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Abstract. We give a detailed survey of the current state-of-the-art
methods for combining decision procedures. We review the Nelson-Oppen
combination method, Shostak method, and some very recent results on
the combination of theories over non-disjoint signatures.

1 Introduction

Decision procedures are algorithms that can reason about the validity or satisfi-
ability of classes of formulae in a given decidable theory, and always terminate
with a positive or negative answer.

Decision procedures are at the heart of virtually every modern program anal-
ysis and program verification system. Decision procedures improve the overall
efficiency of the verification system and relieve the user from plenty of boring
and tedious interaction. In addition, decision procedures are available for many
practical domains such as integers [44] and reals [54], as well as for many data
structures frequently appearing in programs such as lists [41], arrays [52], sets [8],
and multisets [60].

The major advantage of domain-specific decision procedures is efficiency. Fast
and efficient decision procedures can be obtained by cleverly exploiting the struc-
ture of the domain itself. However, this efficiency comes at the price of special-
ization. Most verification conditions arising in program analysis and program
verification typically involve a complex combination of multiple domains, which
means that a decision procedure for a specific domain can be applied only if it
is possible to combine it with the decision procedures for the other domains.

The field of combining decision procedures was initiated more than 20 years
ago by Nelson and Oppen [35–37, 40] and Shostak [49, 50].

In 1979, Nelson and Oppen [37] proposed a very general approach for com-
bining decision procedures. Given n theories T1, . . . , Tn satisfying certain con-
ditions, their method combines the available decision procedures for T1, . . . , Tn

into a single decision procedure for the satisfiability of quantifier-free formulae
in the union theory T1 ∪ · · · ∪ Tn. The Nelson-Oppen combination method is at
the base of the verification systems CVC [51], ESC [16], EVES [12], SDVS [31],
and the Stanford Pascal Verifier [32]. A rigorous analysis of the Nelson-Oppen
combination method can be found in [2, 45, 56].

In 1984, Shostak [50] proposed a more restricted method based on congruence
closure for combining the quantifier-free theory of equality with theories that are
what Shostak called canonizable and solvable. Shostak’s method is at the base
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of the verification systems ICS [21], PVS [42], SVC [3], and STeP [7]. Shostak
method is very popular, as witnessed by the impressive amount of research on
it [4, 6, 13, 23, 24, 30, 46, 47, 58]. However, Shostak’s original paper suffers from
the lack of a rigorous correctness proof. Recently, it was discovered that a correct
version of Shostak method can be obtained by recasting it as an instance of the
more general Nelson-Oppen combination method [4, 47].

Both Shostak and Nelson-Oppen methods are restricted to the combination
of theories over disjoint signatures, that is, theories whose signatures do not have
any function or predicate symbol in common.

Combining theories over non-disjoint signatures is a much harder problem, as
witnessed by the fact that, more than 20 years after its publication, the Nelson-
Oppen combination method is still considered state-of-the-art.

Although it seems that it is not possible to obtain general decidability results
in the non-disjoint case, recent research [45, 55, 57, 61] shows that it is always
possible to combine decision procedures for theories whose signatures need not
be disjoint into a semi-decision procedure for the unsatisfiability of formulae in
the union theory.

This paper is organized as follow. In Section 2 we give some preliminary
concepts and notations, and we briefly introduce some theories of interest in
program verification. In Sections 3 and 4 we describe the Nelson-Oppen combi-
nation method, and in Section 5 we describe Shostak’s method. In Section 6 we
address the problem of combining theories over non-disjoint signatures, and in
Section 7 we draw final conclusions.

2 Preliminaries

2.1 Syntax

A signature Σ consists of a set ΣC of constants, a set ΣF of function symbols,
and a set ΣP of predicate symbols.

A Σ-term is a first-order term constructed using variables and the symbols in
Σ. A Σ-atom is either an expression of the form P (t1, . . . , tn), where P ∈ ΣP and
t1, . . . , tn are Σ-terms, or an expression of the form s = t, where = is the logical
equality symbol and s, t are Σ-terms. Σ-literals are Σ-atoms or expressions of
the form ¬A, where A is a Σ-atom. Σ-formulae are constructed by applying in
the standard way the binary logical connectives ∧, ∨, →, ↔ and the quantifiers
∀, ∃ to Σ-literals. Σ-sentences are Σ-formulae with no free variables.

When Σ is irrelevant or clear from the context, we will simply write atom,
literal, formula, and sentence in place of Σ-atom, Σ-literal, Σ-formula, and Σ-
sentence.

If t is a term, we denote with hd(t) the top symbol of t, that is, hd(t) = f if
t is of the form f(t1, . . . , tn), and hd(t) = t if t is either a constant or a variable.
If ϕ is either a term or a formula, we denote with vars(ϕ) the set of variables
occurring free in ϕ.

