
 

The hate Shapley algorithm for
the stable marriage problem has

been highly influential and
even lead to a Nobel Prize in

Economics It addresses an

nipaloint pattern that initially
arose in matching residents

to hospitals

We will discuss first the most

basic setting of the StableMariage

SM perlstein that the

hate Shapley algorithm 19627



We are givin n men and

n women Each man m e

has a total preference order our

all the women and similarly
each woman has a total prefenseence

older over the men

We will write p Laq it

according to pelson a's preferences
is less desirable than q

for now
we will assume that there are

no ties ie preference orders are

Heid



In the SM setting we think of a

complete bipartite geoph between

the men and women

Given a matching M a

pair m w is a blockingpad

for M if m w f M and

m prepes w ti its cuerentparkin
ni M ta m is unmatched in M

and w peeper m on its

current partner in M or is

unmatched in M

A matching M is stable if
there is no blocking pair fr M



It is not clear that even in

the SM setting where the graph

is bipartite and complete and

preference lists are Heid and

complete that there always
exists a stable matching

It is easy to see that groin a

matching M one can efficiently

check whether M is stable and

hole Shapley showed ma an

efficient algorithm that every

SM instance has a stable matching



Ex's n 4

I 2 4 I 3

fi
f

I 4 3 2

44 I 4

Men's preferences Womenpref

1,4 12,37 3,21 ki is stable

4,47 2,17 3,21 14,41 is stable

Chl 12,37 13,21 lh.us is wt

why 1,41 is a blocking pair



hsalgnitt.in
Men propose women dispose

He
all people are free

while 7 man free do

w first woman on rn's list
that he has not proposed

to yet

if w is free pair up m w

else if w is engaged to m

if u prefer me to
m

pai Lm
w fue m

che
way Is m and mise

end

Output watching A engaged pain



Note that the algorithm as

stated is non deterministic in

that one can choose free men in

any order In fact they can
all

act in parallel in each round

It is not obvious that the algorithm

will terminate and whether
it

will output a stable matching

However it is clear that we can

make it tourinate because
a

man does not propose to a woman

more than once he moves down his

list



Lewis Reweili algorithm
such

that it terminalis and agree
that it can be implemented

in

any time

The main claims are the following

At end of algorithm all

people are paired up

Matching is stable

Objection Once a woman gets
matched she will remain matched

and her partners ranking in her
order can only monotonically impure



Observation Evey man is paired

Suppose all women on rn's list

reject heir If a woman yids in

w pained with some one else.and

by previous observation they
will

remain haired But n men and

run women nd all women can

reject m

all people pained

Lerner Matching M output by
algorithm is stable

Suppose mm w is a blocker's pair



m proposed to w before he purred
to pm1mi But w eye did m

w has a better partner than m

at time of rejection
w has

a better partner than
im at end

of alg co Cm.ws cannot
be

a blocking pair
D

Man optimal and woman optimality

Even though the HS alg Seems to

suggest that women despise the

matching purees in fact proper
men



Therein In the hs algorithm
each man is matched to the

best ranked woman in any
stable matching and each

woman is matched to the least

ranked man in any stable
snatching

Proof For each m define besttins

to be the highest ranked women

that we can be matched to in

Some stable match y
Claim is that in any bun of h S

M bed m will be in's partner

Unique we all burn



Suppne rut Consider a eun gas
and let m w bestCmi be the

fiend pair that
is egicted

w rejects in for m d w

already matched to m

w payees m to me

Ld S be stable watching with

m w C S Who is mi's partner

wi s 9 Say www

Clearly m peeper
w t w otherwise

mi w is blocking pain ni s

But when m was ryi did ly w

wi had already considered
w before

w and must have been rye did



wi was ignited by w before

W
nyi did

m Cmi w wi

first ryiction in execution of Gs

m best ms is output of

any run of GS

Now fr second part
Suppose Mo in man optimal stable

matching Let w be a woman

and suppose m w C Mo

Suppose 7 another stable watching

M S t mi w t M and

W prefers m over me



But then m w is a blocking

pair wi M
1

Simple Extensions AIM

Unequal sizes

Sat 1 11 141
but preference lists

are complete and strict

Bo lm w blocking for M e't

LM w prefer
each other to

cullent partners
arminius

being married is always
preferable

to nd brig marries



Can reduce to 1 1 141 by

adding dummy people to
the

Smaller set

Therein stable watchip exist

All stable matchings
watch

Evey one from fmaller
Set and

largest partitioned
witi tin

Sdi one of which is matched

ni all stable matching
and

the other unmatched
in all

Atable mat chip

I Eli list of unacceptable
partners



Bipartitegraph AUB E

Need me he complete

v C E u is ok with V

and vice versa

UN f E u is not ok with
U R v is not ok

with u

Each node has a Hii d preference

list on its neighbors

Now some nodes need not be

matched

Therein Stable watching exit

and nodes are partitioned into

his sets one sect is watched



in all stable watching and

the other is unmatched in

evey stable watching

Ties and Indifference

what it preference hits
have

lies Then frickin gets
complicated because different

nitrous of stability

Not going to cover now See

references



Hospital Residents problem

HR is the original application

and can be considered
as the

capacitated generalization of
SM

R set of residents

It se g honp
hospitals

each h C It has
a capacity uh

each resident e has a preference

order over hospitals and each

hospital has a preference order

our residents

Now we are
inlinsebted in

assignments of residents
to

hospitals that respect the



hope

capacity constraints

Easy togeneralize ration of Shibility

Can reduce to SM by duplicating

h into Un nodes and ordering

them arbitrarily
but consistently

Real Hospitals Theorem

In any stable
assignment same

capacity used up
in each

hospital


