Chapter 12

Random Partition via Shifting

By Sariel Har-Peled, April 14, 2025%

Associations of mutual interest between the university and the corporations were natural, inevitable, and widely
accepted. According to the state legislature, they were to be actively pursued. The legislature, in fact, was already
counting the "resources" that could be "allocated" elsewhere in state government when corporations began picking
up more of the tab for higher education, so success in finding this money would certainly convince them that further
experiments in driving the university into the arms of the private sector would be warranted, that actually paying for
the university out of state funds was irresponsible, or even immoral, or even criminal (robbing widows and children,
etc., to fatten sleek professors who couldn’t find real employment, etc.).

Moo, Jane Smiley

In this chapter, we investigate a rather simple technique for partitioning a geometric domain. We
randomly shift a grid in RY and consider each grid cell resulting from this shift. The shifting is done by
adding a random vector, chosen uniformly from [0, 1]¢, so that the new grid has this vector as its origin.

Points that are close together have a good probability of falling into the same cell in the new grid. This
idea can be extended to shifting multi-resolution grids over RY. That is, we randomly shift a quadtree
over a region of interest. This yields some simple algorithms for clustering and nearest neighbor search.

12.1. Partition via shifting

12.1.1. Shifted partition of the real line

Consider a real number A > 0, and let b be a uniformly distributed number in the interval [0, A]. This
induces a natural partition of the real line into intervals, by the function

hb7A(ZE) = \‘mg bJ .

Hence each interval has size A, and the origin is shifted to the right by an amount b.

Remark 12.1.1. Note that hp o(x) induces the same partition of the real line as hy a(z) (but it is not
the same function) if |b — b’| = ¢A, where i is an integer. In particular, this implies that we can pick b
uniformly from any interval of length A and get the same distribution on the partitions of the real line.

Specifically, for our purposes, it is enough if b is distributed uniformly in an interval of the form
[y + 1A,y + jA], for two integers ¢ and j such that ¢ < j and y is some real number. It is easy to verify
that we still get the same distribution on the partitions of the real line.

Lemma 12.1.2. For any x,y € R, we have ]P’{hb,A(x) # th(y)} = min('mgyl, 1).

Proof: Assume x < y. Clearly, the claim trivially holds if |y — x| > A, since then x and y are always
assigned different values of hy A(+) and the required probability is 1. Now, imagine we pick b uniformly
in the range [z, x + A]. Clearly, the probability of the event we are interested in remains the same. But
then, hp a(x) # hpa(y) if and only if b € [z, y], which implies the claim. k-]

®This work is licensed under the Creative Commons Attribution-Noncommercial 3.0 License. To view a copy of this
license, visit http://creativecommons.org/licenses/by-nc/3.0/ or send a letter to Creative Commons, 171 Second
Street, Suite 300, San Francisco, California, 94105, USA.
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12.1.2. Shifted partition of space

Let P be a point set in R, and consider a point b = (by,...,by) € RY randomly and uniformly chosen
from the hypercube [0, A]¢, and consider the grid G¢(b, A) that has its origin at b and with sidelength
A. For a point p € RY the ID of the grid cell containing it is

id(p) = hoa(p) = (hoy a(P1), - - s g a(pd))-

(We used a similar concept when solving the closest pair problem; see Theorem 12.6.5,179.)

Lemma 12.1.3. Given a ball B of radius v in R (or an axis parallel hypercube with sidelength 2r ).
The probability that B is not contained in a single cell of G%(b, A) is bounded by min(2dr/A | 1), where
G4(b, A) is a randomly shifted grid.

Proof: Project B into the ith coordinate. It becomes an interval B; of length 2r, and G¢(b, A) becomes
the one-dimensional shifted grid G'(b;, A). Clearly, B is contained in a single cell of G4(b, A) if and only
if B; is contained in a single cell of G!(b;, A), for i =1,...,d.

Now, B; is not contained in an interval of G!(b;, A) if and only if its endpoints are in different cells.
Let &; denote this event. By Lemma 12.1.2, the probability of &; is < 2r/A. As such, the probability
of B not being contained in a single grid is P[U; &] < > P[&] < 2dr/A. Since a probability is always
bounded by 1, we have that this probability is bounded by min(2dr/A, 1). L]

12.1.2.1. Improved bound

If we care only if two specific points get separated, then a better bound is possible.