A substitution is a finite set {x1 ← t1, . . . , xn ← tn} of replacement pairs
xi ← ti, where the xi are variables, the ti are terms, and each xi is distinct
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from the corresponding expression ti and from all the other variables xj . The
empty substitution { } is denoted with ε. If σ is a substitution and t is a term,
tσ denotes the term obtained by applying the substitution σ to the term t. If σ
and τ are substitutions, σ ◦ τ denotes their composition, that is, t(σ ◦ τ) = (tσ)τ ,
for each term t.

In the rest of this paper, we will often identify a finite sets of formulae
{ϕ1, . . . , ϕn} with the conjunction ϕ1 ∧ · · · ∧ ϕn.

2.2 Semantics

Definition 1. Let Σ be a signature. A Σ-interpretation A with domain A over
a set of variables V is a map which interprets

– each variable x ∈ V as an element xA ∈ A;
– each constant c ∈ ΣC as an element cA ∈ A;
– each function symbol f ∈ ΣF of arity n as a function fA : An → A;
– each predicate symbol P ∈ ΣP of arity n as a subset PA of An. �

In the rest of the paper we will use the convention that the calligraphic
letters A, B, . . . denote interpretations, and the corresponding Roman letters A,
B, . . . denote the domains of the interpretations.

For a term t, we denote with tA the evaluation of t under the interpretation
A. Likewise, for a formula ϕ, we denote with ϕA the truth-value of ϕ under the
interpretation A.

Definition 2. A formula ϕ is

– valid, if it evaluates to true under all interpretations;
– satisfiable, if it evaluates to true under some interpretation;
– unsatisfiable, if it evaluates to false under all interpretations.

A set {ϕ1, . . . , ϕn} of formulae is valid, satisfiable, unsatisfiable if so is the
conjunction ϕ1 ∧ · · · ∧ ϕn. �

We say that two formulae ϕ and ψ are

– equivalent, if ϕ and ψ have the same truth-value under all interpretations;
– equisatisfiable, if ϕ is satisfiable if and only if so is ψ.

If ϕ is a formula and S is a set of formulae, the notation S |= ϕ means that
ϕ evaluates to true under every interpretation satisfying S.

Let Ω be a signature and let A be an Ω-interpretation over some set U of
variables. For a subset Σ of Ω and a subset V of U , we denote with AΣ,V the
Σ-interpretation obtained by restricting A to interpret only the symbols in Σ
and the variables in V . In particular, AΣ stands for AΣ,∅.

Definition 3. Let Σ be a signature, and let A and B be Σ-interpretations over
some set V of variables. A map h : A → B is an isomorphism of A into B if the
following conditions hold:
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– h is bijective;
– h(uA) = uB for each variable or constant u ∈ V ∪ ΣC;
– h(fA(a1, . . . , an)) = fB(h(a1), . . . , h(an)), for each n-ary function symbol

f ∈ ΣF and a1, . . . , an ∈ A;
– (a1, . . . , an) ∈ PA if and only if (h(a1), . . . h(an)) ∈ PB, for each n-ary

predicate symbol P ∈ ΣP and a1, . . . , an ∈ A. �

We write A ∼= B to indicate that there exists an isomorphism of A into B.

2.3 First-Order Theories

Definition 4. Let Σ be a signature. A Σ-theory is any set of Σ-sentences.
Given a Σ-theory T , a T -interpretation is a Σ-interpretation A such that all

Σ-sentences in T evaluate to true under A. �

We will write theory instead of Σ-theory when Σ is irrelevant or clear from
the context.

Definition 5. Given a Σ-theory T , a Σ-formula ϕ is

– T -valid, if ϕ evaluates to true under all T -interpretations;
– T -satisfiable, if ϕ evaluates to true under some T -interpretation;
– T -unsatisfiable, if ϕ evaluates to false under all T -interpretations.

A set {ϕ1, . . . , ϕn} of formulae is T -valid, T -satisfiable, T -unsatisfiable if so
is the conjunction ϕ1 ∧ · · · ∧ ϕn. �

For a Σ-theory T , we say that two Σ-formulae ϕ and ψ are

– T-equivalent, ifϕ andψ have the same truth-value under all T -interpretations;
– T -equisatisfiable, if ϕ is T -satisfiable if and only if so is ψ.

Given a Σ-theory T , we can define several types of decision problems. More
precisely, if T is a Σ-theory then

– the validity problem for T is the problem of deciding, for each Σ-formula ϕ,
whether or not ϕ is T -valid;

– the satisfiability problem for T is the problem of deciding, for each Σ-formula
ϕ, whether or not ϕ is T -satisfiable;

Similarly, one can define the quantifier-free validity problem and the quanti-
fier-free satisfiability problem for a Σ-theory T by restricting the formula ϕ to
be tested for the desired property to be a quantifier-free Σ-formula.

We say that a decision problem is decidable if there exists a decision procedure
for it. For instance, the validity problem for a Σ-theory T is decidable if there
exists a decision procedure for the T -validity of every Σ-formula ϕ.

