and z

d (t) have the dim
ensions of inverse tim

e
(generally the tim

e unit is hours).

¥
T

he choice of ti  and ∆
ti  in the above equa

tions is unspecified
and is best discussed in term

s of the exam
ples that follow

.
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D
istribution F

unction
D

ensity F
unction

1.
F

(x)
for x

1  <
 x ≤ x

2
            f(x)

for x
1  <

 x ≤ x
2

 
D

istribution fu
nction defined over           D

istribution fun
ction defined o

ver
range  x

1  <
 x ≤ x

2
        range  x

1  <
 x ≤ x

2

2.
P

(a <
 x ≤ b) =

 F
(b) - F

(a
)

        P
(a <

 x ≤ b) =
 

P
robability that x lie

s betw
ee

n
 

a and b
        P

robab
ility th

at x lies be
tw

een a and b

3.
F

(x) ca
nnot decrea

se as x increases      f(x) ≥ 0   f(x) is never n
egative

4.
F

(x
1 ) =

 0 and F
(x

2 ) =
 1

        
P

robability ranges from
 0 to 1

        P
robab

ility of the sam
ple space is unity

f
x

dx
a b
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x x
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 f(t) an
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N
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D
ensity F

unction
H

azard R
ate

1.
f(t)

for 0 <
 t ≤ ∞

            z(x)
for 0 <

 t ≤ ∞
 

D
ensity function is defined for all

       H
azard rate is de

fined for all
 

positive tim
e

       positive tim
e

2.
f(t) ≥ 0 

        z(t) ≥ 0 
f(t) is never negative

        z(t) is never negative

3.

P
robability of sam

ple space is unity        E
quivalent to condition on f(t)

f
t

dt
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t
dt
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