
 

A IV El undin graph
W E Re edge weights

Recall H V F w F Rt

is an E approximate spectral

sparsifier y h if

f E La I Ly Il HE La

In previous lecture
we saw

a random Sampling algorithm
that shows that fr any E 0

E approximate spectral sparrifices

with others edges exist



Recall the algorithm

We See

La Ewe Le
EEE

where Lu Xu XD Xu
Xu'T

is a rank I matrix
couesponding to edge me

We obtained It by importance

sampling

LH Ee Xe

wheen Xe wife Le wth pubpe

O otherwise



And we chose pe CLI Reffle
Since the importance on influence

if we Le on La is Reffle

Captured by the two lemmas

we Le I Reffle La
Neff e n l

the extra then in the probability

is standard when using
Chernoff type concentration ing

oftenand is
a necessary if one uses



independent random sampling

Two questions
Can we derandomize

Is nth a tight hound

One standard derandomization

Hialigy when using Chernoff

type inequalities is
to use

pessimistic estimators
In

the context of Chernoff bands

this yields a variant of

the well known Multiplicative



Weight Update method that
Mwa

relies an exponential potential

function In the context of
Matrix Chernoff bound one

needs to use the Matrix MWU
which is technical but most

likely yields a deterministic

algorithm but since it
essentially

relies on the analysis of the

randomized algorithm and

will also lead to a sparsifier
with them edges in the



worst case

Batson Spielman Seinastara
used another potentialfunction
and an elegant analysis to

