Chapter 2 Conditional Probability

Suppose that we have partial knowledge of the result of atrial of the experiment

— weknow that event A occurred on thetria

— but we do not know which outcomein A occurred; only that the outcomeis
some member of event A

* Didtheevent B occur?
* Wecannot say for sure: All we know isthat the actual outcome x isamember of A, and al we

can say isthat B occurred if and only if x isamember of B aswell, that is, B occurred if x 1

AB, and B did not occur if xT ABC
« Event A isknown to have occurred; but we don’t know which outcomein A occurred
» Event B has occurred if the actual outcome belongsto AB

e Event B has not occurred (i.e B® has occurred) if the actual outcome belongsto ABC

» Since we cannot say for sure whether B occurred or not, we would like a probabilistic
description of the Situation

« P(B) and P(B°) should be updated in view of the partial knowledge that the event A occurred
on this particular trial of the experiment

* Special cases.

« IfAl B,thenx1 AP xT1 B;henceB occurswhenever A does. We should update the
probability of B from P(B) to 1

« IfAB=g,x1 Ab xI B;henceB cannot occur when A does. We should update the
probability of B from P(B) to O

» More generaly, how should we update P(B) in light of the partial knowledge that event A
occurred?

* We need nomenclature and notation to distinguish between the probability that we originally
assigned to the event B and the updated probability of the event B

* P(B), the number originally assigned as the probability of B, is called the unconditional or a
priori probability of B

» The updated probability of B is called the conditional probability of B given A (or the
probability of B given A) and is denoted by P(B|A)

* AssumeP(A)>0

P(BCA) _ P(BA)
P(A) — P(A)

« P(B|A), the conditional probability of B given A, is P(B|A) =

. Similarly, P(BYA) = Pl(f(ﬁ)

* A istheconditioning event

T e

» These definitions also work in the specia cases considered above.
« Example: IfAl BP BA=A,andBA=g

(A) B

Hence, P(B|A) = 1; P(BY|A) =0
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Chapter 2 Conditional Probability 17

Example: If BA =g,then P(BJA) =0. AlsoB’A=A P P(BYA)=1

Example: Two far dicearerolled. What isthe (conditional) probability that the sum of the
two faces is 6 given that the two dice are showing different faces?

Code phrase: given = we are asked to find conditional probability

W={(,j):1E£Ii£6,i £Ej£6}. B={(15),(24),(3.3), (42, (51)}; PB) :3%
A={0,0:0)EWitj}; PA) :g—g; BA ={(15), (2,4), (4,2), (5,1)}; P(BA) :3%
Hence, P(BIA) = NBA)_ W36 _ 2 Ngrethat P(BJA) < P(B)

~ P(A) T (30/36) 15
Example (continued): What is the conditional probability that the sum of thediceis7 ?

C = {(116)’(215)’(3’4)!(4’3)!(5’2)1(6’1)} ; P(C) = 3§6 =

[ 01

i = —P(CA) _ (6/36) _1
Here, C1 A sothat CA =C. Thus, P(C|A) = P(A) ~ (3036) ~ 5
Note that P(C|A) > P(C)
Example (continued): What is the conditional probability that the first die shows a6?
D ={(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}; P(D)=6/36=1/6.

DA ={(6,1), (6,2), (6,3), (6,4), (6,5)}; P(DA) = 5/36.
Thus, PDIA) = {0 = 08 =5 Notethat PDIA) = P(D).
Summary: P(BIA) == < P(B)=,

PCR) =t > PC)=1

POR)=; = PD)=;

Moral: The conditional probability of an event can be smaller, larger, or the same, asthe
unconditional probability of the event

Relative frequencies and conditional probability

Suppose that N independent trials of the experiment are performed and the event A occurs on
N, of these N trials

Suppose that event B occurs on Ny of these N trials
Suppose that the event BA occurs on Ngp of the N trias
Therdative frequencies of A, B, and BA are No/N, Ng/N, and Nga/N respectively

N N N
P(A) » P(B) » P(BA)» "

Consider only those N 4 trials on which A occurred
Event BA will have occurred on M of these N trials

Event B°A will have occurred on the remaining Ny — M trials
Clam: M = Ngp . BA occurred b A occurred
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Chapter 2 Conditional Probability 18

» Consider only those N, trials on which A occurred
»  What isthe relative frequency of B on these N trias (on which A is known to have occurred)?
» If B occurred, then the event BA must have occurred!
* Réativefrequency of B on thetrials on which A is known to have occurred
N Nga/N  P(BA
== N > F(,( A)) = P(BIA)
» The conditional probability of B given A is approx. the relative frequency of B on thetrialson
which A occurred

e B and BC partition W, and hence P(B) + P(B®) =1

e Oneof the events B and B¢ always occurs

e BA and B°A partition event A, and hence P(BA) + P(B®A) = P(A)
e If A occurred, one of BA and B°A must have occurred

« P(B|A)+PBYA) =1
P(BA) , P(B°A) _

" But'pRay * peay - Lfollowsfrom P(BA) + P(B°A) = P(A)
 The statement “the odds in favor of B are m:n” means P(B) :%‘ and P(BO) = %}

 mandnareusudly integers

e Theratiom:nistheratio P(B):P(B°)

» Knowing that event A has occurred should change the odds in favor of B

e Theapriori oddsin favor of B are P(B):P(B°)

» Giventhat event A occurred, B occursif BA does and B® occurs if B°A does

e Theoddsin favor of B seem to be P(BA):P(BCA) since one of these two events must occur
P(BA) _P(BA) _
= =P(B|A
P(BA)+P(BcA) P(A) (BlA)

+  For any event A with P(A) > 0, the conditional probabilities P(+|A) are a probability measure,
that is, they satisfy the Axioms of Probability

« Axioml: Fordl events B, O£PB|IA)EL
SinceBA 1 A, P(BA) £ P(A)
« AxiomIl: P(WA) =1
SinceAl W, WA=Ap P(WA)=1
» Axiom Il aso holdsasdo al the various consequences of the axioms
+ P@A)=0 . P(BYA) = 1-P(B|A)
« IfBI C,thenP(B|A)£ P(C|A)
If BC = g, then P(BECJ|A) = P(B|A) + P(C|A)
+ Moregenerdly, P(BECI|A) = P(B|A) + P(C|A) — P(BC|A)
» Condition on A throughout and use any of the ruleslearned in Chapter 1!

+  Everything to theright of the vertical bar | is the conditioning event which is known to have
occurred

Everything to the left of the vertical bar | is the conditioned event whose conditional probability
we are finding

* It seemswe should change the “ Probability of B” to
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Chapter 2 Conditional Probability 19

P(CEDI|AEB) isthe conditional probability of event CED given event AEB
Evenif BC =g, PBEC|A)! P(B) + P(C|A)

Evenif AB = g, P(C|AEB) ¢ P(C|A) + P(C|B)
Example: 3 poker chips are marked as follows: one chip has X on both sides, one chip has

X on one side only, and one chip is blank on both sides. Y ou are shown one randomly chosen
side of arandomly chosen chip. What should you bet there is on the other side?