Lemma 12.1.4. Consider two points p,q in RY . The probability that the segment pq is not contained
in a single cell of G4(b, A) is bounded by min( Vd|p—dq|l /A, 1), where G4(b, A) is a randomly shifted
grid.

Proof: Let R be the axis parallel bounding box of p and ¢. The ith coordinate of R is an interval R; of
length r;, and G¢(b, A) becomes the one-dimensional shifted grid G!(b;, A). Clearly, R is contained in a
single cell of G4(b, A) if and only if R; is contained in a single cell of G!(b;, A), for i = 1,...,d.

Now, R; is not contained in an interval of G!(b;, A) if and only if its endpoints are in different cells.
Let & denote this event. Arguing as in Lemma 12.1.2, the probability of & is < R;/A. As such, the
probability of R not being contained in a single grid is

d 1 lp — qll
< R2  —
_\le Z\J;Az \/a A ’

d

< ZP[&] =2

i=1

| 2

o

by the Cauchy-Schwarz inequality. Y

In particular, for two points in distance r from each other, we need a grid of length A = 2v/dr
to have a probability of half to fall into the same cell. Observe, that a cell in this grid has diameter
VdA = 2dr; that is, the diameter of the cell is by a factor of 2d bigger than the distance between the
points. A better bound is known by using a different random partition, see bibliographical notes for
details.
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12.1.2.2. Application — covering by disks

Given a set P of n points in the plane, we would like to cover them by a minimal number of unit disks.
Here, a unit disk is a disk of radius 1. Observe that if the cover requires k disks, then we can compute
it in O(kn?**1) time.

Indeed, consider a unit disk d that covers a subset () C P. We can translate d such that it still
covers (), and either its boundary circle contains two points of () or the top point of this circle is on an
input point.

Observe the following: (I) Every pair of such input points defines two - .
possible disks; see the figure on the right. (II) The same subset covered by | |
a single disk might be coverable by several different such canonical disks. ]
(III) If a pair of input points is at distance larger than 2, then the canonical O

disk they define is invalid.
As such, there are
2 (Z) +n <n?

such canonical disks. We can assume the cover uses only such disks.

Thus, we exhaustively check all such possible covers formed by k£ canonical disks. Overall, there are
< n? different covers to consider, and each such candidate cover can be verified in O(nk) time. We
thus get the following easy result.

Lemma 12.1.5. Given a set P of n points in the plane, one can compute, in O(kn%“) time, a cover
of P by at most k unit disks, if such a cover exists.

Proof: We use the above algorithm trying all covers of size i, for © = 1,...,k. The algorithm returns
the first cover found. Clearly, the running time is dominated by the last iteration of this algorithm. L]

O(Vk)

One can improve the running time of Lemma 12.1.5 to n ; see Exercise 12.5.2.

The problem with this algorithm is that & might be quite large (say n/4). Fortunately, the shifting
grid saves the day.

Theorem 12.1.6. Given a set P of n points in the plane and a parameter € > 0, one can compute
using a randomized algorithm, in n°/=) time, a cover of P by X unit disks, where E[X] < (1 +¢)opt,
where opt is the minimum number of unit disks required to cover P.

Proof: Let A = 12/¢, and consider a randomly shifted grid G*(b, A). Compute all the grid cells that
contain points of P. This is done by computing for each point p € P its id(p) and storing it in a hash
table. This clearly can be done in linear time.

Now, for each such grid cell [0 we now have the points of P falling into this grid cell (they are stored
with the same id in the hash table), and let P; denote this set of points.

Observe that any grid cell of G?(b, A) can be covered by M = (A + 1)? unit disks. Indeed, each unit
disk contains a unit square, and clearly a grid cell of sidelength A can be covered using at most M unit
squares.

Thus, for each such grid cell [, compute the minimum number of unit disks required to cover
P5. Since this number is at most M, we can compute this minimum cover in O(M n?M “) time, by
Lemma 12.1.5. There are at most n non-empty grid cells, so the total running time of this stage is
O(M n*M +2) = 0/ | inally, merge together the covers from each grid cell, and return this as the
overall cover.
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We are left with the task of bounding the expectation of X. So, consider o Slo
the optimal solution F = {dy,...,dopt}. We generate a feasible solution G from °Pr &l
F. Furthermore, the solution G is one of the possible solutions considered by 008
the algorithm. Specifically, for each grid cell [J, let F denote the set of disks oo 5
of the optimal solution that intersect [J. Consider the multi-set G = Uy Fro. o °o¢°
Clearly, the algorithm returns for each grid cell L] a cover that is of size at most N——

|Fo| (indeed, it returns the smallest possible cover for P, and JFg is one such
possible cover). As such, the cover returned by the algorithm is of size at most |G].

