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Goal: allocate fairly and efficiently.

Fair Division

And do it quickly (fast algorithm)!

Scares resources



 agents: 1 ,…, n, 

 : set of indivisible items (like cell phone, painting, etc.)

 Agent has a valuation function over subsets of items
 Monotone: the more the happier



Additive Valuations: 
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 agents: 1 ,…, n, 

 : set of indivisible items (like cell phone, painting, etc.)

 Agent has a valuation function over subsets of items
 Monotone: the more the happier

 Goal: Find a fair allocation 

Fairness:
Envy-free (EF): no one envies other’s bundle

Proportional (Prop): each agent gets at least ೔



Allocations, and their value

[10, 25, 15]

[10, 20, 10]



 agents: 1 ,…, n, 

 : set of indivisible items (like cell phone, painting, etc.)

 Agent has a valuation function over subsets of items
 Monotone: the more the happier

 Goal: Find a fair allocation 

Fairness:
Envy-free (EF): no one envies other’s bundle

Proportional (Prop): each agent gets at least ೔

Neither exists!



Plan

 EF1: EF up to one item
Round-Robin algorithm 

Envy-cycle elimination algorithm

 Stronger notions + Open questions
“Good” EF1 allocations: EF1 + Pareto optimal

EFX: EF up to any item

 Prop1: Prop up to one item
Algorithm through CE. PO in addition.



Envy-Freeness for Indivisibles

EF up to One Item (EF1) [B11]

 An allocation is EF1 if for every agent 

That is, agent may envy agent , but the envy can be eliminated 
if we remove a single item from ᇱ bundle



Envy-Freeness up to One Item (EF1) [B11]

[15, 25, 15]

[11, 20, 10]



Fast Algorithms for EF1



Round Robin Algorithm (Additive)

 Fix an ordering of agents arbitrarily 

 While there is an item unallocated 
 next agent in the round robin order

 Allocate her most valuable item among the unallocated ones

ଵ 𝟐 𝟑 𝟒 𝟓

ଵ 10 15 9 8 3

ଶ 10 8 15 9 4

ଷ 10 9 8 15 5

ଵ

ଶ

ଷ

Theorem.  The final allocation is EF1.



Observation 1: First agent does not envy anyone! 

Round Robin Algorithm (Additive)

 Fix an ordering of agents arbitrarily 

 While there is an item unallocated 
 next agent in the round robin order

 Allocate her most valuable item among the unallocated ones



Round Robin Algorithm (Additive)

 Fix an ordering of agents arbitrarily 

 While there is an item unallocated 
 next agent in the round robin order

 Allocate her most valuable item among the unallocated ones

Observation 2: For the th agent, if we remove first 
items allocated to first agents respectively, then the 
allocation is envy-free for agent . 



Observation 1: First agent does not envy anyone! 

Round Robin Algorithm (Additive)

 Fix an ordering of agents arbitrarily 

 While there is an item unallocated 
 next agent in the round robin order

 Allocate her most valuable item among the unallocated ones

Observation 2: For the th agent, if we remove first 
items allocated to first agents respectively, then the 
allocation is envy-free for agent . 

Theorem. Round Robin Algorithm gives an EF1 allocation 
when s are additive. 



 General Monotonic Valuations:

( Set of all items)

General Monotone Valuations: 
Envy-Cycle Procedure [LMMS04]



 General Monotonic Valuations:  ௜ ௜

 Partial allocation: where 

 Envy-graph of a partial allocation
 Vertices = Agents

 Directed edge if envies (i.e., ௜ ௜ ௜ ௜ᇱ

Envy-Cycle Procedure (General) [LMMS04]

ଵ 𝟐 𝟑 𝟒 𝟓

ଵ 10 15 9 8 3

ଶ 10 8 15 9 4

ଷ 10 9 8 15 5



 General Monotonic Valuations:  ௜ ௜

 Envy-graph of a partial allocation ଵ ௡ where ௜ ௜

 Vertices = Agents

 Directed edge if envies (i.e., ௜ ௜ ௜ ௜ᇱ

 Main Observation:

Agent is a source in the envy-graph No one envies agent 

 Idea! Allocate one item at a time, maintaining EF1 property. 
 Given a partial EF1 allocation, construct its envy-graph and assign one 

unallocated item, say to a source agent, say , and the resulting 
allocation is still EF1!

 No agent envies if we remove item from her bundle

Envy-Cycle Procedure (General) [LMMS04]



If there is no source in envy-graph, then? 
 there must be cycles

 How to eliminate them? 

ଵ 𝟐 𝟑 𝟒 𝟓

ଵ 10 15 9 8 3

ଶ 10 8 15 9 4

ଷ 10 9 8 15 5



If there is no source in envy-graph, then? 
 there must be cycles

 How to eliminate them? 
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 If there is no source in envy-graph, then 
 there must be cycles

 How to eliminate them?

 Cycle elimination: rotate bundles along the cycle.
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 If there is no source in envy-graph, then 
 there must be cycles

Cycle elimination: rotate bundles along the cycle.

 EF1?
 Can valuation of any agent decrease?



 If there is no source in envy-graph, then 
 there must be cycles

Cycle elimination: rotate bundles along the cycle.

 EF1?
 Can valuation of any agent decrease?

NO! Agents on an eliminated cycle gets better off, others remain same.

 Can there be new envy edges? 

NO! The bundles remain the same – We are only changing their owners!

Hence, no new envies are formed.

Claim 1. After every cycle elimination, the allocation remains 
EF1.



 If there is no source in envy-graph, then 
 there must be cycles

Cycle elimination: rotate bundles along the cycle.

Claim 1. After every cycle elimination, the allocation remains 
EF1.

Keep eliminating cycles by exchanging bundles along a cycle 
until there is a source.

 Termination? 
 Number of edges decrease after each cycle elimination.  

Claim 2. The process terminates in at most O(#edges) many 
cycle eliminations. 



// unallocated items

While 
 If envy-graph has no source, then there must be cycles

 Keep removing cycles by exchanging bundles along a cycle, until 
there is a source

 Pick a source, say , and allocate one item from to 

( ௜ ௜ ) 

Output 

 Running Time? 

Envy-Cycle Procedure [LMMS04]



Proportional (average)



 agents

 : set of indivisible items (like cell phone, painting, etc.)

 Agent has a valuation function over subsets of items

Fairness:
Envy-free (EF)

Proportional (Prop):
Get value at least average of the grand-bundle

ଵ 𝟐 𝟑 𝟒

ଵ 100 100 10 90

ଶ 100 100 90 10



Sub-additive Valuations

Claim: 

Proof:



 agents

 : set of indivisible items (like cell phone, painting, etc.)

 Agent has a valuation function over subsets of items

Prop: May not always exist!

Fairness:
Envy-free (EF)

Proportional (Prop):
Get value at least average of the grand-bundle



Proportionality up to One Item (Prop1)

 Prop1: is proportional up to one item if each agent gets at least 
share of all items after adding one more item from outside: 



Prop1

Claim: EF1 implies Prop1 for additive valuations
Proof:



How Good is an EF1 or Prop1 Allocation?

1000

1000
1

1



 Certainly not desirable! 

How Good is an EF1 or Prop1 Allocation?

1000

1000

1

1
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1

1



 Issue: Many EF1/Prop1 allocations! 

 We want an algorithm that outputs a good EF1/Prop1 allocation

Pareto optimal (PO): No other allocation is better for all
 An allocation Pareto dominates another 

allocation if 
 ௜ ௜ ௜ ௜ for all buyers and  

 ௞ ௞ ௞ ௞ for some buyer

 is said to be Pareto optimal (PO) if there is no that Pareto 
dominates it

“Good” EF1/Prop1 Allocation: Pareto Optimality



PO

How Good is an EF1 or Prop1 Allocation?
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 Issue: Many EF1 allocations! 

 We want an algorithm that outputs a good EF1 allocation
 Pareto optimal (PO) 

 Goal: EF1 + PO allocation

 Existence?
 NO [CKMPS14] for general (subadditive) valuations 

 YES for additive valuations [CKMPS14]

submodular valuations

“Good” EF1 Allocation: EF1+PO



 Issue: Many EF1 allocations! 

 We want an algorithm that outputs a good EF1 allocation
 Pareto optimal (PO) 

 Goal: EF1 + PO allocation

 Existence?
 NO [CKMPS14] for general (subadditive) valuations 

 YES for additive valuations [CKMPS14]

submodular valuations

“Good” EF1 Allocation: EF1+PO

Computation?



 Computation: pseudo-polynomial time algorithm [BKV18] 

 Difficulty: Deciding if an allocation is PO is co-NP-hard [KBKZ09]

EF1+PO (Additive)

Complexity of finding an EF1+PO allocation



 Computation: pseudo-polynomial time algorithm [BKV18] 

 Difficulty: Deciding if an allocation is PO is co-NP-hard [KBKZ09]

 Approach: Achieve EF1 while maintaining PO
 PO certificate: competitive equilibrium! 

EF1+PO (Additive)

Complexity of finding an EF1+PO allocation



Prop1 + PO

 EF1 implies Prop1 for additive valuations
Round Robin outputs a Prop1 allocation. But need not be PO!

 Prop1+PO: Additive Valuations
 EF1 + PO allocation exists Prop1 + PO exists.

 but no polynomial-time algorithm is known! 

 Prop1 + PO Computation? 

 Algorithm based on competitive equilibrium (HW).



EFX: Envy-free up to any item



Envy-Freeness up to One Item (EF1)

 An allocation is EF1 if for every agent 

That is, agent may envy agent , but the envy can be eliminated 
if we remove a single item from ᇱ bundle

[10, 10, 20]

[1, 20, 10]



 An allocation is EFX if for every agent 

That is, agent may envy agent , but the envy can be eliminated 
if we remove any single item from ᇱ bundle

Envy-Freeness up to Any Item (EFX) [CKMPS14]

[10, 10, 20]

[1, 20, 10]

EF1 

EFX ? 



EFX: Existence

 General Valuations [PR18]  



 Identical Agents 

 Additive Valuations 
 [CGM20]   

Additive ( , General ( )

“Fair division’s biggest problem” [P20]



Summary

Covered

 EF1 (existence/polynomial-
time algorithm)

 EF1 + PO (partially)

 EFX (partially)

 Prop1

Not Covered

 EFX for 3 (additive) agents

 Partial EFX allocations
 Little Charity [CKMS20, 

CGMMM21]

 High Nash welfare [CGH19]

 Chores
 EF1 (existence/ polynomial-

time algorithm)

Major Open Questions (additive valuations)

 EF1+PO: Polynomial-time algorithm 

 EF1+PO: Existence for chores

 EFX : Existence / Non-existence
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