AL I A

Naive argument: If an X is showing, then you are seeing the X side of either the X-O or the
X-X chip. Thus, the other sideisequally likely to bean X or an O. Similarly, if an O is
showing, the other sideis equally likely tobean X or O

Correct argument:: A =“thissideshowsan X”; B =“other sideisan X”
P(B|A) = P(BA)/P(A) = P(X-X chip was picked)/P(A) = (1/3)/(1/2) = 2/3
Similarly, P(BYA°) = 2/3 also

Another argument leading to the same result

There are two chipsthat are “doubles’ in the sense that both sides are the same. Thus,
P(double chosen) = 2/3, and hence 2/3rds of the time, you will win by betting that the other
side isthe same as the one you are seeing

Conditiona probabilities are often more meaningful or useful than unconditional probabilities
Radar system transmits a pulse and listens for an echo

echo + noise
noise
P(wrong decision) = P(E) = ?
Different wrong decision that the receiver could make have different consequences and
€conomic costs

Announce target present when it is not, or announce target absent when it is actually out there

P(false alarm) = P(E|target not present)
P(missed detection) = P(E|target present)

If T denotes the event that target is present, then P(E|T) and P(E|TC) are separately more
interesting than P(E)

Receiver input = { . Isatarget present?

Product Rule

Assume P(A) >0

P(BCA) _ P(BA)
P(A) — P(A)

Product rule for probability of an intersection: P(BA) = P(AB) = P(B|A)P(A)

The product ruleis useful in computing the probability of a complicated event

Generalized product rule for probability of an intersection

P(A1ARA;...Ay) = P(ADP(AL|AP(AS|AIA,) 7~ .7 PIAAIAA; .. Ayy)

|deabehind Rule:  P(A;)P(A,|A;) = P(A;A,). Hence,

P(A1)P(A|A1)P(A3|A1A,) = P(A1A;A3) and so on

P(B|A), the conditional probability of B given A, isP(B|A) =
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Chapter 2 Conditional Probability 20

Example: A sample of sizek isdrawn without replacement from a set of sizen. What isthe
probability that a specified subset is obtained?

-1
Thereare (E) subsets that could be obtained; hence P(specified subset)= [ (E)]
A, = "“i-th element drawn belongs to the given subset”
P(A;) = k/n; P(Ay]A7) = (k-1)/(n-1); P(Ag|A;A,) = (k-2)/(n-2);

PAALA . A1) = (kD) B P(AA,.. A = (D0

Example: Find the probability that at |east two personsin aroom with N peoplein it have the
same birthday. (N < 366)

Assumption: All daysare equally likely to be birthdays

It is easier to compute the probability that no two have the same birthday

Let A, = “m-th person has a different birthday than 1st, 2nd, 3rd, ... , (m-1)th person”

A A5...Ay ="“dl N persons have different birthdays

364 363 362 - 365-(N-1
P(AzA3...AN) = P(A)P(A3|A)P(ALAAS). .. = 3 2o 2ee -+

~ 365 365 365 365
. . _364- 363 362. - 365(N-1
» P(dl different birthdays) = 365 365 365 - 265 <1l/2forN3 23
<.11for N =40
<.03for N =50
Theorem of Total Probability
P(BA) P(BAS
« P(BIA =Sy * P(BIA = ==
« P(BA) = P(B|A)P(A) « P(BA9 = P(B|A9P(A)

BA and BACisa partition of B

P(B) = P(BA) + P(BA®) = P(B|A)P(A) + P(B|JA9P(A°)

The conditional probabilities on the right hand side are conditioned on two different events

Theorem of total probability (Ross, (3.1), p.72) alows us to compute the probability of an
event by imagining special cases (what if A occurred? what if A€ occurred instead?) and
combining them as aweighted average

Weights are P(A) and P(A°)

Example: 10% of the ICsfrom chipmaker #1 are faulty, while only 5% of the ICs from
chipmaker #2 are faulty. Y ou buy 40% of your |Cs from #1, and 60% from #2. What isthe
probability that a randomly chosen IC chosen isfaulty?

A =1C made by #1, AC=ICmadeby #2 P(A) =0.4; P(A® =0.6

B = chipisfaulty; P(B|A) =0.1 P(BJA® = 0.05

P(B) = P(B|A)P(A) + P(BJA9P(A®) = 0.4° 0.1 + 0.6" 0.05 = 0.07

Consider 100 ICs

40 of 100 ICs are from #1 and 10% = 4 of these might be expected to be defective

60 of 100 ICs are from #2 and 5% = 3 of these might be expected to be defective

Thus, 7 of 100 ICs might be expected to be defective

University of Illinois Probability with Engineering Applications ECE 313
at Urbana-Champaign Fall 1997



Chapter 2 Conditional Probability 21

Example: Box | has 3 whiteand 2 black balls. Box Il has 2 white and 2 black balls. A ball
isdrawn at random from Box | and transferred to Box Il (without looking; so you don’t know
what color ball was transferred). Then aball isdrawn at random from Box 1.

P(ball from Box Il isblack) = ?

®@ O |O O

O
® O o O

A =black ball transferred to I

B = ball from Box Il isblack P(B|A) = 3/5 P(B|A% = 2/5 P(A) = 2/5
P(B) = P(B |A)P(A) + P(B|A‘3P(A() =12/25

More on the Theorem of total probability

P(B) = P(B|A)P(A) + P(BIA9P(AS) = P(B|A) p + P(B|AY" (1)

= P(B|A9) + [P(B|A)—P(B|A°)]’ pisalinear function of p = P(A)
VaueisP(BJA9 at p=0; VaueisP(B|A) atp=1

P(B)
P@B|A) T+
P(B|AC) -
>
0 1 p
P(B) £ max{ P(B|A), P(B|A9} - P(B) * min{P(BJA), P(B|A%}

P(B) lies between P(B|A) and P(B|A°)
P(B) isno larger than itslargest conditional value and is no smaller than its smallest conditional
value

Generalizations of the theorem of total probability

P(B) = P(B|A)P(A) + P(BJA9P(A)

Hence, P(B|C) = P(B|AC)P(A|C) + P(B|AC)P(A]IC)
(Ross, (5.3), p. 101)

Another generalization of the theorem of total probability

If the countable sequence A1,A5,A3,...,A,... partitionsW,

¥
P(B) = kz"zlP(BlAk)P(Ak) =P(B|A)P(A;) + P(B|A,)P(A,) + ... + P(B|A)P(A,) + ...
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Thisworks even if the countable sequence is a partition of a superset of B

Bayes' Formula

Bayes formulais

—also called Bayes' theorem,
—also (mistakenly) called Bayes' rule

isameans of “turning the conditioning around”
Given P(B|A), what is P(A|B)?
Assume P(A) >0, P(B) >0

We know that P(B|A) = PP(I('D’A'\AS)

Similarly, PA[B) = F’FSQ\BBQ
Hence P(A|B) = J—P(BP'?‘E);?(A)

Thisisthe smplest version of Bayes formula
Generally, P(B) is expressed using the theorem of total probability
P(BJA)P(A) _ P(BJA)P(A)

PB)  ~ PB|A)P(A) + P(BJAYP(AS)
Note that the numerator is one of the termsin the denominator
Whenis P(B|A)P(A)! P(BJA)P(A)?
When you compute it twice in evaluating the Bayes' formula expression

P(BJA)P(A) + P(B|A9P(A°)

Example: 10% of the ICs from chipmaker #1 are faulty, while only 5% of the ICsfrom
chipmaker #2 are faulty. Y ou buy 40% of your ICs from #1, and 60% from #2. If arandomly
chosen | C chosen isfaulty, find the probability that it was manufactured by chipmaker #1
A=“ICmadeby #1";  A®="“IC made by #2"
P(A)=04 P(A% = 0.6

P(A[B) =
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B =chipisfaulty: P(B|A) =0.1 P(BJA®) = 0.05
P(B) = P(B|A)P(A) + P(BJA9P(A) = 0.4 0.1 + 0.6” 0.05 = 0.07
PA[B) = P(B|A)P(A) _0.4"0.1 _ P(BJA)P(A)
~ PB) — 007 " pBIA)P(A) + P(BJAYPAY
0.4° 0.1 4

04 0.1+ 0.6°005 '
Earlier, we saw that 4 of the 7 likely bad chips were from #1
P(A|B) =4/7 b P(A9B) =3/7
Even though only 40% of the chips are made by maker #1 (i.e., P(A) = 0.4), afaulty chipis
more likely to have been made by maker #1 than by maker #2
Whom do you choose to blame?

Decision Making under Uncertainty
Example: Radar system transmits a pulse and listens for an echo to determine if a“target” is
present
Receiver input waveform consists of echo + noiseif target is present
Recelver input isnoise aloneif no target is present
echo + noise
noise
System must decide if the receiver input waveform includes an echo (target is present) or not
(thereisno target present)
How should a decision be made?
Recelver measures the energy in itsinput waveform

Receiver input waveform (usually) has more energy when target is present than whenitis
absent

Compare measured energy to athreshold
If energy > threshold, declaretarget is present
If energy £ threshold, declarethat no target is present
Later, we shall consider how the threshold is set and how it affects performance
Comparing the energy with the threshold results in quantization into HI and LO
Decisonrule: — decidetarget is present if energy isHI
— decidetarget isabsent if energy isLO
If target is present, energy is usualy (but not always) HI
If target is absent, energy isusually (but not always) LO

System istested on known targets to see how often they are detected, and by counting the false
alarms when targets are known to be absent

Test results are described in terms of various probabilities

If the target is present, P(HI)=0.9; P(LO)=0.1

If the target is absent, P(HI)=0.2; P(LO)=0.8

Validate the decison rule

Suppose that the energy isHI. We can decide that the target is present or that the target is not
present

In actuality, the target is either present or not present; but we don’t know which of these
conditions holds

When we observe that energy isHI, either we have observed an event whose probability is 0.9
(assuming that the target is present) or we have observed an event whose probability is 0.2

Receiver input = {
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(assuming that the target is absent). By choosing to decide that the target is present, we are
choosing the condition that maximizes the probability (likelihood) of the observation Hl

Similarly for observation LO

If the target is present, P(HI)=0.9; P(LO)=0.1

If the target is absent, P(HI)=0.2; P(LO)=0.8

The decision that no target is present when energy is LO chooses the condition which
maximizes the probability (likelihood) of the observation LO

This methodology for making decisionsis called a maximum-likelihood decision rule. We
decide that the “actual state of nature” is that which maximizes the probability (likelihood) of
the observation

General version of maximum-likelihood (ML) decision rule

One of two (or possibly many more) different conditions might exist (e.g. target is present, or
target is absent), and we wish to determine which of these conditions actually exists. These
conditions are referred to as hypotheses and we denote them by Hy, Hy, ... etc.
Corresponding to these hypotheses, we have probabilities that can be associated with
observable events. More formally, we have different probability measuresthat are applicable
depending on which hypothesisis correct.
Example (continued): H,: target is not present
H,: target is present
are the two hypothesesin our radar example. If hypothesis Hy istrue, the probability of the
observation HI is 0.2 while the probability of observation LO is0.8. On the other hand, if
hypothesis H; happens to be true, the probability of the observation HI is 0.9 while the
probability of observation LO is0.1.
Remember that a probability measure is an assignment of numbers (called probabilities) to
events, that is, it is afunction that specifies the probabilities of events. Depending on which
hypothesis happens to be true, we have a differentfunction. Thus, let P;(A) denote the
probability of an event A under the assumption that hypothesis H; is the true hypothesis.
Example (continued): Py(HI) = 0.2 and Py(LO) = 0.8,
while P;(HI) =0.9 and P;(LO) =0.1
When we have only two hypotheses H, and H, they are often referred to as the null
hypothesis and the alternative hypothesis respectively. Generaly, the alternative hypothesisis
the one that we are “trying to prove” or establish. Such modeling is appropriate in avariety of
situations.
Example: If we suspect that a coin turns up heads 2/3rds of thetime (i.e. that it isnot afair
coin,) the null hypothesisisthat the coin isfair while the alternative hypothesisis that the coin
has P(heads) = 2/3.
More formally, we wish to decide whether or not the aternative hypothesis should be accepted.
If the alternative hypothesisis accepted, then we have agreed that the evidence supports the
alternative hypothesis, and we are rgjecting the null hypothesis. However, if the aternative
hypothesisis not accepted (that is, it is rejected), then we are not necessarily accepting the null
hypothesis, even though that is the seemingly blindingly obvious interpretation. All we are
saying is that the evidence isinsufficient for us to accept the aternative. Itisby no meansan
assertion that the null hypothesisisvalid. In our example above, if we do not accept the
alternative hypothesis, we are not insisting that the coin isfair, but only that the evidenceis
insufficient to accept that the coin is biased.
Asalega version of this, note that in acriminal trial, the court is considering two hypotheses:
H,: defendant isinnocent of the crime null hypothesis
H: defendant is guilty of the crime alternative hypothesis
in accordance with the principle taught to al schoolchildren that a person isinnocent of acrime
until found guilty by ajury. However, what the jury actually decides is whether the defendant
is guilty (accept the alternative hypothesis) or not guilty (reject the alternative). A not guilty
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verdict rejects the alternative but it does not say the defendant isinnocent of the crime. All a
not guilty verdict meansisthat the charge has not been proved beyond a reasonable doubt, that
is, the evidence tendered by the prosecution isinsufficient to support the charge.

* Inother situations, both hypotheses are equally interesting, e.g. in adigital communications
situation, Hy and H respectively may be the hypotheses that 0 and 1 has been transmitted, and
the nomenclature of null hypothesis and alternative hypothesisis not very appropriate. Inthis
case, rgjecting H, is equivalent to accepting Hy,.

* Whichinterpretation isto be used is very dependent on the actual situation. Careful modeling
and much thought should be used in deciding on the interpretation to be placed on the results of
statistical decision-making processes.

* Inwhat follows, we shall simply say “decidein favor of Hy" or “choose Hy” even thoughin
some instances, a more appropriate interpretation would be that we are rejecting H, without
necessarily embracing Hg.

* Returning to the fundamental notions, one of two (or possibly many more) different conditions
(states of nature) might exist, and we wish to determine which of these conditions actually
exists. These conditions are referred to as hypotheses and we denote them by Hj, Hy, ... etc.
We use the phrase “Hypothesis H; istrue” to mean that the state of nature corresponds to
hypothesis H;. Corresponding to these hypotheses, we have probabilities that can be
associated with observable events. More formally, we have different probability measures
Po(*), P1(¢), ... etc that should be used depending on which hypothesisis true.

»  We perform an experiment whose sample space Wis partitioned into n different events A4, A,
..., A,. Thus, one and only one of these events can be observed on any trial. (If you don’t
like events, think of them as n possible outcomes of the experiment; but do not assume that
the n outcomes are equally likely — we may not be working with a classical sample space here)

* Weobservethat event A; has occurred. Which hypothesisistrue?

* Thelikelihood of the observed event, that is, the probability of the observed event is Py(A;), or
P1(A;), or ... depending on which hypothesisistrue.