Sometimes it is convenient to reduce the (quantifier-free) validity problem
for a theory T to the (quantifier-free) satisfiability problem for T . Note that
this is always possible because every formula ϕ is T -valid if and only if ¬ϕ is
T -unsatisfiable. Thus, in order to test ϕ for T -validity, one only needs to test
¬ϕ for T -unsatisfiability.
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2.4 Special Theories

In this section we briefly introduce some theories of interest in program verifi-
cation.

2.4.1 The Theory TE of Equality
The theory TE of equality is the empty theory with no axioms, that is, TE = ∅.

Due to the undecidability of first-order logic [9, 59], the validity problem for
TE is undecidable.

However, the quantifier-free validity problem for TE is decidable, a result
proved by Ackerman [1]. Efficient decision procedures based on congruence clo-
sure are due to Kozen [26], Shostak [48], Downey, Sethi and Tarjan [18], and
Nelson and Oppen [38].

2.4.2 The Theory TZ of Integers
Let ΣZ be the signature containing a constant symbol cn, for each integer n, a
binary function symbol +, a unary function symbol −, and a binary predicate
symbol ≤. The theory TZ of integers is defined as the set of ΣZ-sentences that are
true in the interpretation A whose domain A is the set Z = {0,±1,±2, . . .} of
integers, and interpreting the symbols in ΣZ according to their standard meaning
over Z.

The validity problem for TZ is decidable, a result proved in 1929 by Pres-
burger [44] using a technique called quantifier elimination. According to this
technique, a ΣZ-sentence ϕ is converted into a TZ-equivalent ΣZ-sentence ψ
without quantifiers. Since ψ is a boolean combination of ground ΣZ-atoms, its
truth value can be effectively computed.

Other quantifier elimination algorithms for TZ are described in classic text-
books [19, 27]. The best known quantifier elimination algorithm for TZ is due to
Cooper [11], and has a triple exponential complexity upper bound 222n

, where
n is the size of the input formula [39]. Fischer and Rabin [22] proved that any
quantifier elimination algorithm for TZ has a nondeterministic doubly exponen-
tial lower bound 22n

.
Better complexity results can be obtained in the quantifier-free case. In fact,

the quantifier-free validity problem for TZ is NP-complete [43].
If we add the multiplication symbol × to ΣZ, and we interpret it as the

standard multiplication over Z, then the resulting theory T×
Z

has an undecid-
able validity problem [9]. In addition, Matiyasevich [33] proved that even the
quantifier-free validity problem for T×

Z
is undecidable.

2.4.3 The Theory TR of Reals
Let ΣR be the signature containing all the symbols in ΣZ, plus a constant cr,
for each rational number r ∈ Q. The theory TR of real numbers is the set of
ΣR-sentences that are true in the interpretation A whose domain A is the set R

of real numbers, and interpreting the symbols in ΣR according to their standard
meaning over R.
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The validity problem for TR can be proved to be decidable using quantifier
elimination [27]. The best known quantifier elimination algorithm for TR is due
to Ferrante and Rackoff [20], and has a double exponential complexity upper
bound 22n

, where n is the size of the input formula. Fischer and Rabin [22]
proved that any quantifier elimination algorithm for TR has a nondeterministic
exponential lower bound 2n.

The problem of deciding the TR-satisfiability of conjunctions of quantifier-
free ΣR-formulae is solvable in polynomial time [25]. Exponential methods like
Simplex [35] and Fourier-Motzkin [29] also also commonly used.

In sharp contrast with the theory of integers, if we add the multiplication
symbol × to ΣR, then the validity problem for the resulting theory T×

R
is decid-

able. This result was proved by Tarski [54] using quantifier elimination. Tarski’s
method is impractical even for very simple formulae, and a more efficient method
based on cylindrical algebraic decomposition is due to Collins [10]. The complex-
ity of the quantifier elimination problem for T×

R
is doubly exponential [14].

2.4.4 The Theory TL of Lists
Let ΣL be the signature containing a binary function symbol cons and two unary
function symbols car and cdr . The theory TL of lists is defined by the following
axioms:

1. a construction axiom

(∀x)[cons(car (x), cdr (x)) = x]

2. two selection axioms

(∀x)(∀y)[car (cons(x, y)) = x]

(∀x)(∀y)[cdr (cons(x, y)) = y]

3. an infinite number of acyclicity axioms

(∀x)[car (x) �= x]

(∀x)[cdr (x) �= x]

(∀x)[car (car (x)) �= x]

(∀x)[car (cdr (x)) �= x]
...

Oppen [41] showed that the validity problem for TL is decidable but not
elementary recursive. In other words, for any positive integer k, there is no
decision procedure for the TL-validity of ΣL-formulae that always stops in time

22.·.2n

, where the height of the stack of 2’s is k.
More reasonable complexity results hold for the quantifier-free case. The

problem of deciding the TL-satisfiability of conjunctions of ΣL-literals is solvable
in linear time [41].
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2.4.5 The Theory TA of Arrays
The theory TA of arrays has signature ΣA = {read ,write}. The intended meaning
of the function symbols read and write is as follows:

– given an array a and an index i, read(a, i) is the result of reading the array
a at location i;

– given an array a, an index i, and an element e, write(a, i, e) is a new array
b which is the same as a, except that read(b, i) = e.