Clearly, a disk of the optimal solution can intersect at most four cells of the grid, and as such it can
appear in G at most four times. In fact, a disk d; € F will appear in G more than once if and only if it
is not fully contained in a grid cell of G?(b, A). By Lemma 12.1.3 the probability for that is bounded
by 4/A (asr =1 and d = 2).

Specifically, let X; be an indicator variable that is 1 if and only if d; is not fully contained in a single
cell of G*(b, A). We have that

opt opt opt ot 4
E[]Q” < E|opt + Z3Xi] = opt + Z?)E[XZ} = opt + Z3[P>[Xi = 1} < opt+ Z?)K
i=1 i=1 i=1 i=1
12
= (1 + )Opt = (1 + ¢)opt,
A
since A = 12/e. As such, in expectation, the solution returned by the algorithm is of size at most
(1+ ¢)opt. k-]
The running time of Theorem 12.1.6 can be improved to n©0/2); see Exercise 12.5.2.

12.1.3. Shifting quadtrees

12.1.3.1. One-dimensional quadtrees

Assume that we are given a set P of n numbers contained in the interval [1/2,3/4]. Randomly, and
uniformly, choose a number b € [0,1/2], and consider the (one-dimensional) quadtree T of P, using the
interval b + [0, 1] for the root cell. Now, for two numbers «, 5 € P let

Lb(aaﬁ) =1- bitA<a - baﬁ - b)7

see Definition 12.6.3,179.

0 1

This is the last level of the (one-dimensional) shifted b e lo
canonical grid (i.e., one-dimensional quadtree) that contains Jcae, ) :
a and f in the same interval. Namely, this is the level of the oo @ |- | -1
node of T that is the least common ancestor containing both : :
numbers; that is, the level of lca(a, 8) is Ly(cv, 5). We remind - e
the reader that a node in this quadtree that corresponds to ' | -2 2
an interval of length 27% has level —i. These definitions are :
demonstrated in the figure on the right (without shifting). [-e-Pxo-}-o-|-oxt-e-|-o]-e]o I -3

00|~ m——

|
6
8

@ B
In the following, we will assume that one can compute Ly(c, $) in constant time.

Remark 12.1.7. Interestingly, the value of Ly(«, 5) depends only on «a, 5, and b but is independent of
the other points of P.
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The following lemma bounds the probability that the least common ancestor of two numbers is in
charge of an interval that is considerably longer than the difference between the two numbers.

Lemma 12.1.8. Let o, 5 € [1/2,3/4] be two numbers, and consider a random number b € [0,1/2].
Then, for any positive integer t, we have that P[Ly(c, 8) > lg|a — B] +t] < 4/2!® where lgx = log, .

Proof: Let M = |lg|a — /|| and consider the shifted partition of the real line by intervals of length
Apryi = 2M% and a shift b. Let Xy, be an indicator variable that is 1 if and only if a and 3 are in
different intervals of this shifted partition. Formally, Xp;,; = 1 if and only if hpa,,,, (@) 7 hp A, (B)

Now, if Ly(a, ) = M + 4, then the highest level such that both o and § lie in the same shifted
interval is M + i. As such, going one level down, these two numbers are in different intervals, and
hyori+i-1(a) # hyom+i-1(fB). Namely, we have that Xp/;,—1 = 1. By Lemma 12.1.2, we have that
P Xy = 1] < |a— B| /Ani. As such, the probability we are interested in is

PlLp(a, B) > g |a— Bl +t] < i PLy(c, 8) = M +1] < iP[XM-H‘ = 1]

iH—t i=t

la — ] - |a 1—i 2t
Z ZQM 21—ZW 22 =2 Y

AMJrz

Corollary 12.1.9. Let o, € P C [1/2,3/4] be two numbers, and consider a random number b €
[0,1/2]. Then, for any parameters ¢ > 1, we have P[Ly(c, 8) > lg|a — B| + clgn] < 4/n¢, where n =
Pl

12.1.3.2. Higher-dimensional quadtrees

Let P be a set of n points in [1/2,3/4]¢, pick uniformly and randomly a point b € [0,1/2]¢, and consider
the shifted compressed quadtree T of P having b + [0, 1]¢ as the root cell.

