LECTURE 18 (March z4™

TODAY QMA(2)

RECAP  Def Le QYWAD 3 verfier s.t.

‘if e L = J o Froof @) sd. ‘\fe_n'fn'er QcczPi;s x, 10 1Y) with Pmb‘ > 23
if XgL D A proofs 1MOIY) , Verfier accepls x, 1T>@ 1Y) with prob. < /4

Some Remarks

) Amplfication.  Usval method of amrllffcahbn ,i.e., the majon@ trick
| does not work for QMA (2)

Suppose  Vevfier does 100 repedthins and takes the majorrty
" . ® 0
Completeness case ~ Verfier vecieves 14,2 e I%)m ’
P[ Verfier succeds] » 1- exp(-100)
since each ral is indepenclent

Sovndness case Merlins could gi\/e vao:fs c{f the fm’m

(? GGy, L}leioov) ® (‘Zﬂb }va" %’m))

Can we show that the maximm (s achieved by
product states ?

NOT CLEAR!

Suppote  Vevfier processes the register covvesponding
to the fist copy of (UD® (9,7

This phenomena is called <—— The verfier makes a joint measvrement which well
cn{nnglement swappthp- entangle the two wiknesses topedher and we. have
ho guarantees on what the vevifier does on entqnpded
withesses

Despite. this, Harrow and Montanaro  useol move sophisticated weas to show that
ervor vedvetion 1€ poscible :

. | . _polytn)
With paly(n) re)ortﬂzr'om, one. can make the Suecess probability 21-27°

Noke  This tequirs many copies of the witnesses . There is no known analog of
Marriott - Watroue Single-copy evror vedvction for RMA(2)



QMA(K) = QMA() M 2<k < Poly(n) as Shown by Haryow & Montanaro

Note ~ Size of proofs Ihcrease by poly(h) factor in —tran:]‘brmfng a QMA (kI protoco]
{0 QMA(2) Pratocol

[3} Upper Bounds on QMA(2)

— ExPonen’a'aLsized withess 8 EXP Verifier
QAMA £ RMA(2) € NEXP

QMAlog = BRP gnd ¢ (s unlikely that 3SAT ov 3COL has a QMA withess of
sublinear <ize becavse of the Exronen’a'al Time -Hypo#vesis

Short RMA(2) Fmofs for NP

TheoremS 3CoL s in QMA(Z\log with completeness 1 and soundness 1—_%_6_
(Buf_\’-TqPr) "

Note thar amplfying +he gap to constant will increase the size of proof by 0(n ©) factor
So, this does nat say that NP < QMA2) log
A similar tesolt was shown by Aavonson, Beigi, Drucker, Fefferman and Shor who shewed

3SAT € &MA(?.)J__ with ©mpleteness 7 23
" polylog ) and Soundness £ i3

Ths s SUTrr,‘sfng because o similar vesvlt j’or QMA  would im")l)/ Qa svb-cxfaancn'b'al
algerthm for 3SAT

QMA(2) proofc for 3 COLORING

3-COLOR  Given a gfth , can its vertices be coloved with 3-colore co that
end points of all edges have different colors?

Let G be the gmrh on h Vverhces

Arthor ho?es that Merln will onvfde 1Y>@1y? where
r—— 0() gubuts
pd>= L 3 WY@ )colore))
Jn VeV 1
vevtey | O(log n) q/ubf’cs



Size of proof is O(logh)
Now f Merlin Pfo\h‘des 2 coFl'es of this stabe (@) & Avthor

1YY e ly) = (Ft 3y |Co|01('\|))>)®(7{-_h_ 2 Ivz7|Co|or(\lz)>)

Atthur wants 4o check that the colon'ngf s a valid 3COLORING
S0, he measores the four registers and obtains

(v, clor()) , (v, wlor(v,)) for
Vertices v, and v, sampled independently and onkbvmly

L v, :bvz are hot heigbl:omf:, Arthur accepts .

COLORING | Tf v & v, ave neighbovrs , Asthur accepts if color(v) # lor(y,) happens
TEST Of rejects wrth Probab;'hb/ ;}n?_
If =V, , Avthor accepts i§ color() = colorq,) < will become velevant

later {or govndness
What s the coml:leteness and soundness of this Proof System ‘

If G wos 3-coloable | then Merlh con ure o vahd 3-coloring- and Arthur
will accept with ?robabl‘lf’cy 1

I G was not 3-colorable, then fov any coloving theve Ls at least one efge
that violates the colo-riniy constraint,

If Merdin sends (9> ®@IY) where 1) is of the Hform we said |, ther
the Probabilfl:/ that Arthor samples & violated ecfge s at least _:__?-

80, he will Qccept with P?Obﬂbf/@/ ot most 1 -2
nZ

So, there s 1 gap between comflt’cenas and Sevndness a.ssoml'ng Meyln
Polytn)

Provfdes‘ State  of the form we sayd

In geheral, Merdh wuld provde [P2® 167 for arbitraf)/ )W) and 18> which

heed not be of the form _—'_—_VSI\J)IcUlor(\))P
Jh

For example, o chzwh'ng Merlin could vemove 4he vertices that corresfond to
improperly’  coloved edges, \Jhich vill cause Avthur to always accept



To handle 4his, we need o check that the proof given by Merlin satisfies

® lp>=16> This will be checked 3:)/ the SWAP test

@ 9> = L Z Wi

This wul be checked /Jy Q unj"ormr'l:}/ “est
Jh

(® COLRING test from before

Avthor con pick e of the 3 tests ab random and apply it b the oiven witness 19)®16)

If the test fails, Arthur will veject with an inverse polynomial  gap

—T (q D=

SWAP Test |-)

State after controlled SWAP = IoY10210Y — [191821¢)
J2

If we apply H, wWe geb = H21Q20) — 1-21091¢)

J=

- m( O16) —\s>|cp7)+ B (HP7I97 +|e>|(07)
2. 2.

P [ovtpub gquuit is 1] = L 119716 + IS8
= & (el + v + 29163

L (2+ 2 Keiedl*)

1+ l<gele>l2
2 2
If 19)=18) , test always ow;ruts 1

If 19) and 16 are Ofthogonql , test oul:):auts 1 With Probabih'{y ,;_-

One can 'Vcreal: +his



Uht:fomﬂv:y Test We can assume that +the state s [affw’oxfmattel_y) oJ'-' the form 1P2® 12

otherwise SWAP test \would rgject

Arthor now wants 4o check if W7 is of the form 1Z W)/ color (V37

N

First note that one can check nf o state & on eq,ual Suferposibf'cm or nob
by usihg the Quamtum Fooner Tvangorm over Z /mod 12

v-L

QFT Ix) — L Z 7> whee xy € (0,r-1]

v J=o are. in-bege ve and
278 .
W= &M 5 the ¥
voot of Unfy

r-I|

Note that QFT:(_%_ g :p) - [0y

vy J<o

O Arthur a,v):h'es RFT; to He second register and meouoves
If outcome is not |0Y , he accepts

@ ¥ ovkome was 107, Avthur then aPFUES QFT,, 45 the firet vegister and measores
If ovtome is 10) ,he arcepts

let's see what th)ens for a ']Dmfmy formatted State

L T w)lolerm? IQQPLJ, 1 glﬂi)@
v

color(v) Zcolom?
- i

Lo+ Ly 11)4-_1;&)3
3 3 O 3

= 1 S'wyloy + LD
/3n v L gecond register
OYthogonal to |0)

If we measure the Second veglster | W.p. 2/, We get non-#ro and accept
If the outcme was 10), Oor state becomes L 2 ) ® [0)

m v
Now ay):lying QFTh +o the st vepister and mcqsuﬁng gw\/es 0) always

If ol three tests pass, then the state (s of the n:ght' form ql:)pmxfmaiclj
( One can make this cLuah-HtaHvt but we ave not g—on'nér to do it here)

IN-CLASs EXERCISE  What f Merins give @& superpastion over colovs ¢




So, 10 cheat Mexlins must use a state where one of the fests faul and C/'loo:ing'
the tests qt wndom , there s some chance for Arthot to detect it Which Creates

a '/Po\y{n; pop  between  completeness and soundness

NEXT TIME  Detecting Entonglement and Complwty of Ground States