Formally, the theory TA is defined by McCarthy’s read and write axioms [34]:

(∀a)(∀i)(∀e)[read (write(a, i, e), i) = e] ,

(∀a)(∀i)(∀j)(∀e)[i �= j → read(write(a, i, e), j) = read(a, j)] ,

and the following extensionality axiom

(∀a)(∀b) [((∀i)(read(a, i) = read(b, i))) → a = b] .

The validity problem for TA is undecidable [53], whereas the quantifier-free
validity problem for TA is decidable [17, 52].

3 Nelson-Oppen (Nondeterministic)

The Nelson-Oppen combination method combines decision procedures for first-
order theories satisfying certain conditions into a single decision procedure for
the union theory.

More formally, assume that we are given n signatures Σ1, . . . , Σn, and let Ti

be a Σi-theory, for i = 1, . . . , n. Also, assume that there exist decision procedures
P1, . . . , Pn such that, for i = 1, . . . , n, Pi can decide the Ti-satisfiability of any
quantifier-free Σi-formula. Using as black boxes the decision procedures Pi, the
Nelson-Oppen combination method provides a way of deciding the (T1∪· · ·∪Tn)-
satisfiability of (Σ1 ∪ · · · ∪ Σn)-formulae.

Three basic assumptions are needed for the Nelson-Oppen method to be
applicable:

1. the formula ϕ to be tested for satisfiability must be quantifier-free;
2. the signatures Σ1, . . . , Σn must be disjoint, that is Σi ∩ Σj = ∅, for i �= j;
3. the theories T1, . . . , Tn must be stably infinite (see Section 3.1).

There are two versions of the Nelson-Oppen combination method: a nonde-
terministic one and a deterministic one. In this section we describe the nonde-
terministic version, since it is simpler to explain and easier to understand. We
will describe the deterministic version in Section 4.

3.1 Stably Infinite Theories

Definition 6. A Σ-theory T is stably infinite if for every T -satisfiable quantifier-
free Σ-formula ϕ there exists a T -interpretation A satisfying ϕ whose domain A
is infinite. �
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Example 1. Let Σ = {a, b}, where a and b are constants. The Σ-theory

T = {(∀x)(x = a ∨ x = b)}

is not stably infinite. In fact, for every quantifier-free formula ϕ, there cannot
exist an infinite T -interpretation satisfying ϕ, since every T -interpretation must
have cardinality no greater than 2. �

All the theories TE, TZ, TR, TL, TA from Section 2.3 are stably infinite. As an
example, we show that the theory TE of equality is stably infinite.

Theorem 1. The theory TE of equality is stably infinite. �

Proof. Let ϕ be a TE-satisfiable quantifier-free formula, and let A be a TE-
interpretation satisfying ϕ.

We define a TE-interpretation B as follows. Fix an infinite set A′ disjoint from
A, and fix an arbitrary element a0 ∈ A ∪ A′. Then, we let

B = A ∪ A′

and

– for variables and constants:
uB = uA

– for function symbols of arity n:

fB(a1, . . . , an) =

{
fA(a1, . . . , an) if a1, . . . , an ∈ A

a0 otherwise

– for predicate symbols of arity n:

(a1, . . . , an) ∈ PB ⇐⇒ a1, . . . , an ∈ A and (a1, . . . , an) ∈ PA .

Clearly, B is an infinite TE-interpretation satisfying ϕ. �

3.2 The Procedure

In this section we decribe the nondeterministic version of the Nelson-Oppen
combination method.

To simplify the presentation, we restrict ourselves to the satisfiability of con-
junctions of literals. Note that this does not cause any loss of generality since
every quantifier-free formula ϕ can be effectively converted into an equisatisfiable
formula in disjunctive normal form ϕ1 ∨ · · · ∨ϕn, where each ϕi is a conjunction
of literals. Then ϕ is satisfiable if and only if at least one of the disjuncts ϕi is
satisfiable.

In addition, without loss of generality we can restrict ourselves to the combi-
nation of just two theories. In fact, once we know how to combine two theories,
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we can combine n theories, for each n ≥ 2. For instance, suppose that we want
to combine decision procedures P1, P2, P3 for three theories T1, T2, T3. Then
we can first combine P1 and P2 into a decision procedure P1&2 for T1 ∪ T2, and
then we combine P1&2 and P3 into a decision procedure P1&2&3 for the theory
T1 ∪ T2 ∪ T3.

Thus, let Ti be a stably infinite Σi-theory, for i = 1, 2, and let Σ1 ∩ Σ2 = ∅.
Also, let Γ be a conjunction of (Σ1 ∪ Σ2)-literals.

The nondeterministic version of the Nelson-Oppen combination method con-
sists of two phases: Variable Abstraction and Check.

3.2.1 First Phase: Variable Abstraction
Let Γ be a conjunction of (Σ1 ∪ Σ2)-literals. In the first phase of the Nelson-
Oppen combination method we convert Γ into a conjunction Γ1 ∪ Γ2 satisfying
the following properties:

(a) each literal in Γi is a Σi-literal, for i = 1, 2;
(b) Γ1 ∪ Γ2 is (T1 ∪ T2)-satisfiable if and only if so is Γ .

This can be done by repeatedly applying the following transformations, until
nothing more can be done1.

– Replace each term of the form

f(t1, . . . , t, . . . , tn)

in Γ , where f ∈ Σi and hd(t) ∈ Σ3−i, for some i ∈ {1, 2}, with the term

f(t1, . . . , w, . . . , tn) ,

where w is a newly introduced variable, and add the equality

w = t

to Γ .

– Replace each literal of the form

P (t1, . . . , t, . . . , tn)

in Γ , where P ∈ Σi and hd(t) ∈ Σ3−i, for some i ∈ {1, 2}, with the literal

P (t1, . . . , w, . . . , tn) ,

where w is a newly introduced variable, and add the equation

w = t

to Γ . Literals of the form ¬P (t1, . . . , t, . . . , tn) are treated similarly.
1 In the following, note that when i ∈ {1, 2}, then 3 − i is the “complement” of i.
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– Replace each equality of the form

s = t

in Γ , where hd(s) ∈ Σi and hd(t) ∈ Σ3−i, with the equalities

w = s , w = t ,

where w is a newly introduced variable.
– Replace each literal of the form

s �= t

in Γ , where hd(s) ∈ Σi and hd(t) ∈ Σ3−i, with the literals

w1 �= w2 , w1 = s , w2 = t ,

where w1 and w2 are newly introduced variables.

Clearly, the above process must eventually terminate. In addition, the result-
ing conjunction can be written as Γ1 ∪Γ2 where Γi contains only Σi-literals and
Γ1 ∪ Γ2 is (T1 ∪ T2)-satisfiable if and only if so is Γ 2.

Example 2. Let Σ1 = {f} and let Σ2 = {g}, where f, g are unary function
symbols. Let us apply the Variable Abstraction phase to the conjunction of
literals

Γ = {f(g(x)) �= g(f(x))} .

First, we “purify” the term f(g(x)), by introducing a new variable w1, and
obtaining the new conjunction{

w1 = g(x) ,
f(w1) �= g(f(x))

}
.

We then purify the term g(f(x)), obtaining⎧⎨
⎩

w1 = g(x) ,
w2 = f(x) ,
f(w1) �= g(w2)

⎫⎬
⎭ .

Finally, we purify the disequality, obtaining⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

w1 = g(x) ,
w2 = f(x) ,
w3 = f(w1) ,
w4 = g(w2) ,
w3 �= w4

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

.

2 If x, y are variables, a literal of the form x = y or x �= y is both a Σ1-literal and a
Σ2-literal. Therefore, such a literal can be arbitrarily placed in either Γ1 or Γ2, or
both.
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We conclude the Variable Abstraction phase by partitioning the literals, ob-
taining

Γ1 =
{

w2 = f(x) ,
w3 = f(w1)

}
, Γ2 =

⎧⎨
⎩

w1 = g(x) ,
w4 = g(w2) ,
w3 �= w4

⎫⎬
⎭

Note that we chose to place the literal w3 �= w4 in Γ2, but it would have been
equally correct to place it in Γ1, as well as to place it in both Γ1 and Γ2. �

We call Γ1 ∪ Γ2 a conjunction of literals in 〈Σ1, Σ2〉-separate form. We also
denote with shared(Γ1, Γ2) the set of variables occurring in both Γ1 and Γ2, that
is, shared(Γ1, Γ2) = vars(Γ1) ∩ vars(Γ2).

3.2.2 Second Phase: Check
Let Γ1 ∪ Γ2 be a conjunction of literals in 〈Σ1, Σ2〉-separate form generated in

the Variable Abstraction phase.

Definition 7. Let E be an equivalence relation over some set V of variables.
The arrangement of V induced by E is defined as the conjunction:

α(V, E) = {x = y : x, y ∈ V and xEy}∪
{x �= y : x, y ∈ V and not xEy} �

In the second phase of the Nelson-Oppen combination method we perform
the following two checks, for every equivalence relation E of shared(Γ1, Γ2).

1. Check whether Γ1 ∪ α(shared (Γ1, Γ2), E) is T1-satisfiable.
2. Check whether Γ2 ∪ α(shared (Γ1, Γ2), E) is T2-satisfiable.

If there exists an equivalence relation E of shared(Γ1, Γ2) for which both
check 1 and check 2 succeed, then we declare that Γ1∪Γ2 is (T1∪T2)-satisfiable.
Otherwise, we declare Γ1 ∪ Γ2 to be (T1 ∪ T2)-unsatisfiable.

We will show the correctness of the method in Section 3.4.

3.3 Examples

To illustrate how the Nelson-Oppen combination method works, let us consider
some examples.

Example 3. Let us consider the combination of the theory TZ of integers with
the theory TE of equality, and note that the conjunction

Γ =

⎧⎪⎪⎨
⎪⎪⎩

1 ≤ x ,
x ≤ 2 ,
f(x) �= f(1) ,
f(x) �= f(2)

⎫⎪⎪⎬
⎪⎪⎭
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is (TZ ∪ TE)-unsatisfiable. In fact, the first two literals imply x = 1∨ x = 2. But
then f(x) = f(1) ∨ f(x) = f(2), which contradicts the last two literals.

We want to show that Γ is (TZ ∪ TE)-unsatisfiable using the Nelson-Oppen
combination method. In the Variable Abstraction phase we introduce two new
variables w1, w2, and we obtain the conjunctions

ΓZ =

⎧⎪⎪⎨
⎪⎪⎩

1 ≤ x ,
x ≤ 2 ,
w1 = 1 ,
w2 = 2

⎫⎪⎪⎬
⎪⎪⎭ , ΓE =

{
f(x) �= f(w1) ,
f(x) �= f(w2)

}
.

Let V = shared(ΓZ, ΓE) = {x, w1, w2}. There are 5 possible equivalence rela-
tions E to examine.

Case 1: xEw1, xEw2, w1Ew2.
Since TE∪ΓE implies x �= w1, it follows that ΓE ∪{x = w1, x = w2, w1 = w2}
is TE-unsatisfiable.

Case 2: xEw1, not xEw2, not w1Ew2.
Since TE∪ΓE implies x �= w1, it follows that ΓE ∪{x = w1, x �= w2, w1 �= w2}
is TE-unsatisfiable.

Case 3: not xEw1, xEw2, not w1Ew2.
Since TE∪ΓE implies x �= w2, it follows that ΓE ∪{x �= w1, x = w2, w1 �= w2}
is TE-unsatisfiable.

Case 4: not xEw1, not xEw2, w1Ew2.
Since TZ∪ΓZ implies w1 �= w2, it follows that ΓZ∪{x �= w1, x �= w2, w1 = w2}
is TZ-unsatisfiable.

Case 5: not xEw1, not xEw2, not w1Ew2.
Since TZ ∪ ΓZ implies the disjunction x = w1 ∨ x = w2, it follows that
ΓZ ∪ {x �= w1, x �= w2, w1 �= w2} is TZ-unsatisfiable.

Thus, for every equivalence relation E of V we have that either ΓZ ∪α(V, E)
is TZ-unsatisfiable or ΓE ∪α(V, E) is TE-unsatisfiable. We can therefore conclude
that Γ is (TZ ∪ TE)-unsatisfiable. �

In the next example we consider a formula that is satisfiable in the union of
two stably infinite theories.

Example 4. Let us consider again the theory TZ of integers and the theory TE

of equality, and note that the conjunction

Γ =
{

x + y = z ,
f(x) �= f(y)

}
is (TZ ∪ TE)-satisfiable. For instance, a satisfying (TZ ∪ TE)-interpretation A can
be obtained by letting A = Z and xA = 1, yA = 2, zA = 3, fA(a) = a for each
a ∈ Z.

The Variable Abstraction phase does not introduce new variables, and simply
returns the pure conjunctions

ΓZ = {x + y = z} , ΓE = {f(x) �= f(y)} .
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Since shared(ΓZ, ΓE) = {x, y}, there are only two equivalence relations to ex-
amine: either xEy or not xEy. In the former case ΓE∪{x = y} is TE-unsatisfiable.
However, in the latter case we have that ΓZ ∪ {x �= y} is TZ-satisfiable and that
ΓE ∪ {x �= y} is TE-satisfiable. Thus, we correctly conclude that Γ is (TZ ∪ TE)-
satisfiable. �

In the previous example the conclusion of the Nelson-Oppen method was
correct because both theories were stably infinite. The next example shows
that when one of the combined theories is not stably infinite the Nelson-Oppen
method may not be correct.

Example 5. Let Σ = {a, b}, where a and b are constants, and consider the
combination of the theory TE of equality with the Σ-theory

T = {(∀x)(x = a ∨ x = b)} .

Recall that in Example 1 we saw that T is not stably infinite.
The conjunction

Γ =
{

a = b ,
f(x) �= f(y)

}
is (T ∪ TE)-unsatisfiable. In fact T ∪ {a = b} entails (∀u, v)(u = v), which
contradicts the disequality in Γ .

After the Variable Abstraction phase we obtain the conjunctions

Γ1 = {a = b} , ΓE = {f(x) �= f(y)} .

Since shared(Γ1, ΓE) = ∅, we only need to check Γ1 for T -satisfiability and
ΓE for TE-satisfiability.

We have that Γ1 is T -satisfiable: a satisfying T -interpretation A is obtained
by letting A = {•} and aA = bA = •. In addition, ΓE is also TE-satisfiable: a
TE-interpretation B satisfying ΓE is obtained by letting B = {•, ◦} and xB = •,
fB(•) = •, yB = ◦, fB(◦) = ◦.

Since Γ1 is T -satisfiable and ΓE is TE-satisfiable, the Nelson-Oppen method
incorrectly concludes that Γ is (T ∪ TE)-satisfiable. �

3.4 Correctness

The correctness of the Nelson-Oppen combination method is based upon the
following fundamental theorem, whose proof can be found in the appendix.

Theorem 2 (Combination Theorem for Disjoint Signatures). Let Φi be
a set of Σi-formulae, for i = 1, 2, and let Σ1 ∩ Σ2 = ∅.

Then Φ1 ∪ Φ2 is satisfiable if and only if there exists an interpretation A
satisfying Φ1 and an interpretation B satisfying Φ2 such that:

(i) |A| = |B|,
(ii) xA = yA if and only if xB = yB, for every variable x, y ∈ shared(Φ1, Φ2).�
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The following theorem shows that the Nelson-Oppen combination method is
correct.

Theorem 3. Let Ti be a stably infinite Σi-theory, for i = 1, 2, and let Σ1∩Σ2 =
∅. Also, let Γ1 ∪ Γ2 be a conjunction of literals in 〈Σ1, Σ2〉-separate form.

Then Γ1 ∪Γ2 is (T1 ∪T2)-satisfiable if and only if there exists an equivalence
relation E of V = shared(Γ1, Γ2) such that Γi ∪ α(V, E) is Ti-satisfiable, for
i = 1, 2. �

Proof. Let M be a (T1 ∪ T2)-interpretation satisfying Γ1 ∪ Γ2. We define an
equivalence relation E of V by letting xEy if and only if xM = yM, for every
variable x, y ∈ V . By construction, M is a Ti-interpretation satisfying Γi ∪
α(V, E), for i = 1, 2.

Vice versa, assume that there exists an equivalence relation E of V such that
Γi ∪ α(V, E) is Ti-satisfiable, for i = 1, 2. Since T1 is stably infinite, there exists
a T1-interpretation A satisfying Γ1 ∪ α(V, E) such that A is countably infinite.
Similarly, there exists a T2-interpretation B satisfying Γ2 ∪ α(V, E) such that B
is countably infinite.

But then |A| = |B|, and xA = yA if and only if xB = yB, for every variable
x, y ∈ V . We can therefore apply Theorem 2, and obtain the existence of a
(T1 ∪ T2)-interpretation satisfying Γ1 ∪ Γ2. �

Combining Theorem 3 with the observation that there is only a finite number
of equivalence relations of any finite set of variables, we obtain the following
decidability result.

Theorem 4. Let Ti be a stably infinite Σi-theory, for i = 1, 2, and let Σ1∩Σ2 =
∅. Also, assume that the quantifier-free Ti-satisfiability problem is decidable.

Then the quantifier-free (T1 ∪ T2)-satisfiability problem is decidable. �

The following theorem generalizes Theorem 4 for any number n of theories,
with n ≥ 2.

Theorem 5. Let Ti be a stably infinite Σi-theory, for i = 1, . . . , n, and let
Σi ∩ Σj = ∅, for i �= j. Also, assume that the quantifier-free Ti-satisfiability
problem is decidable.

Then the quantifier-free (T1 ∪ · · · ∪ Tn)-satisfiability problem is decidable. �

Proof. By induction on n, we will prove the stronger result that T1 ∪ · · · ∪ Tn

is a stably infinite theory with a decidable quantifier-free satisfiability problem.
For the base case (n = 2), by Theorem 4 we know that the quantifier-free

(T1 ∪ T2)-satisfiability problem is decidable. In addition, as a corollary of the
proof of Theorem 3, it follows that T1 ∪ T2 is stably infinite.

For the inductive step (n > 2), we can obtain a decision procedure for the
quantifier-free (T1 ∪ · · · ∪Tn)-satisfiability problem by applying a Nelson-Oppen
combination between the theories T1 ∪ · · · ∪ Tn−1 and Tn. Note that this is
possible because by the inductive hypothesis we have that T1 ∪ · · · ∪ Tn−1 is
a stably infinite theory with a decidable quantifier-free satisfiability problem.
Note also that (T1 ∪ · · · ∪ Tn−1) ∪ Tn is stably infinite (corollary of the proof of
Theorem 3). �
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n Bn

1 1
2 2
3 5
4 15
5 52
6 203
7 877
8 4, 140
9 21, 147

10 115, 975
11 678, 570
12 4, 213, 597

Fig. 1. Bell numbers.

3.5 Complexity

The main source of complexity of the nondeterministic version of the Nelson-
Oppen combination method is given by the Check phase. In this phase, the
decision procedures for T1 and T2 are called once for each equivalence relation
E of the set of shared variables shared(Γ1, Γ2). The number of such equivalence
relations, also known as a Bell number [5], grows exponentially in the number
of variables in shared(Γ1, Γ2) (see [15] for an in-depth asymptotic analysis).

Figure 1 shows the first 12 Bell numbers. Note when shared(Γ1, Γ2) has 12
variables, there are already more than 4 million equivalence relations!

Despite these discouraging numbers, the nondeterministic version of the
Nelson-Oppen combination method provides the following NP-completeness re-
sult due to Oppen [40].

Theorem 6. Let Ti be a stably infinite Σi-theory, for i = 1, 2, and let Σ1∩Σ2 =
∅. Also, assume that the quantifier-free Ti-satisfiability problem is in NP.

Then the quantifier-free (T1 ∪ T2)-satisfiability problem is in NP. �

Proof. It suffices to note that it is possible to guess an equivalence relation of
any set of n elements using a number of choices that is polynomial in n. �

3.6 More on Stable Infiniteness

In Section 3.4 we proved that the Nelson-Oppen method is correct under the
assumption that the theories T1, T2 are stably infinite.

It turns out that stable infiniteness is not a necessary condition for the cor-
rectness of the method, but only a sufficient one. To see this, consider two
theories T1, T2 over disjoint signatures for which there exists an integer n > 0
such that
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Tk |= (∃x1) · · · (∃xn)

⎡
⎣
⎛
⎝∧

i�=j

xi �= xj

⎞
⎠ ∧ (∀y)

(
n∨

i=1

y = xi

)⎤
⎦ , for k = 1, 2 .

In other words, all interpretations satisfying Ti have cardinality n.
Despite the fact that T1 and T2 are not stably infinite, in this case the Nelson-

Oppen combination method can still be applied correctly, as the following the-
orem shows.

Theorem 7. Let Ti be a Σi theory, for i = 1, 2, let Σ1∩Σ2 = ∅, and assume that
there exists a positive integer n such that all Ti-interpretations have cardinality
n. Also, assume that the quantifier-free Ti-satisfiability problem is decidable.

Then the quantifier-free (T1 ∪ T2)-satisfiability problem is decidable. �

Proof. The proof follows, with minor variations, the same pattern of Sec-
tion 3.4. �

4 Nelson-Oppen (Deterministic)

Because the number of equivalence relations of a set grows exponentially in the
number of elements of the set (cf. Figure 1), the nondeterministic version of the
Nelson-Oppen combination method is not amenable of a practical and efficient
implementation.

A more practical approach is given by the deterministic version of the Nelson-
Oppen combination method. In this version we do not enumerate all possible
equivalence relations among shared variables, but instead we use the given de-
cision procedures for each theory in order to detect all equalities that must
necessarily hold given the input conjunction Γ .

4.1 The Procedure

Let Ti be a stably infinite Σi-theory, for i = 1, 2, and let Σ1 ∩ Σ2 = ∅. Also, let
Γ be a conjunction of (Σ1 ∪ Σ2)-literals.

The deterministic version of the Nelson-Oppen combination method is ob-
tained from the nondeterministic version by replacing the Check phase with an
Equality Propagation phase.

Instead of enumerating all possible equivalence relations among shared vari-
ables, in the Equality Propagation phase we manipulate derivations that take
the form of a tree labeled with states. A state is either the logical symbol false ,
or a triple of the form

〈Γ1, Γ2, E〉

where

– Γi is a set of Σi-literals, for i = 1, 2;
– E is a set of equalities among variables.
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Contradiction rule

〈Γ1, Γ2, E〉
false

if Γi ∪ E is Ti-unsatisfiable, for some i ∈ {1, 2}

Equality Propagation rule

〈Γ1, Γ2, E〉
〈Γ1, Γ2, E ∪ {x = y}〉

if x, y ∈ shared (Γ1, Γ2) and x = y /∈ E and
Ti ∪ Γi ∪ E |= x = y, for some i ∈ {1, 2}

Case Split rule

〈Γ1, Γ2, E〉
〈Γ1, Γ2, E ∪ {x1 = y1}〉 | · · · | 〈Γ1, Γ2, E ∪ {xn = yn}〉

if x1, . . . , xn, y1, . . . , yn ∈ shared (Γ1, Γ2) and

{x1 = y1, . . . , xn = yn} ∩ E = ∅ and

Ti ∪ Γi ∪ E |=
n∨

j=1

xj = yj , for some i ∈ {1, 2}

Fig. 2. Nelson-Oppen rules

For instance, the triple

〈{1 ≤ x, y ≤ 2}, {f(x) �= f(y)}, {x = y}〉 .

is a state.
Given a conjunction Γ1 ∪ Γ2 of literals in 〈Σ1, