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Analysis of Program Max

¥ Consider the Pascal program MAX that finds the largest element in
the given array B.

¥ Given an array of n elements, B[1], B[2],É..B[n], we will find m and j
such that m = B[j] = max{B[k] | 1 ≤ k ≤ n}, and for which j is as large as
possible.

program  MAX (input, output);
      label  1, 2, 3, 4, 5, 6;
      const  n = 100;
      var  j, k, m: integer;
               B: array  [1..n] of  integer;
begin
1:  j : = n;  k : = n - 1;  m : = B[n]
2:   while  (k > 0) do
          begin
3:             if  B[k] > m
                    then
4.                     begin
                             j : = k;
                              m : = B[k]
                        end ;
5.              k : = k - 1
          end ;
6:  writeln (j, m)
end .
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¥
A

nalyze the tim
e required for its execution.

¥
T

he tim
e of execution depends on:

Ð
m

achine

Ð
com

piler

Ð
input data

¥
E

xam
ine the effect of input data on execution tim

e.

¥
W

e study frequency counts for each step.
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¥
X

 is the num
ber of tim

es w
e m

ust change the value of the
current m

axim
um

.

¥
T

he value of X
 depends on the pattern of num

bers constituting
the elem

ents of the array B
.

¥
E

ach such pattern m
ay be consid

ered a sam
ple point w

ith a
fixed assigned probability.

¥
X

 can be thought of as a random
 variable over the sam

ple
space.
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¥
D

eterm
ine the distribution of the random

 variable X
 for a given

assignm
ent of probabilities over the sam

ple space.

¥
T

he im
age of the random

 variable X
 is {0, 1,É

, n - 1}:

Ð
m

inim
um

 value of X
 occurs w

hen B
[n] =

 m
ax {B

[k] | 1 ≤ k ≤ n}

Ð
m

axim
um

 value of X
 occurs w

hen B
[1] >

 B
[2] >

É
>

 B
[n]

¥
F

or sim
plicity, assum

e that B
[k] are distinct values.  W

ithout a loss of
generality, also assum

e the vector of elem
ents (B

[1], B
[2],É

B
[n] is any

one of the perm
utations of the integers {1, 2,É

,n}, n
!

¥
S

am
ple space S

n : set of all perm
utations of n integers {1, 2,É

,n}.

¥
A

ssum
e that all n

! perm
utations are equally likely.

¥
F

or all s in S
n , P

(s) =
 1/n

!:

     W
e define a random

 variable X
n  as a function w

ith dom
ain S

n   and the
im

age {0, 1,É
, n - 1}.
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¥
A

s n
 changes, w

e have a seq
uence of random

 variables X
1 ,

X
2 ,É

, w
here X

i  is defined on the sam
ple space S

i .

     T
he probability m

ass function of X
n , p

xn (k) is denoted by p
nk .

T
hen:P

P
X

k

n
X
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nk
n

n

=
=

=
=

(
)

!
     

num
bers of perm

utations of 
 objects for w

hich 
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¥
N

ow
 establish a recurrence relation for p

nk :

     C
onsider a sam

ple point s =
 (b

1 , b
2 ,É

, b
n ), a perm

utation on {1,
2,É

, n
}.

     C
onsider tw

o m
utually exclusive and collectively exhaustive

events:

A
 =

 Òb
1  =

 nÓ

A
 =

 Òb
1  ≠ nÓ

¥
If event A

 occurs, then a com
parison w

ith b
1  (in program

 M
A

X
)

w
ill force a change in the value of m

.
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¥
T

he value obtaine
d for X

n  w
ill be one higher than a sim

ilar va
lue

obtained w
hile exam

ining the previous n -1 elem
ents (b

2 ,É
,b

n ).

¥
N

ote that (b
2 ,É

,b
n ) is a perm

utation on {1, 2, É
, n -1}.

¥
T

he num
ber of tim

es the value of m
 gets changed w

hile
exam

ining (b
2 ,É

,b
n ) is X

n-1 .

¥
T

hus:

¥
T

he occurrence of event A
 im

plies that the count of exchanges
does not change w

he
n w

e exam
ine b

1 :
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¥
B

y assum
ption of equiprobable sam

ple space, w
e have:

P
(A

)=
1/n and p(A

)=
(n-1)/n

      B
y the theorem

 of total probability:

¥
T

hus, w
e can recursively com

pute p
nk  if w

e provide the initia
l

conditions.

     S
ince the im

age of X
n  is {0,1,É

,n-1}, w
e know

 that:  P
nk  =

 0 if k <
 0.

     W
ith n =

 1, the w
h

ile loop in program
 M

A
X

 w
ill never be executed.
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¥
T

herefore X
1  =

0, i.e:

P
(X

1 =
0) =

 p
1,0  =

 1 and P
(X

1 =
1) =

 p
1,1  =

 0

¥
T

he com
plete specification to evaluate p

nk  is:
pp
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