
 

Polyhedral Aspects

Given SM instance complete

graph with equal sizes
on both

sides Want to Shoe max weight

a mini con stable watching

Other measures

ththblum Vande Vali gave simple

descriptions of the
SM polytope

convexhull Xml M is a

stable matching

Simple proof of SM polytope due

to fethulaman C Teo 1998



I Wan Mi

j woman Wj

Variables Xi j C for if lis EM
or not

payed watching constraints

Xi j I ti

j
E Xi j

L Hj
i

Xi 30

Xk j ElSmi
xisjtk.FIwj i mfwimiyi.j



why is SM inequality valid ni

oil setting Sethu Xi L in

which case the other firms are 0

oh if Xi j o and if cneg is violated

both E Xi k Il E E Xk j L

K K

mi Wj will be a blocker pain

Therein Polytope is integral

Polytope is the SM polytope

Lemme Let u be a feasible hukou

Then no so ni j t E t E I



Consider primal with objective

nui Exi x C Q
and its dual

nui di t f Pj Yi j
si

dit Pitti.it w iswj mIYwjm
t

Yi j 70
hi Rj unconstrained

feasible
Given peiwal.hn x conidu

a

dual solution d p il

where Yi j Xi j



di 0 Pj ro ti t j

Can check that this is a feasible

Huliori with objective EX.is

it is optimal fn primal and

d p Y x is optimal for dual

he so a primal constraint is

tight

Nij so Xi t E t L

Checking that di o pi o Yi 5 hisj
is feasible for dual

Need to check that



ototdiitk7am wijktE.miiijim ti

since Xa b I we have

Xi k l Xi j E Xi k

K wkmiwj
K www.iwj

Similarly
Xk j l Xi j EX K j

k Mk w Mi
k Mk Wj me

So we need to check that

xiy.tl xi.itq.cmwigcti xeii EmiIiijiii
but this is line because if punal y

we will prove that can be
written as a convex combination

of perfect watching



Recall Xi j
I ti and

Xi j
I t j

We can view Xi values j I tou

as partitions interval on

Create 2h low table
N lows for men and u for women

In each man's low split Eo D
according to Xi values j 1 to n

wi dq preference order of
women

For each woman order in increasing
order of pulp role of omen



Ndi Xi so

Xi j t k
Xi k I Xk j EI I

www.wj k MKWy Mi

E Xi k
decerany preforderfor me

K www.iwj

th

Xi j
Xk j l

O k Mk wjmi

increasing pref order fr Wj

Xi j o Xi j is mapped in some

location in internal p hath iandj

Pick 0 E lo l uniformly at random



Match u to j it Xi o and O

lands ni interval corresponding to

ti j
Exactly one fr i By above property
exactly one f j as well

So we get perfect matching
Is it stable

Suppose i prefer k over j

b Inter lo I i to left I in

now i by aligning property

I k
is ni same punition row k

0 is tonight n Il and



preferences are niuean y ni nm k

k watched to i who the

Nii Aly payees to i fo Li k

cannot he a blocker's pain

Pub Li j t MT Xi j

I can be decomposed niti
D



Az Application of Stable Matching
to Disjoint paths

Let A V E be an undirected

graph Let s e t be 3 distinct

vertices in h

Suppose we are givin k edge digit
paths from s ti e say P

and another Sd no K edge disjoint
paths from a tot say Q

Tats a a k and Tak th k

where Xh la b is the edge connecting

between a and b wi h



Claim If a b c CU

X la b 7 mini X la G X k b

Prof Exercise

Therefore it 7 k edgedigoint

paths from s to e and K edge

disjoint paths from
e ti t

then F K edge dispirit paths
Hom s ti t

Q How to find them

We can take the union y the

edges in P Q and



Compute max flow in the resulting

graph behireen
s and t and

find paths from the pro

Can we avoid alone and use the

fact that we have P and Q

i.es

t

P pi ipad Q Lou did



Construct bipartite multigeaph

It AUB E as puns
I Al IBI K A a said

B bi bk

If edge g is common to paths

Pi and obj add edge between

ai and bjLuhi multiple
edges can be added
between pi and obj

For each ai the edges uicident

to it in A coverpond to edges
in

pi Create pingprimits on them

with priority decreasing atomy



Hi from p to g

For each bj the edges incident
to it in H criespond to edges

in gj hive priority
in

decreasing order from q to e

Equivalently increasing olden alone

e to og

H is bipartite multigeaph

Make it complete by adding
dummy edges which

receive

p qj are adjacent
ti j

lowest priority



GS can be extended to show that

even in this multigraph setting
there is a stable matching

Let M be any such stable
matching we will use M

to create K edge disjoint
paths fwm p to e

One path for each
edge pi I EM

Case pi Ij is a deeming edge

concatenate pi and
qj.mn

s ti i
Uj



Note that in this case pi and gj
are edge dispoint otherwise we

will not have a dummy edge
pith

Cast Hi qj is a non dummy edge

pi and aj share an edge gg

and g is the findon edge

between pi and bi along pi

sina.tt
Create path S to g along pi

and

then along qj to t



We get K paths from S G t

Aee they edge dispirit
Yes From stability of M

Suppose not

Say the two paths
that share an

edge were produced from
his edges wi M Pei 9j

and Ping
Call this edge g Since Pie p
are disjoint g can belong only to

one of them Similarly for 9 9ji
So w ly g belongs to Pi and Wjz



the other case of belonging to pi and9g
i's similar

Since Ping and Pi 9 are

ji
from M ti and Nj have
Comron edge g and Pi and 9h
have common edge ga

g must occur before 9 on Pie

and g must crane offing on 9in

but then g would be higher
priority edge for ai over His 9j
and also fr bj our Pi Nj
M is not stable
couluidiction



Hence conski did paths are

disjoint
Ru h me of edges in

It is k't H g edges ni P UQ

GS algorithm runs in time

linear ni ECHI fo at mise

k t IPod Can avoid 1cL

time by uh creating dummy
edges explicitly and modifying
hs
linear mi sie IPod
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