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above by LP duality

We saw a rounding algorithm
via l embedding that

t
E Oltog n g't

In fact we can prove

01 t OKs k S't
where K IFI is number of

demand pain

Where did hsu come from

We used Bourgoin's theorem to show

that any n point metric can



be embedded into l with

01hsn distortion

Keaton
Is Bourgoin's theorem tight
Is LP integrality gap ie thro wt

gap rush

Are there special graph classes

where one can obtain improved

flow cut gap a h embeddings

Uniform sparked cut us non uniform

sparesed cut



Uniform Sparsest cut

dents f L ht all St

demand graph is a clique on U

What is 01

Of win
SEU Ist IV 51

Recall edge expansion of a

at min Isn
SEU 151
Isle

n fo't ne Nal wjfhinz.tw

Can approx d't ti Oth n
Hal also k Ollis al



Define For a graph G d E let

L h be the worst l distortion

of any metric
induced on U by

edge lengths
on h

We know 2 a Oltog n where

I ut n

Claim 2 IT 1 for any tree T

Clair L C l fr any cycle C

therein L G 2 for any series

parallelgraph

theorem Nhl OKsn for any



plan.aegraph
h Moregenerally

for any graph
h that cones

from a proper nurin
closed family

of graphs

de Hat Ole fr planar
graph a

drum throw cut gap in

planar graphs But beleived tobe 0h

Major open problem



Bourgoin's Theorem

Puff sketch following Vazirainis
book

V d metric on IVI n vertices

Want to embed into
l Or

more generally lp
General technique the Frechet

embedding

Fix a set 5 E U

Can define a l d embedding of U

as follows
For each u C U flu dls a

YES dis u



a
SES maps to 0

We find distance of each
vertex u

to S and put ni on a line

claim ldls.us alls uh
c dlu.us

Hence it is a contraction

Suppose we pick h sets Si Sz Su

and define

flat Alsace dlsz.nl dlsu u



Then 11flat flush
EIdlsi.ut dlsi.nl
i I

h d luv

and hence if we set

flat Ltd Ssu thdka.ut htdlq.ci
we have H f Iu full e d la v

and hence we will have a

contindion

Idef want to choose S she

cleverly to ensure that



tf lui flush a dnldlu.us

for Some Cdn

Exampter Say dla W I whos

Consider different scenarios

uz E

u
W

WA

u o µ

n n 2h win

Difficult to know the precise sets

to pick sets of different sizes



landonly

For e 1 to h losan annuYepowe

Se random set where
82

each U chosen into Si
with pub independently

flu fdls

Ellsill Fi
hence 15,1 is roughly in

Lsat Ble



Hf lui Hush E d un

want to argue

E Atlas flush ICE dla v

Dfw Ball use ball of radius
l around U

Ble ul ul div att et

Elek
For 0 E l th

le min radius lo r such that

I Blu.at 2lazdlBlo.e3lazl



fo O Since Blu o u

and Blond Lu

fha dla u since

1 Blu ell n es.dlu.us
is

Fix some i s t f L dCu
and i O

u u

Si Si



daim.EE dCsi u3 dlsiislI
Si ki 1 4 e t

i c
2 c Si Sii

for Some absolute Constante

Pint Blu gilt zia IBN Sitt i
wld say IBlu.si l I

let X Blu sit 1 1 2

let Y Blu fo D ly Is zit

Id Si ut dlsi.us z Si Si i

if Siny to and
Sinx D



what is

A Si NY 10 and

Si n X D

X Y disjoint to

the f Si n y to and Sinx D

p Siny to Palsinx a

independence

Pnl sin x to
EE ta

why
E IS in xD IN LI E I
Pr IS in Xk De E by Markov



Pr Si Mta I R sin 4 0

I III Eu
I h

zi l
I h

I h

3 l e
ut

B



LI e wax i s t Si e d 1

For it 11

EEIdlsin.us dls pull
y c 1 six

Proof fimilar lo previous lemma

Now

Leyma E Hln flush
c dust

and Atlus Hush e dlu.us

A h We already saw that

Attu HoH dlu.us



HHut full ldlsi.ul dlsi.us

Efhflut tIoNI E Efldlsi.ui
dlsi.osl

E Ell dlsi.us dlsi.nl
e 2
if

c E di Si l
e L

cd f

7 c alla ul

D



From expectation to high probability

For a Single pair un

EllHut full e dunt

I E dlu.us

Need to preservedistances of all

hairs
Need In a single pain a high

pubability bound

Obtained by repeating lis in times
and uny Chernoff bounds



For e 1 to h bosun annuYepowe

Se random set where
U 2

each U chosen into Si
with pub independently

flux thdlsi.us

fo i 1 to h then do

For j 1 to l d les n

Si j random St where each
C Si independently
with pub

flu is a Ll dimensional vector
with Hali the dlsi.j.us



claim It lui Hush Edlund

and Attu Hudlin Eu dlun

with pub 7 I 32

By union boned

Hf lui flush e dlu.us

and Aflat flush Edlund

for all uv with pub l Lu

B

For sparsest cut we only need to

preserve distances of K pain
so Ollesk suffer



Lower bounds

g't E Ol't E f't Ollie K

How tight
Example

r
U

h is a series parallel graph

G satisfies cut condition for It

Of I

What is g't
Total capacity is 6



Each demandpain shortest path
length is at least I

4 demand edges

4 x f'tx z E 6

g't e f e tu

f E Zu 01 7 I

of't
t t

Fa series parallel graph

of't
j

E 2

and 7 examples where 015
e ft

Non trivial



what about general graphs

And especially for uniform sparsest
art

Lower bound of Alta n via

expander graphs

Def Given multigraph h vs E

edge expansion Hh using 18
ISK IVI

IS l

then For all fixed integer da 3
and all n even and sufficiently

large F d regular n vertex

graphs with Hats c fr tone



absolute constant c

Prof Via pubabilistic method

Pide random d regulargraph
and show it satisfies expansion
property n

Had to do explicit constrictions
and deep work in this area

For now assume we have

3 regular L expander for Some

fixed L



Lemma If his a d regular
d expander then diam a D toed

and diam ht 01dgbog n

In particular f d 3 and

fixed L diam ht O hsn

PHI
Fix vertex u and consider his

U Lo
layer ON u

a

Li
IN Li u



Iki il E d l Lil since degree ed

diam r Lhd n

True for any
constant degree graph

why is dian E OLf hsn fr
expander

Tt IL Uh Uli I E E

ILie I IL Uli l d dt

IL U Lied lit f
i i

grows exponentials at it coli

Fix u u Show that

if his layers by considering



Hom u and u e Olliff
oldshen

17



Flow cut example using expander

dy 3 L expander

Fix u

Madhu h le rn

Since dy E 3
most vertices n ru are at

distance 7 thin from u

Consider uniform sparsest cut

histance dem au I f u tu

ol't zig HSIKIN SI



1861132 Ist t SE U Islet

us

Ol't e En

what is g't

g't win feedluv
d UN int
d metric Eau dluv

consider luv Ign
Let d luol be distance induced by
edge lengths Xluis



For each edge Uv dluut xlu.us

So Edlun too IEl
WEE Lyn

300 n
n

what about

gallnut Eu Edan
7 n ru I

7 n n Vn in

sites e Eun



Hence lo't e kn
f't E GOI

n ly n

and L is a fixed constant

Q't Shan s't

Also implies that metric induced

by expander reguries r hen

distortion to embed citi l

why