Consider any two points p,q € P, their lca(p, ¢), and the one-dimensional quadtrees T7,. .., Ty built
on each of the d coordinates of the point set. Since the quadtree T is the combination of these one-
dimensional quadtrees T1,..., Ty, the level where p and ¢ get separated in T is the first level in any of
the quadtrees T1,...,T4 where p and ¢ are separated. In particular, the level of the least common
ancestor (i.e., the level of lca(p, q)) is

d
Lo(p, q) = max Ly, (pi, ¢:)- (12.1)

As in the one-dimensional case (see Remark 12.1.7) the value of Ly(p, q) is independent of the other
points of P.

Intuitively, Ly(p, q) is a well-behaved random variable, as testified by the following lemma. Since
we do not use this lemma anywhere directly, we leave its proof as an exercise to the reader (see Exer-
cise 12.5.1).

Lemma 12.1.10. For any two fized points p,q € P, the following properties hold.
(A) For any integer t > 0, we have that P[Lb(p, q) >lgllp—qll + t} < 4d/2t.
(B) ElLs(p, )] <lg|lp — gl +1gd +6.

(C) Lo(p,q) = 1g|lp — gl —1gd - 3.

®We remind the reader that lgz = log, .
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12.2. Hierarchical representation of a point set

In the following, it will be convenient to carry out our discussion in a more general setting than in
low-dimensional Euclidean space. In particular, we will use the notion of metric space; see Defini-
tion 12.6.2,179. Specifically, we are given a metric space M with a metric d. We will slightly abuse
notation by using M to refer to the underlying set of points.

12.2.1. Low quality approximation by HST

We will use the following special type of a metric space.

Definition 12.2.1. Let P be a set of elements, and let H be a tree having the elements of P as leaves.
The tree H defines a hierarchically well-separated tree (HST) over the points of P if for each vertex
u € H there is associated a label A(u) > 0, such that A(u) = 0 if and only if w is a leaf of H. Furthermore,
the labels are such that if a vertex w is a child of a vertex v, then A(u) < A(v). The distance between
two leaves z,y € H is defined as A(lca(z,y)), where lca(z,y) is the least common ancestor of x and y in
H.

If every internal node of H has exactly two children, we will refer to it as being a binary HST
(BHST).

It is easy to verify that the distances defined by an HST comply with the triangle inequality, and as
such the HST defines a metric. The usefulness of an HST is that the metric it defines has a very simple
structure, and it can be easily manipulated algorithmically.

Example 12.2.2. Consider a point set P C RY and a compressed quadtree T storing P, where for each
node v € T, we set the diameter of [, to be its label. It is easy to verify that this is an HST.

For convenience, from now on, we will work with BHSTs, since any HST can be converted into a
binary HST in linear time while retaining the underlying distances. We will also associate with every
vertex u € H an arbitrary representative point rep, € P, (i.e., a point stored in the subtree rooted at

u). We also require that rep, € {repv v is a child of u }

Definition 12.2.3. A metric space N is said to t-approxzimate the metric M if they are defined over
the same set of points P and da(u,v) < dar(u,v) < t-da(u,v), for any u,v € P.

It is not hard to see that any n-point metric is (n — 1)-approximated by some HST.

Lemma 12.2.4. Given a weighted connected graph G on n vertices and m edges, it is possible to con-
struct, in O(nlogn + m) time, a binary HST H that (n — 1)-approzimates the shortest path metric of
G.

Proof: Compute the minimum spanning tree T of G' in O(nlogn + m) time®.

Sort the n — 1 edges of T in non-decreasing order, and add them to the graph one by one, starting
with an empty graph on V(G). The HST is built bottom up. At each stage, we have a collection of
HSTs, each corresponding to a connected component of the current graph. Each added edge merges two
connected components, and we merge the two corresponding HSTs into a single HST by adding a new
common root v for the two HSTs and labeling this root with the edge’s weight times |P,| — 1, where P,

®Using, say, Prim’s algorithm implemented using a Fibonacci heap.
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is the set of points stored in this subtree. This algorithm is only a slight variation on Kruskal algorithm
and hence has the same running time.