»  The maximum-likelihood decision rule states that if we observe event A;, we should compare
the likelihoods Py(A;), P1(A;), ..., and if P (A;) isthelargest of these numbers, then we
should decide that hypothesis H,  is true.

* Naturaly, if we observe A;, we should compare the likelihoods Py(A), P1(A)), or ..., and
make the decision based on whichever is the largest of these numbers,

» If thelargest likelihood is not unique, say P (A;) = P,(A;) arethetwo largest numbers among
Po(A), P1(A)), ..., then we can choose either hypothesis H, or hypothesis H, as being the true
hypothesis. The maximum-likelihood decision rule is not very helpful in deciding between the
two cases. In thiscourse, however, we shall aways choose the lower numbered hypothesis,
so that, for example, we shall choose H, over H; so that we do not accept the aternative
hypothesis when there is insufficient reason to do so.

»  Maximum-likelihood decision rule: Decide that the hypothes s that maximizes the likelihood of
the observation is the true hypothesis.

» Itisconvenient to specify the maximum-likelihood decision rule in terms of the likelihood
matrix L which has m rows corresponding to the m hypothesesH,, H4, ... Hy, 4, @and n
columns corresponding to then events A4, A,, ... , A,. Notethat m,n3 2. Theentriesin the
matrix L are the likelihoods of the events under the various hypothesis. Thus, thei-jt" entry in
L isPi(A)). Theentriesonthei-throw (0 £ i £ m-1) are the likelihoods (probabilities) of the n
eventsAq, A,, ..., A,. Sincethese eventsare apartition of W, their probabilities sum to 1.
Thus, the likelihood matrix L has the property that all the row sums are equal to 1. Of course,
since the entries are probabilities, they are all nonnegative also.

* Theentriesin thei-th column are precisaly the numbers Py(A;), P1(A;), ..., Pm1(A;) that need
to be compared to determine the decision when A; is observed.
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 Example: For our radar problem and the biased coin problem discussed above, the likelihood
matrices are as shown below:

HI LO Tails Heads
Ho 0.2 08 Ho 12 172
H, 0.9 0.1 H, 173 273

The maximum-likelthood decision rule is then easily obtained by looking for the maximum
number in each column. The maximum-likelihood decision rule can be most easily described
by shading the appropriate entries in the matrix as shown below.

HI LO Tails Heads
Ho 0.2 0.8 Ho 1/2 1/2
H, 0.9 0.1 H, 1/3 2/3

» Wehavedready enunciated the maximum-likelihood decision rule for the radar problem as
decidethat H, istrue (atarget is present) if the returned signal energy is HI and to decide that
H, istrue (no target is present) if the energy isLO.

» For the biased coin example, the maximum-likelihood decision rule isto decide that we have a
biased coin if atossresultsin aHead, and to decide that the coinisfair if it turnsup Talls.
Note that the interpretation might well be that we are only regjecting the insinuation that the coin
has probability 2/3 of turning up Heads without necessarily agreeing that the coin isfair. For
example, if we had assumed that the null hypothesis was that Py(Heads) = 0.4 and Py(Tails) =
0.6, we would still have the same decision rule (accept H, if Heads, reject H, if Tails)! Thus,
in interpreting the results, we should remember that rejection of the aternative does not
necessarily mean acceptance of the null hypothesis. Even if you firmly believe that if the shoe
doesn’t fit, you must acquit, you must keep in mind that the verdict is“not guilty” rather than
“innocent.”

» Thelikelihood matrix L allows us to describe arbitrary decision rules (that is, not necessarily in
accordance with the principle of maximum likelihood) aswell. Since we must specify a
decision for each of the observations A4, A, ..., A, al we need to do is to shade one (and
only one) entry in each column.

e Clearly, if m> n, then some of the hypotheses will never be chosen as the true hypothesis. On
the other hand, if n > m, then some of the hypotheses will enjoy the privilege of being chosen
as the true hypothesis for more than one observation.

» Exercise: How many different decision rules are there (as afunction of m and n)?

» For the case of two hypotheses and two observations, there are 4 different decision rules

according to the formulathat you found in the exercise (Isthe formulam™ n? or m+n? or m"?

or "M?). These areillustrated below. In the radar example, these correspond to the four broad
divisions of the populace into normal people, hawks, doves, and the lunatic fringe.

* Error probabilities
One of the m hypotheses describes the state of nature. However, we are observing the
outcome of an experiment and making a decision as to which hypothesisis true based on this
observation. It isour fondest hope that our decision is correct, but we might well be wrong
and end up deciding that H; is the true hypothesis when in fact H; is the true hypothesis. Such
errors should be avoided as much as possible.

* Therearedifferent kinds of errorsthat might be made.

» For the simplest case of 2 hypotheses Hy and H; (respectively the null hypothesis and the
alternative hypothesis), we might accept the alternative hypothesis when it is not true.
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Statisticians call thisaType| error. On the other hand, we might reject the aternative
hypothesis even though it happensto betrue. Thisiscalled aTypell error. More descriptive
terminology comes from the radar literature: aType| error is called afalss alarm because we
raise an alarm by announcing that atarget is present, but thisis afase alarm because in fact
thereisno target present. Similarly, aTypell error is called afalse dismissal or missed
detection because we do not detect the target that happens to be present out there.

* Moregeneraly, an error of typei® j is said to have occurred if hypothesis H; happensto be
true but we announce that our experiment has led us to conclude that hypothesis H; istrue.
Thus, aTypel error (false alarm) is of type O® 1, whileaType Il error (false dismissal) is of
type 1® 0.

» For anydecision rule (not necessarily a maximum-likelihood decision rule), the various error
probabilities can be read off from the likelihood matrix L.

HI LO Tails Heads
Ho 0.2 0.8 Ho 1/2 1/2
H, 0.9 0.1 H, 1/3 2/3

» For example, suppose that Hy happens to be the true hypothesis. Our decision rule says that
we declare H, to be true whenever we observe HI (or Heads). The probability of this
happening (remember that Hy happens to be the true hypothesis) is 0.2 (1/2 in the other case.)
Thus, the Type | error probability or false alarm probability is0.2 (1/2 in the other case.)
Similarly, suppose that H; happens to be the true hypothesis. Our decision rule says that we
declare H to be true whenever we observe LO (or Tails). The probability of this happening
(remember that H; happens to be the true hypothesis) is 0.1 (1/3 in the other case.) Thus, the
Type |l error probability or missed detection probability is0.1 (1/3 in the other case.)

* More generally, suppose that the decision rule declares H; to be true whenever the observation
isany of theeventsA,, A, .... If the true hypothesis happens to be H;, then an error of type

i® j occurs whenever any of Ay, A,, ... occur. Hence, the decision rule mistakenly announces
that hypothesis H; is true when hypothesis H; happensin fact to be true with probability

Pi®j) = P,(A) + Pi(A) + ... Notethat al these numbers are found in thei-th row of the
likelihood matrix, but which numbers are to be included in the sum is determined by looking in
the columns to see which A’s |ead to an announcement that H; is true.

 Example: For the likelihood matrix shown, P(O® 1) = 0.15 + 0.02 = 0.17, P(0® 2) = 0.08;
P(1® 0) = 0.15 = P(1® 2); and P(2® 0) = 0.05, P2® 1) = 0.1 + 0.2=0.3.
» Exercise: Isthisamaximum-likelihood decision rule?

A B C D
Ho 0.75 0.15 0.08 0.02
Hq 0.15 0.6 0.15 0.1
Ho 0.05 0.1 0.65 0.2

» Wecan also read off the probability of making a correct decision whenever H; happens to be

true from the likelihood matrix. P(i® i) isjust the sum of the shaded entriesin the i-th row of
the likelihood matrix L. The decision rule shown in the example above makes correct decisions
with probability 0.75 if Hy happens to be true, probability 0.6 + 0.1 =0.7 if H; happensto
be true, and probability 0.65 if Hy happens to be true.

» Finaly, the probability of making awrong decision isjust the probability that the decision rule
announces anything other than H; (that is, not i) and isgiven by P(i® &i) = 1 - P(i® i).
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» Exercise: If thereare no shaded entriesin thei-th row, what are P(i® i) and P(i® @i)?

What are P(i® i) and P(i® Qi) if all the entriesin the i-th row are shaded?

» Different wrong decisions that the receiver could make have different consequences or
economic costs, so such lumping together of all wrong decisionsis not aways appropriate.

* Bayesian decision-making

*  The maximum-likelihood decision rule attempts to make rationa decisions as to which of m
hypotheses represents the true state of nature. One of these states exists in nature, and all that
we seek isto decide which oneit is. But what if we have some prior knowledge about the
these states?

* Example: If we know that we have been given arandomly chosen coin from abox
containing 999 fair coins and 1 coin with P(Heads) = 2/3, should we take this information into
account in making our decision as to whether the coin isfair or biased? And if so, how?
Clearly, the coinisvery likely to be afair coin, and thusit seems difficult to justify saying it is
abiased coin with P(Heads) = 2/3 just because we tossed it once and it came down Heads.
Note that the maximum-likelihood decision rule insists that there is no such prior information
available. All that we know isthat we have been handed a coin that is either afair coin or a
coin that turns up Heads with probability 2/3, and we are asked to decide which coinitis.

» Bayesian decision rules take such prior information into account. They are a subject of
considerable conrtoversy because the prior information may be quite subjective or not easily
quantifiable. 1n our coin example above, we could say that the probability that H istrueis
0.999. But what of the radar target example? Doesit make senseto talk of the probability of a
target being present? What number can (or should) we choose as the probability of atarget
being present if this event has never been observed in the past? For example, there are many
military radars that have never ever observed areflection off an actua hostile target!

* Another complaint against Bayesian decision rulesisthat the “answer can be made to come out
to be whatever you want by suitable choice of the prior information.” It is, of course, possible
for unscrupulous decision makers to use Bayesian techniques to justify their preconceived
notions and prejudices, but that does not mean that the methods should be discarded by one
and all. Bayesian methods are very useful and very valuable tools though, like al tools, they
can be dangerous in the wrong hands. Remember that no one has mounted campaigns to
outlaw chainsaws (not even in Texas!)

*  Weshdl seealittlelater that a maximum-likelihood decision ruleis actually a Bayesian
decision rule for the special case when al the hypotheses are equally likely.

* What isnot controversial, of course, isthe Bayesian decision rule when everyone is agreed on
the prior information available. In particular, we assume that the various hypotheses have
probabilities associated with them, possibly arising from purely subjective considerations, or
possibly from relative frequency studies, or in some other fashion, and that we are al agreed
about these numbers. The m hypotheses occur with probabilities P(Hy), P(H1), ..., P(Hy1)-
These are often called the a prioir probabilities of the hypotheses. Thisisthe only case we
consider in therest of this chapter.

» Suppose that we have to make a series of decisions asto which hypothesisistrue rather than a
single decision as envisioned in the maximum-likelihood case. For example, we are studying
the transmission of alarge number of bitsin adigital communication system. Aseach bitis
transmitted, the receiver must make a decision as to whether the transmitted bit wasa O or a 1.
Letting Hy and H respectively denote the hypotheses that the transmitted bit wasa 0 or a 1, the
receiver has to make alarge number of decisions, and for some of these decisions, H, happens
to be the true hypothesis, while for the rest of the decisions, H; happensto be the true
hypothesis. In fact, if N bits are being transmitted, then, roughly NP(H,) of these are 0’'s and

NP(H,) of theseare 1's. Leta and b denote the false alarm and false dismissal probabilities
for the decision rule being used. Then, inthe course of making the roughly NP(H,) decisions
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during which Hy is true, the receiver makes aNP(H ) errors — deciding that a 1 has been
received when in fact a 0 has been transmitted — and similarly in the course of the roughly

NP(H ;) decisions during which H; istrue, the receiver makes bNP(H ;) errors — deciding
that a 0 has been received when in fact a 1 has been transmitted. Thus, roughly aNP(Hg) +
bNP(H ) of the N bitsarein error, and the relative frequency of the errors (the bit error rate or
BER) isaP(Hg) +bP(H,).

* Wecan cast thisargument in purely probabilistic terms by noting that a can be viewed asthe
conditional probability of bit error given that hypothesis Hy istrue, that is, a = P(E|H,), while
b is the conditional probability of bit error given that hypothesisH istrue, that is,

b = P(E|H,). Here, E isthe event that the transmitted bit is received in error. The theorem of
total probability tells usthat P(E), the unconditional (or average) probability of bit error is
given by P(E|H)P(H,) + P(E[H,)P(H,). Aswe noted above, the relative frequency of the
number of bit errors can be expected to be roughly this number.

* Moregenerdly, if we are agreed that we can treat the occurrence of the various states of nature
(hypotheses) as occurring at random with probabilities P(Hp), P(H4), ..., P(H,,1), then the
likelihood P, (A;), which we had defined to be the probability of the event A; when hypothesis
H; isthe true state of nature, can be thought as P(A; |H;), the conditional probablllty of the
event A given that the hypothesis H; isthe true state of nature on this particular trial of the
experlment The likelihood matrix L whosei-ji" entry in L is R(A)), can beviewed asa
matrix of conditional probabilities with entries P(A; |H;).

» For any decision rule, the probability of making acorrect decision when H; is the true state of
nature is the sum of the shaded entriesin the i-th row of the likelihood matrix L. Thiscan be
viewed as P(C|H;), the conditional probability of making a correct decision given that H; isthe
true state of nature. From the theorem of total probability, the unconditional (or average)
probability of making a correct decisionis

m-1

P(C) = & P(CIH)P(H)
i=0
« Thelikelihood matrix L hasi-j!" entry given by P(A, [H;). 1f we multiply the entriesin the

i-th row of the likelihood matrix by P(H;), then P(A, |H)PH,) = P(A, (;H ) isthejoint
probability of the events A; and H;. Weformalize th|s by defining the joint probability matrix J
as the matrix with i-jt entry given by P(A, CH,). Notethat Jisfound by multiplying each
entry in the likelihood matrix L by the probablllty of the hypothesis. Thus, al entrieson thei-
th row are multiplied by P(H;). In matrix terms, let K denote an m” m diagona matrix with
entries[P(Hy), P(H,), ..., P(H1)] onthediagonal. Then, the joint probability matrix Jis
related to L viathe equation J= KL.

» Thejoint probability matrix isessentially aVenn diagram. TheneventsA4, A,, ... , A, area
partition of W, exactly one event occurs on agiven trial. Similarly, the m hypothesesH,, H,

H,,; adsareapartition of Wsince exactly one of the hypothesesistrue on any given trial.

» Exercise: Show that the row sums of Jare the apriori probabilities of the hypotheses, and
that the column sums are the probabilities of theevents A4, A,, ... , A,. It followsthat the
sum of al theentriesin Jequals 1.
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e BothL and Jarem” n matrices. A decision rule can be specified by shading one entry in each
column of L (or Jif you prefer). The advantage of Jisthat P(C) can be read off from Jasthe
sum of the shaded entriesin J. Note that there is one shaded entry in each column.

*  Which decision rule has the maximum probability of making correct decisions? Obvioudy, the
probability of making a correct decision is maximized by picking the largest entry in each
column of the joint probability matrix J.

* Incontrast, the maximum-likelihood decision rule picks the largest entry in each column of L,
the likelihood matrix.

* Thedecision rule obtained when the largest entry in each column of Jis choseniscalled the
minimum-probability-of-error (MEP) decision rule or Bayes' rule.

* Bayes ruleisoften stated in adightly different form. To derive this other version, note that
when we are looking at the m entries P(A; CHo), P(Aj CHy), ..., P(A; CHp4) inthej-th
column of the joint probability matrix to determl ne wh| chisthe Iargest thls processis
unaffected if al the entries are multiplied by the same (positive) number. Thus, if weimagine
that al the entriesin the j-th column have been multiplied by 1/P(A;), then instead of comparing
P(Aj GHo), P(A; GHy), ..., P(A; GHp, 1), we are comparing P(A; CHo)/P(A)) = P(H,|A)),
P(A; GH,)/P(A;)) = P(H l|A ), - s P(A] GHy g )IP(A) = P(H |A ) to seewhichisthe
largest. If P(H,|A) |sthelargest of theeem numbers, then, whenever the event A; occurs,
Bayes decision ruieannouncesthat Hy isthe true hypothesis.

*  The probabilities P(Ho|A}), P(H4[A)), ... ,P(Hy4|A;) arecalled the a posteriori probabilities
of the hypotheses. Here a posterlorl means “after thefact " that is, after an experiment has
been performed and the event A; has been observed. If P(H klA ) isthelargest of the
a posteriori probability when A occurs, the decision isthat H isthe true hypothesis. For this

j
reason, Bayes' ruleisalso called the maximum a posteriori probability (MAP or MAPP)
decision rule.

» Exercise: Show that the sum of th a posteriori probabilitiesis 1.

» We contrast the maximum-likelihood decision rule and the Bayes or MAP decision rule,
writing both in terms of conditional probabilities

« Maximum-likelihood decision rule: For each event A,, find the likelihood of A; under
each hypothesis, that is, find
P(A [Ho), P(A;[Hy), ..., P(A; [Hpa)
If P(A; |H,) isthelargest of these m numbers, then declare that H, is the true hypothesis
whenever A, is observed.

» |t should be kept in mind that in most applications, the likelihoods are included as part of the
data, and thus very little computation is needed to deternine the maximum-likelihood decision
rule.

« Maximum a posteriori probability or Bayes decision rule: For each event A;, find
thea posteriori probabilities of each hypothess, that is, find

P(HolA),  P(Hy[A), ..., P(Hm4]A)

If P(H]A;) isthe largest of these m numbers, then declare that H, is the true hypothesis
whenever A, is observed.

*  Of course, thea posteriori probabilities P(H; |A;) are related to the likelihoods P(A, |HJ-) via
* There are several important points to be made here. First, in order to determine Bayes

decisionrule, it is notnecessary to actually find the a posteriori probabilities. It sufficesto
work with the joint probability matrix J= KL defined earlier and look for the largest entry in
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each column. Second, in contrast to the maximum-likelihood decision rule for which the
entriesin the likelihood matrix are specified as part of the problem statement, we do need to do
some computationsto find J, but we don’t need to go all the way and find the P(H; |A)'s
explicitly. Thirdly, the probabilities of error and correct decision can be read off from the
shading in the Jmatrix, and complicated expressions involving the theorem of total probability
should be avoided. Finaly, the maximum-likelihood ruleis finding maximain the columns of
the likelihood matrix, i.e., the largest of P(A; |Ho), P(A; [H1), ..., P(Aj [Hpy)- In contrast,
the Bayes' decision ruleisfinding maximain the columns of J, i.e., the largest of
P(A; [Ho)P(Hp), P(A; [H))P(H,), ..., P(A; |H/1)P(H ). I the apriori probabilities
P(Hg), P(H), ..., P(H,y) areall equa (to ’m naturally!), then the Bayes' decision ruleis
the same as the maximum-likelihood decision rule.

* Conclusion: The maximum-likelihood decision ruleis a special case of the Bayes decision
rule for the case when all the hypothesesH, Hq, ... , Hy, 4 areequaly likely.

» Bayes decision ruletreats the hypothesesHg, H4, ... , H,,,_; probabilistically whichis
controversia. The “answer” depends on the choice of the a priori probabilities.

 Example: We consider the radar system with likelihood matrix as shown below on the |eft.
The maximum-likelihood decision rule is as shown by the shading.

HI LO HI LO

Ho 0.2 0.8 Ho 0.18 0.72

H, 09 0.1 H, 0.09 0.01
Likelthood matrix L Joint probability matrix J = KL

Now suppose that P(Hg) = 0.9 and P(H,;) = 0.1. The joint probability matrix Jis as shown on
the right, and the Bayes ruleisto aways reject H; and declare that there is no target present.
Isthis really aminimum-probability-of error decision rule? Yes. The probability of acorrect
decision is 0.9 and the probability of error is0.1. In contrast, the maximum-likelihood
decision rule has a probability of correct decision = 0.09 + 0.72 = 0.81 and error probability
0.19.

» Exercise: Findtheerror probability for the hawk and the lunatic fringe rules and show that
they are both larger than 0.1.

» If youinsist on closure by finding the a posteriori probabilities first and then looking for the
maximum values, you can do this by dividing the entries in each column of J by the column

sum. Interms of matrices, let M bethen” n diagona matrix whose diagonal entries are

[L/P(A,), VP(A,), ..., UP(A,)]. Then, thematrix IM = KLM hasi-j" entry P(Hi|AJ-), the

a posteriori probability of the hypothesis H; given that A; has been observed. However, let

me speak to you as a Dutch uncle and say to you “Don’t do this unless you absolutely have to!”
» Exercise: Show that the column sums of KLM equal 1.

HI LO HI LO
Ho 0.18 0.72 Ho 2/3 7273
H, 0.09 0.01 H, 1/3 173
Joint probability matrix J = KL a posteriori probability matrix KLM

» Itcanbeargued that P(H,) isapurely subjective quantity; it reflects the bias of the problem
solver

» Itisnot possible to assign probabilities to the condition of target being present. Either atarget
ispresent or not; it isafact of nature that has already occurred

» Bayesians counter that maximum-likelihood decision rules are also subjective since the

maximum-likelihood rule implicitly assumesthat all the hypothesesHp, Hy, ... , H 1 are
equdly likely
University of Illinois Probability with Engineering Applications ECE 313

at Urbana-Champaign Fall 1997



Chapter 2 Conditional Probability 32

» Also, Bayesian decision rules include maximum-likelihood decision rules as a special case.

 Decisionsinvolving costs

*  Suppose that whenever hypothesis H; happensto exist, and your decision rule mistakenly
declares that hypothesis H; is the true state of nature, you have to pay $C;; as a penalty.

» There may be costs involved even if you correctly declare that hypothesis H; isthe true state of
nature. $C;; could represent the fixed costs of making adecision. Of course, we could allow
for the possibility that C;; < O, in which case it would be a bonus or cash prize for getting the
right answer!)

* Thecoststhat you have to pay depend on which event A, Ao, ... , A,, you observe, and what
you declare to be the true state of nature, and what the actual state of natureis. Each trial may
require you to pay adifferent cost. The cost you pay iscalled therisk. However, over along
sequence of trials, we have an average cost, and we seek to make this average cost (called thhe
averagerisk) as small as possible.

* A modification of Bayesian decision strategy alows us to minimize the average cost instead of
the average error probability

*  Suppose that the event A; is observed

» Wehaveto declare one of the hypothesesHy, Hy, ... , H,,; asthe state of nature. The
aposteriori probabilities are P(Ho|A;), P(H4|A), ... , P(Hm|A).

* Let H; denote the hypothesis that we choose when we observe A, .

« Consider N trials on each of which A; happensto be observed. Onthese N trials, hypothesis
H, happens to be true roughly NP(HO|Aj) times, H; happens to be true roughly NP(H1|Aj)
times, ... , H,,_; happens to be true roughly NP(H,, 1 |Aj) .

*  Our decision rule declaresthat H; is the true hypothesis whenever we observe A;, and thus we
pay $Cip on NP(H|A)) trials, $C;; on NP(H,|A)) trials, ... , $C;; on NP(H;|A)) tridls, ... ,
$Ci(m-1) on NP(H ., 4 |A)) trials.

m-1
* Total risk over N trials on each which we observe A; is §°1$Cik' N’ P(Hk|Aj) and the average
m-1 <=0
riskis @ $Ci” P(HylA)
. Wecarlic_hgosewhichever value of i welike. Itisour decisionrule, after all!
m-1
» Cdculate é$Cik' P(Hk|AJ-) foreachi, O£ i £ m—1, and declare in favor of whichever H;
k=0

givestheleast averagerisk. We can formulate thisin matrix terms. If Cisanm” m matrix
with i-f" entry G;j, the cost of declaring that H; happens to exist when hypothesis H; isthe true
state of nature, then the average risk of declaring that H; happens to exist upon observing A; is
thei-j" entry of CIM = CKLM where JM = KLM isthe matrix of a posteriori probabilities.
Once again, welook in each column and pick the smallest entry asthe decision. Thisisaso
caled aBayes (minimum average cost or minimum risk) decision rule

*  Theminimum averagerisk is called the Bayes' risk, and is the sum of the entries in the shaded
cellsof CKL (not CKLM)

* Example: Inour radar problem, assume that the costs (in thousands of dollars) are asfollows:
Coo = 3,Cqp=Cq; =30, and Cy; = 3,000. Notethat Cy, isthe cost of failing to detect a
target, and consequently being bombed back to the Stone Age. On the other hand, it costs the
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same to send an interceptor up to investigate when itisafalse alarm aswhenit isareal attack,
and Cy, isessentially the base cost of running the whole facility. We thus get the risk matrix
shown below, and note that the minimum cost solution isto aways declare that there is atarget
present!

HI LO HI LO
Ho 2/3 72/73 Ho 1002 44.05
Hi 1/3 173 H, 30 30
a posteriori probability matrix KLM Risk matrix CKLM

» Thisexampleis skewed because of the high cost Cy;. As might be expected, the use of costs
is even more controversia than the use of probabilities. For example, while Cyy, C4(, and
C,1 may be readily quantifiable from budgetary considerations, Cy; might be pure speculation.
No American city has been bombed. If Cy; were halved, we would have the same rule asthe
maximum-likelihood decision rule.

» Exercise: Veify thisand caculate

*  Thesimple (minimum-error-probability) version of Bayes' ruleisobtained if Cj; = 1fori* |
and C;; = 0 (uniform cost)

m-1

- Asc, P(H|A;) reducesto 1 —P(H;|A;), and we declarein favor of the maximum P(H; |A;)
k=0

» Exercise: Verify thisclaim.

* Likelihood ratio

» Thelikelihood ratio isavery useful concept. All our decision rules can be formulated in terms
of testing whether the likelihood ratio exceeds an appropriately specified threshold. We shall
only consider the case of two hypotheses Hy and H;.

» Definition: If event A; isobserved, thelikelihood ratio is defined to be L (A;) =
P1(A;)/Py(A;), theratio of the likelihoods of the observation under the two hypotheses.

« Maximum-likelihood decision rule: Here, if we observe A;, we compare Py(A;) and
P1(A;), the two entries in the i-th column of the likelihood matrix L and declare that H, is true
if P1(A;) > Po(A;) or declare that Hy istrueif Py(A;) < Py(A;). Thiscan be stated in terms of

L(A;) asfollows: If L(A;) > 1, declare that H, istrue whileif L (A;) <1, declarethat H, is true
Here, the threshold is 1, and our declaration depends on whether the likelihood ratio exceeds
the threshold or not.

« MAP or Bayes' decision rule: Here, if we observe A;, we compare Py(A;)P(Hq) and
P1(A;)P(H,), the two entriesin the i-th column of the joint probability matrix J, and declare
that H, istrue or Hy istrue according as Py (A;)P(H) > Py(A;)P(Hy) or
P1(A;)P(H 1) < Po(A;)P(Hp). Thiscan be stated in terms of L (A;) as follows:

If L(A;) >P(Hg)/P(H,), declare that Hq istruewhileif L (A;) < P(H)/P(H,), declare that H,
istrue. Here, the threshold is P(Hy)/P(H4) and our declaration depends on whether the
likelihood ratio exceeds the threshold or not.

« Minimum cost Bayes' decision rule: Herewe compare the two entriesin thei-th
column of the risk matrix CKLM. Once again, the decision can be formulated in terms of the

likelihood ratio L (A;) being compared to the threshold &2 — 8‘3;’%3‘3 with the decision

favoring Hq if L (A;) exceeds the threshold. This reduces to the previous caseif the costs are
uniform.

» Exercise: Work the radar target problem with this formulation.
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Maximum-likelihood estimation

* Theprinciple of maximum likelihood can also be applied to problems of estimating the
numerical value of a parameter p (say). Suppose that we observe an event A. The probability
of this event may depend on the unknown value of the parameter p. Thus, we ask “Which
value of the parameter p maximizes the probability of A?" The answer is the maximum-
likelihood estimate of the parameter p— it isthe value of p that maximizes the likelihood of the
observed event A.

 Example: K =*student knows the answer to multiple-choice question”

C = “student answers question correctly”

» Fivechoices of answer for each question

¢ P(C|K)=1and P(C|K% =0.2

« If P(K) = p, whatisP(K|C) ?

P(C|K)P(K) _ P(C|K)P(K)

P(K|C) =
(K|C) P(C) P(C|K)P(K) + P(CIK9P(KE)
1p p
= = Note that P(C) = 0.2 + 0.8
1 p+ 0.2 (1) 0.2+ 0.8p ©) P
e Vadues p P(K|C)
0 0
1/4 5/8
1/2 5/6
3/4 15/16
1 1

e p=12 b P(K |C) = 5/6. Does this make sense?

*  Student knows 50% of the answers, guesses on the rest

» Correct response (usually) to 60% = 50% (knows this stuff) + 10% (1/5th guesses)
Thus, 5/6ths of the correct answers are based on knowledge, 1/6th on guessing

e  What'sthis“usualy” stuff?

* Guessing on N problems can result in correct answersto 0, or 1, or 2, or ... , or all N of the
problems

» Of these N+1 possibilities, it ismost probable that 0.2N of the answers will be guessed
correctly. Wewill prove this result later in the course.

e max P{*m correct”} = P{*0.2N correct”}

* Onaverage, 0.2N answers will be guessed correctly

» Average number of answers that will be guessed correctly

N
= & m P{m guessed correctly} = 0.2N
m=0
*  P{"mcorrect’} = likelihood of m correctly guessed answers

* Theevent “0.2N correct” has the largest probability — it has the maximum likelihood, but we
cannot be surethat it occurred

* How many correct answers resulted from lucky guesses?

* Given astudent’s answer sheet, we cannot say for sure

» But we can estimate how many correct answers were the result of guesswork, and be
reasonably confident that the estimate is accurate

* Inanaverage or probabilistic sense, we can be confident that our methodology gives accurate
estimates
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* But we cannot say for sure how accurate our estimate is for aparticular answer sheet
* How many correct answers did the student know?
* How many correct answers resulted from lucky guesses?

*  Maximum-likelihood estimate of p isthe one that maximizes the likelihood of the observed
number of correct answer.

» Assume that the most likely event (the one with maximum likelihood) occurred
* Thus, assumethat 0.2N correct answers were the result of lucky guesses
* ButwhatisN?

* Theassumptionthat 0.2N correct answers were the result of lucky guessesis equivalent to the
assumption that 0.8N incorrect answers (these are all the incorrect answers!) were the result of
unlucky guesses!

*  Count how many answers were incorrect and “equate” that to 0.8N
N
*  Maximum-likelihood estimate of N is denoted by N
N
N = (# incorrect answers)/0.8 = 1.25" (# incorrect answers)

N
N =125 (#incorrect answers) is our estimate of N; we hopeit is close to N — maybe even
exactly thesameasN

N

 Weedimatethat 0.2N = 0.25" (# incorrect answers) were answered correctly due to lucky
guesses

e 0.25" (#incorrect answers) isthe maximum-likelihood (ML) estimate of how many of the
correct answers were the result of lucky guesses

* The number of correct answersis reduced by 25% of the number of wrong answersasa
“guessing penalty”

» A probabilistic version of all this begins with the fact that P(C) = 0.2 + 0.8p

+ P(C|K)=1and P(C|K®) = 0.2 are natural assumptions

*  Wewant to estimate p, i.e. P(K), but we can only count how many problems were answered

(in)correctly
' _ A # answered correctl
* MLesimaieof P(C)is P(C) =4 problems attempte)él

» Thisisareative frequency estimate of P(C) based on what actually happened on a particular
answer sheet

* Probability theory givesusthat P(C) = 0.2 + 0.8p

N N N
» Assuming P(C) equalsits ML estimate gives P(C) = 0.2 + 0.8p where p isthe ML estimate of
p

N
N _ N
* TheML estimate of pisgivenby p :W =1.25P(C) - 0.25
N N N N
« TheML esimateof pisp = 1.25P(C) — 0.25 = P(C) —0.25" [1 — P(C)]
. /F\>(C) _ #answered correctly | 1 /F\>(C) _ # answered incorrectly
"~ # problems attempted ’ - ~ # problems attempted

AEA . A #correct — 0.25" (#incorrect)
* P =HO-025 [1 - P(C)] = # problems attempted

» Asbefore, we see that a*“guessing penalty” equal to 25% of the number of incorrectly
answered problems is assessed

» Theguessing penalty is aways applied in the manner indicated
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If the maximum-likelihood event actually occurs, the guessing penalty correctly compensates
for this

Otherwise, the student is lucky (or unlucky!)

A student who knows 80 answers and guesses the remaining 20 usually gets
84 =80 + (20% of 20) of the problems right

Guessing penalty reduces the score by 4 = 25% of the 16 incorrect answers and thus
compensates perfectly

If the student islucky and gets 88 answers correct, the guessing penalty reduces the score by
only 3 =25% of 12

Getting 4 extra correct answers by sheer dumb luck has boosted the post-penalty score from 80
to 85

The unlucky student who answers all 20 problemsincorrectly suffers the further indignity of
getting a post-penalty score of only 75

Moral: it isbetter to be born lucky than unlucky

Isthere any hope for unlucky test-takers?

If on each problem to which the answer is unknown, some of the choices are obviously wrong
and can be eliminated, then choosing between fewer alternatives boosts the score

Foe example, suppose that P(CIK©) = 1/3 instead of 1/5

P(C) = P(C[K)P(K) + P(CIK)P(K) =1" p + (1/3)" (1-p) = (1/3) +(2/3)' p
_2pt1

3~ >02+08p
N

A_P(C)—0.2 _5p+l
P="08 ~ 6 P

Thus, student is rewarded for “partial knowledge”

Guessing penalties are applied using the number of wrong answers only. There is no penalty
if questions are not answered at all

MORAL: If you must guess, guessintelligently

The principle of maximum-likelihood estimation says that the “best” estimate of the value of a
parameter isthe number that maximizes the likelihood (the probability) of the observation(s)

Thisisthe classical approach or the frequentist gpproach to parameter estimation

Example: A plant makes N widgets (N very large) each day. M of these are defective. The
quality control engineer testsn << N of the widgets and finds that k of the n are defective.
What should she estimate the value of M to be?

Roughly speaking, M » (k/n)N
Obvioudly, k £ M £ N—n—k)

A random subset of size nisdrawn (without replacement) from the set of size N that contains
M defective widgets

MY (N-M
P(k of n defective) = (k)g\ln—k)
(~)

ML estimate of M = whatever value of M maximizes this probability

MY\ /N-M
oy (k)( n—k ) . . .
P(k of n defective) = (N isafunction f(M) of known and fixed parameters N, n, K,
n

and the unknown quantity M. Maximize thisw.r.t. M
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Itisabad ideato differentiate with respect to M in order to find the maximum. Instead just
systematically evaluate f(r) for r = k, k+1,...,N—(n—k)

N
We shall see that successive values of f(¢) increase for awhile, peak at some M (whichisthe
ML estimate of M!) and then decrm

f(k) < f(k+1) < ...... < f(M) > f(M+1) > ... > f(NHnK))
It f(fr(ia) <1, 1(r) < f(r+1); F< M

'ff(fr(-|r-)1) =1, f(r) = f(r+1)

It f(fr(ia) > 1, 1(r) > f(r+1); r> M

Since (rl]‘q) = n1l(||:|—m)' we get after some substitutions and cancellations that
fr) _ r—k+1. N-r

f(r+l) = r+1 N—r—n+k

Is (r—k+1)(N—) larger, smaller, (or possibly the same as) (r+1)(N—+—n+k)?

f(fr(-{)l) <1lif K(N+1)—(r+1)n> 0O, thatis, if r < (k/n)(N+1) -1

f(fr(w[)l) > 1if K(N+1)—(r+1)n <O, that is, if r > (k/n)(N+1) -1

f(fr(i)l) =1if K(N+1)—(r+1)n =0, that is, if r = (k/n)(N+1) — 1

k, n, and N are fixed so that (k/n)(N+1)—1 is some fixed number

If (k/n)(N+1)—-1 = 10.23 (say), then f(10)/f(11) < 1 while f(11)/f(12) > 1 so that f(*) peaks at
11

If (k/n)(N+1)-1= 11, then f(10) < f(11) = f(12) > f(13)

Conclusion: f(r) is maximum at r = &k/n)(N+1)-1u, the least integer 3 (k/n)(N+1)-1
N

Conclusion: the ML estimate of M isM = &k/n)(N+1)—1u» Ir—(](N +1)-1

» ISN @. k0» lSN
Ng N
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