obtain a deterministic algorithm

that yields a Sparsifier with

0th edges which is optimal

the initial algorithm was

slow n4 hut subsequent

work has yielded Jatin
deterministic and randomized
algorithm



algae

Recall that Laz La eft
all eigenvalues N LH are

loughly Same as those of La

Even in the sampling algorithm

we found it easier to work

with LivLa Lil I which
in identity on space 1 to

I

The reason for this is that

the ruin and max eigenvalues

if I are 1 and hence

Aigueig that Tmi and Imax



are well approximated ensures

that all eigenvalues are

approximated

To this end this is the

main theremin of Dss

Maintenon
Lect T Ir Tim E Rn se

ri im
Vi VI I are ni isfi.ME

Then for any
E o 7 a ht

SE Em and Ci its s t

1st OLE



Hai t Vivi 2 CHET I

Exercise Use above theorem

to derive 01 sized

E approximate spectral Spanifier

of a n vortex graph

Hint
Litzatia ELI weLeLiEEE

T
E Vivi
EEE



Prof y Main Tienen

The algorithmic idea is the

following

start with matrix A O

For some y slips do
Geum

Find an index e c Cm

and a step size c

and update A At cvivi

Basically it fllow an iterative
Scheme where ni each step



we add a small amount of
Some Vi VI to cement matrix

A to get it close to I

Recall we want Anin A Ita

and Imax A E ITE

at the end

Of course we can timply add

all of the Ui's with step sigi

but then we wont sparsity

Idea is to usedh iteration

so we get a sparsifier



Some mathematical background

Trace A Aii fun of diagonal
entries

of a uan matrix

Tel A Xi of eigenvalues

why X's are wits of

characteristic p.org det CA AI
0

Te AaB Ta At D clear

Lees clear cyclic property
Te AB Te BA whenever

AB ni Square matrix

AIB may not
be square



Easy to verify

Lemme IIYiMui Tell.Eivivilm
m

and hence if Eui UI I Han

m
E I

iimiti TelMI
in

Prof EY vimui i.IT uiMui
T a

E.IE vivIM yhdicpwp

Tn eEviuI1m
There



Te TIMI Talmud
B

Kuan Kwon Woodbug Favela

theorem Let A be a symmetric

non higular malinix and
let

C be a real and I be a redo

Then
A t it A

CA cu v TI's A t c
I etta f

Prof check by multiplying p
or view A as hittineigenudin



tergenudas

three functions
we define two babies functions

upper and lower

Let A be a nth symmetric
matrix with eigenvalues
X E X E In

For u In we let

In IAI E t
e L U Ti

Tell u I AT't

Fa l ca we let
delAl E e



TellA LII

As u a ducat o

and as a Indulata
A l s o delA o

l a del Alto

We need to understand how

the ballier functions changes
as u and l change



claim 01µs A OfAl f Soo

claim Wu Fiat
claim ht ftp.fh
More technical

claim Let let and sat

de.is
Aley0elAITeH58FkedTitgobra

See Spielman rules



How do we use barrier function 2

Initially A OO X as in o

We set u

and Uo n

so that du.CA OleolAI l

Onegoal is eventually to
make

A have the parfaits that

Xmax Ok
Xunilm

ideally hit



Plain show that in each

iteration we can find
Scalar c and Ui and

Su and Se s t

10µg At cu iui.tk
OdAIeide

selA ituiiei edelAki

We want Su and Se to be

fixed constant Suppose we can

wedo that earn algorithm forA

Nnl ships
For concreteness by 8 2 Se Is

and we run for bn slips
I



At end a 13 n and duntA E l

ane u t
ducat

Bn

7 n t b n x t s n

Xp l t t s n

delAl

Xmm LAI
Tha E 13

We need to scale A by 6h

to ndinalize



How to show existence y c

Su Se Note that forgiven
C Vi Su Se we can

compute all desired quantities
and check if conditions hold
So issue is puny existence

Updating barrier function

we want to change

A to A cu ut
rank i update

How does Ola charge



l0ulAt TeKuI
A5YOufAtcvvTJ

Tef I.A cu v'T

we use 5MW formula f

te Gue AI't c I C
OutA Tel t I

okayI c
because Te XY Tah Xl

2



dulatt III
y

I cut lui AI'T
be Since 07,0

and Psp of
I AI

So adding cu VT increases

u
intuitively X's
hi hear

E M

To keep due Atco it El

we increase u to U Ut Su

Q how much should we

increase U S t



dues Ae cu istJe duIA

From above derivation

du lat u o.tt

du IAI
d The I AI'T
I e Hu I AI'T

Thus to ensure

low IA icu u.DE OutA

it suffices to have



Olu IAI du fats cvthiI.AT
1 cutn'I AI't

I tA flu'I Ato
OutAl du.CAT

Let Ua u'I A
dulat outta

K'I AI

Lemmai Fix u Su and I

Then max c sit dugulate v ut

t du IA is quirky
Iz ut UAE



Very clean dependence on A

U and fu and u is

outside
what happens when we

increase it to Se l It Se

de A increases but when

we add a it to A

Ole Attu ft decreases
since I's intuite

i Wham

How much Etc



Want del Attu le
del't

Lemma
LA l II

Let LA
Ole.tt dela

CAe'IT

If I e TT Laf then

delAecuit
t de IA



Inductive agreement

Given u A Su Se and I

we have seen that

louts A to vit e datAl

if I IT Uat
ad
de getA cu ut delA

it iz s IT LAT

Recall Iiivivo I



Fix Su and Se

Want to find Scalan Cao and

Ji s l we can

update A to Atevevi without

violating barriers

Leena Eyiuaviefidulat
i

Leena Evi Lavi
get I

defts
Se

7 gte dela



Thus if we have that

fat dulate get
OleHI

t v i s t ri un vie ri LAH

and

Then we can find c and Ti to

add to A



Parenelin setteup
d fixed constant

D Iz

lo rdn.de o foe

a firn du.lot rd.fr
Se I Su rd

rd l

Initially
duIA It Adrdrd H

Vd I 1

Fdtl H Fd
Vd I

a
I Id



stiffs a

Hence we Satisfy the condition

Now eun algorithm for dm
iterations Let A he nod

matrix

Ana IM no
E

dn

do du se

E dxWd
d Wd ti

tr D tu above is
Tr Et I



i I



Profsfle mmas

Leena I.yiua.ve filial
Prof Recall

IIfitUati Te Ua

Ua I AT
ohIa

K'I AJ

Taku I At't Hittite data

Te Lu I AT



duh Eitan
d duh 2
du

Ted I AT
Since foulA in convex ni n

we have

Gulati du.su Abi 8udI
su38uTaku'IAI4

fur Teku A5

Qin du.yfAT
D



Leena Evi Lavi
e L

set 06th

P M Recall I vilati
Te LA

LA 152
Oeta Oeta

CA l II

Talla Tal t Ta t



Te A e'II Ole A E de IA

Teta e'I 54

delate.E e

dde deh t e.EII.es

Gettis tone ni l

dieselAl delAI

Te
deiselat

Tell A e'I54
detain IT

is