Let H denote the resulting HST. As for the approximation factor, let x,y be any two vertices of G,
and let e be the first edge added such that x and y are in the same connected component C, created
by merging two connected components C, and C,. Observe that e must be the lightest edge in the cut
between C, and the rest of the vertices of G. As such, any path between x and y in G must contain an
edge of weight at least w(e). Now, e is the heaviest edge in C' and

dg(z,y) < (IC] = Dw(e) < (n - Nwle) < (n = D)dg(z,y),
since w(e) < dg(z,y). Now, du(z,y) = (|C| — 1) w(e), and the claim follows. k-]

Since any n-point metric P C M can be represented using the complete graph over n vertices (with
edge weights w(zy) = dp(z,y) for all z,y € P), we get the following.

Corollary 12.2.5. For a set P of n points in a metric space M, one can compute, in O(n2) time, an
HST H that (n — 1)-approximates the metric d .

One can improve the running time in low-dimensional Euclidean space (the approximation factor
deteriorates slightly).

Corollary 12.2.6. For a set P of n points in R, one can construct, in O(nlogn) time (the constant
in the O(-) depends exponentially on the dimension), a BHST H that (2n — 2)-approzimates the distances
of points in P. That is, for any p,q € P, we have dy(p,q)/(2n —2) < ||p — q|| < du(p, q).

Proof: We remind the reader, that in RY one can compute a 2-spanner for P of size O(n), in O(nlogn)
time (see Theorem 12.6.4,179). Let G be this spanner, and we apply Lemma 12.2.4 to this spanner.
Let H be the resulting HST metric. For any p,q € P, we have |[p—¢|| < du(p,q) < (n — 1)dg(p, q) <

2(n = 1) [lp — ql|-

Corollary 12.2.6 is unique to RY since for general metric spaces no HST can be computed in sub-
quadratic time; see Exercise 12.5.3.

12.2.2. Fast and dirty HST in high dimensions

The above construction of an HST has exponential dependency on the dimension. We next show how
one can get an approximate HST of low quality but in polynomial time in the dimension.

Lemma 12.2.7. Let P be a set of n points in [1/2,3/4], pick uniformly and randomly a point b €
[0,1/2]¢, and consider the shifted compressed quadtree T of P having b+ [0,1]¢ as the root cell. Then,
for any constant ¢ > 1, with probability > 1 — 4d/n"2, for alli =1,...,d and for all pairs of points of
P, we have

Lo, (pi, ;) <lglpi — q;| + clgn. (12.2)
In particular, this property implies that the compressed quadtree T is a 2/dn-approzimate HST for P.

Proof: Consider two points p,q € P and a coordinate i. By Corollary 12.1.9, we have that

P[Ls, (pi, ¢;) > 1g |pi — qi| + clgn] < 4/n°.
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There are d possible coordinates and (Z) possible pairs, and as such, by the union bound, this does not

4
happen for any pair of points of P, for any coordinate, with probability > 1 —d <Z> — >1-—2d/n“2.
nC

As such, with probability > 1 — 2d/n¢, the level of the lca of any two points p,q € P is at most
d
U = Lo(p, q) = max Lo, (pi, ;) < max(lg|p; — ai] + clgn) < [Ig|[p — qll + clgn],

by Eq. (12.1). The diameter of a cell at level U(p, q) is at most v/d2V < 2v/d||p — ¢|| n¢. Namely, T is a
2v/dnc-approximate HST. Y

Verifying quickly that T is an acceptable HST (as far as the quality of approximation goes) is quite
challenging in general. Fortunately, one can easily check that Eq. (12.2) holds.

Claim 12.2.8. Fq. (12.2) holds for the quadtree T computed by the algorithm of Lemma 12.2.7 in
O(dnlogn) time.

Proof: 1f Eq. (12.2) fails, then it must be that there are two points p,q € P and a coordinate j such
that Ly, (pj, q;) > lg|p; — ¢;| +t, for t = clgn.

Now, observe that if there are two such bad points for the jth coordinate,
then there are two bad points that are consecutive in the order along the jth
coordinate. Indeed, consider w = lca(p;, ¢;) in the one-dimensional compressed
quadtree J; of P on the jth coordinate. Let p’ (resp. ¢’) be the point with
maximal (resp. minimal) value in the jth coordinate that is still in the left
(resp. right) subtree of w; see the figure on the right. Clearly, (i) lca(p’, ¢') = w,

(i) |pj — 4
of P according to the values in the jth coordinate. As such, Ly, (p;,g;) =
L, (5, q;) > 1g|p; — ¢;| +t > 1g

As such, to verify Eq. (12.2) on the jth coordinate, we sort the points according to their order on the

jth coordinate and verify Eq. (12.2) for each consecutive pair. This takes O(nlogn) time per coordinate,
since computing Ly, (-, -) takes constant time. Doing this for all d coordinates takes O(dnlogn) time

overall. ®

< |pj — q;|, and (iii) p’ and ¢’ are consecutive in the ordering

P — qg‘ +t. Namely, Eq. (12.2) fails for p’ and ¢’ on the jth coordinate.

Theorem 12.2.9. Given a set P of n points in RY, for d < n, one can compute a 2/dn®-approzimate
HST of P in O(dnlogn) expected time.

Proof: Set ¢ =5, use the algorithm of Lemma 12.2.7, and verify it, as described in Claim 12.2.8. If the
compressed quadtree fails, we repeat the construction until succeeding. Computing and verifying the
compressed quadtree takes O(dnlogn) time, by Theorem 12.6.1,179 and Claim 12.2.8. Now, since the
probability of success is > 1 —4d/n“? > 1 —1/n (assuming n > 3), it follows that the algorithm would
have to perform, in expectation, 1/(1 — 1/n) < 2 iterations till it succeeds. k-]

12.2.2.1. An alternative deterministic construction of HST

Our construction is based on a recursive decomposition of the point set. In each stage, we split the
point set into two subsets. We recursively compute an nd-HST for each point set, and we merge the two
trees into a single tree, by creating a new vertex, assigning it an appropriate value, and hang the two
subtrees from this node. To carry this out, we try to separate the set into two subsets that are furthest
away from each other.
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Lemma 12.2.10. Let P be a set of n points in RY. One can compute an nd-HST of P in O(ndlog®n)
time (note that the constant hidden by the O notation does not depend on d).

Proof: Let R = R(P) be the minimum axis parallel box containing P, and let v = ¢, || [;(R)||, where
I;(R) is the projection of R to the ith dimension.

Clearly, one can find an axis parallel strip H of width > v/((n — 1)d), such that there is at least one
point of P on each of its sides and there is no point of P inside H. Indeed, to find this strip, project the
point set into the ¢th dimension, and find the longest interval between two consecutive points. Repeat
this process for i = 1,...,d, and use the longest interval encountered. Clearly, the strip H corresponding
to this interval is of width > v/((n — 1)d). On the other hand, diam(P) < v.

Now recursively continue the construction of two trees T+, T—, for P, P~, respectively, where P+, P~
is the splitting of P into two sets by H. We hung T* and T~ on the root node v and set A(v) = v.
We claim that the resulting tree T is an nd-HST. To this end, observe that diam(P) < A(v), and for a
point p € P~ and a point ¢ € P*, we have ||p — ¢|| > v/((n — 1)d), which implies the claim.

To construct this efficiently, we use an efficient search trees to store the points according to their
order in each coordinate. Let D, ..., Dy be those trees, where D; stores the points of P in ascending
order according to the ith axis, for ¢ = 1,...,d. We modify them, such that for every node v € D;, we
know what the largest empty interval along the ith axis is for the points P, (i.e., the points stored in the
subtree of v in D;). Thus, finding the largest strip to split along can be done in O(dlogn) time. Now,
we need to split the d trees into two families of d trees. Assume we split according to the first axis. We
can split D; in O(logn) time using the splitting operation provided by the search tree (Treaps [SA96]
for example can do this split in O(logn) time). Let us assume that this splits P into two sets L and R,
where |L| < |R|.

We still need to split the other d — 1 search trees. This is going to be done by deleting all the points
of L from those trees and building d — 1 new search trees for L. This takes O(|L|dlogn) time. We
charge this work to the points of L.

Since in every split only the points in the smaller portion of the split get charged, it follows that
every point can be charged at most O(logn) time during this construction algorithm. Thus, the overall
construction time is O(dnlog?n). k-]

12.3. Low quality ANN search

We are interested in answering approzimate nearest neighbor (ANN) queries in RY. Namely, given
a set P of n points in RY and a parameter 7 > 1, we want to preprocess P, such that given a query
point q, we can compute (quickly) a point p € P, such that p is a T-approximate nearest neighbor to q
in P. Formally, ||q — p|| < 7d(q, P), where d(q, P) = minyep ||q — p||.

Here, 7 is going to be relatively large (i.e., > d%?2), and as such the quality of approximation is quite
low.

12.3.1. The data-structure and search procedure.

Let P be a set of n points in RY, contained inside the cube [1/2,3/4]9. Let b be a random vector in the
cube [0,1/2]4, and consider the compressed shifted quadtree T having the hypercube b + [0,1]¢ as its
root. We choose for each node v of the quadtree a representative point rep, € P,.
Given a query point q € [1/2,3/4]%, let v be the lowest node of T whose region rg, contains g.
(A) If rep, is defined, then we return it as the ANN.
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(B) If rep, is not defined, then it must be that v is an empty leaf, so let u be its parent, and return
rep, as q’s ANN.

12.3.2. Analysis

Let us consider the above search procedure. When answering a query, there are several possibilities:

(A) If rg, is a cube (i.e., v is a leaf) and v stores a point p € @ inside it, then we return p as the ANN.
(B) v is a leaf but there is no point associated with it. .
In this case rep, is not defined, and we return rep,, where u = p(v). * Ou
Observe that ||q — rep,|| < 2diam(rg,). This case happens if the parent u of v
has two children that contain points of P and v is one of the empty children.
This situation is depicted in the figure on the right.
(C) If rg, is an annulus, then v is a compressed node. In this case, we return rep, as the ANN. Observe
that d(q,rep,) < diam(rg,).

rgv ]
[ ]

In all these cases, the distance to the ANN found is at most 2diam([J,).

Lemma 12.3.1. For any T > 1 and a query point q, the above data-structure returns a T-approximation
to the distance to the nearest neighbor of q in P, with probability > 1 — 4d/? /1.

Proof: Let p be q’s nearest neighbor in P (i.e., = ||q — p|| = d(q, P)). Let b be the ball with diameter
lg — p|| that contains q and p (i.e., this is the diametrical ball of gqp). Consider the lowest node u
in the compressed quadtree that contains b completely. By construction, the node v fetched by the
point-location query for q must be either u or one of its descendants. As such, the ANN returned is of
distance < 2diam(d,) < 2diam(,).

Let ¢ = ||q — p||. By Lemma 12.1.3, the probability that b is fully contained inside a single cell in
the ith level of T is at least 1 —d¢/2" (i is a non-positive integer). In such a case, let (J be this grid cell,
and observe that the distance to the ANN returned is at most 2diam(CJ) < 21/d2°. As such, the quality
of the ANN returned in such a case is bounded by 2\/&2i/€. If we want this ANN to be of quality 7, then
we require that

, , T ‘T
W< = 2<— — i<lg—r-.
/< < ova Slgo s
In particular, setting ¢« = {lg (ET / 2\/&”, we get that the returned point is a 7-ANN with probability at
least

3/2 3/2
1_%21_% 521_4d |
2t T T

implying the claim. L]

One thing we glossed over in the above is how to handle queries outside the square [1/2,3/4]¢.
This can be handled by scaling the input point set P to lie inside a hypercube of diameter (say) 1/n?
centered at the middle of the domain [1/2,3/4]¢. Let T be the affine transformation (i.e., it is scaling
and translation) realizing this. Clearly, the ANN to q in P is the point corresponding to the ANN to
T(q) in T(P). In particular, given a query point q, we answer the ANN query on the transformed point
set T'(P) using the query point 7'(q).

Now, if the query point T'(q) is outside [1/2,3/4]¢, then any point of T'(P) is (1 4+ 1/n)-ANN to the
query point as can be easily verified.

Combining Lemma 12.3.1 with Theorem 12.6.1,,79, we get the following result.
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Theorem 12.3.2. For a point set P C [1/2,3/4]9, a randomly shifted compressed quadtree T of P can
answer ANN queries in O(dlogn) time. The time to build this data-structure is O(dnlogn). Further-
more, for any T > 1, the returned point is a T-ANN with probability > 1 — 4d3/2/7.

Remark 12.3.3. 1. Theorem 12.3.2 is usually interesting for 7 being polynomially large in n, where the
probability of success is quite high. 2. Note that even for a large 7, this data-structure does not
necessarily return the guaranteed quality of approximation for all the points in space. One can prove
that this data-structure works with high probability for all the points in the space (but the guarantee
of approximation deteriorates, naturally). See Exercise 12.5.4.

12.4. Bibliographical notes

The approximation algorithm for covering by unit disks is due to Hochbaum and Maas [HM85], and our
presentation is a variant of their algorithm. Exercise 12.5.2 is similar in spirit to the work of Agarwal
and Procopiuc [AP02]. The idea of HSTs was used by Bartal [Bar98] to get a similar result for more
general settings.

The idea of shifted quadtrees can be derandomized [Cha98] and still yield interesting results. This is
done by picking the shift carefully and inspecting the resulting Q-order. The idea of doing point-location
queries in a compressed quadtree to answer ANN queries is also from [Cha98] but it is probably found
in earlier work.

The low-quality high-dimensional HST construction of Section 12.2.2.1 is taken from [Har01]. The
running time of this lemma can be further improved to O(dnlogn) by more careful and involved imple-
mentation; see [CK95] for details.

Partition via random shifting. The improved partitions that have lower probability to separate
close-by points in Euclidean space is described by Charikar et al. [CCG+98]. The idea is to randomly
scope balls of radius A from space, till all the points in space are scooped out. Each cluster is the
maximum set of points in a scooped points that are not contained in an earlier ball. This construction
is not easily constructable (although this can be overcome with a bit of care), and the analysis relies on
careful arguments about the volumes of balls and the volume of the intersection of two balls.

More recently, another random partition scheme was suggested that works reasonably well in practice:
Randomly rotate and shift a grid. They also compute, more carefully, the probability of two points to
be separated by a shifted grid. See the work by Aiger et al. [AKS12].

12.5. Exercises

Exercise 12.5.1 (My level it is nothing®). Prove Lemma 12.1.10.

Exercise 12.5.2 (Faster exact cover by unit disks). Let P be a set of n points in the plane that can be
covered by k unit disks, and let F be this set of disks. Furthermore, assume that P cannot be covered
by fewer unit disks.

(A) Prove that there exists an axis parallel line that passes through one of the points of P that intersects

10, (JE) disks of F.

(B) Provide an nO0%) time algorithm for computing a cover of P by k unit disks.
(C) Given a set P of n points in the plane, show how to (1 + ¢)-approximate the minimum cover of P
by a set of k disks, in n°/9) time.

178



Exercise 12.5.3 (Lower bound on computing an HST). Show, by adversarial argument, that for any ¢ > 1,
we have the following: Any algorithm computing an HST H for n points in a metric space M that
t-approximates d, must in the worst case inspect all (72‘) distances in the metric. Thus, computing an
HST requires quadratic time in the worst case.

Exercise 12.5.4 (ANN for all). (Hard) Prove that the data-structure of Theorem 12.3.2 answers n'°-ANN
queries for all the points in the space with high probability.

12.6. From previous lectures

Theorem 12.6.1. Assuming one can compute the Q-order in O(d) time for two points RY, then one
can maintain a compressed quadtree of a set of points in RY, in O(dlogn) time per operation. The
operations of insertion, deletion, and point-location query are supported. Furthermore, this can be imple-
mented using any data-structure for ordered-set that supports insertion/deletion/predecessor operations
in logarithmic time.

In particular, one can construct a compressed quadtree of a set of n points in RY in O(dnlogn) time.

Definition 12.6.2. A metric space is a pair (X, d) where X is a set and d : X x X — [0, 00) is a metric
satisfying the following axioms: (i) day(z,y) = 0 if and only if = =y, (ii) dm(z,y) = dm(y, x), and (iii)
dm(z,y) + dm(y, 2) > dum(z, 2) (triangle inequality).

Definition 12.6.3 (Bit index). Let a, 8 € [0,1) be two real numbers. Assume these numbers in base two
are written as a = 0.y ... and § = 0.8,0s.... Let bita(c, 5) be the index of the first bit after the
period in which they differ.

Theorem 12.6.4. Given a set P of n points in RY and a parameter 1 > ¢ > 0, one can compute a
(1 + &)-spanner of P with O<n6*d> edges, in O(n logn + n5*d> time.

Theorem 12.6.5. For set P of n points in the plane, one can compute the closest pair of P in expected

linear time.
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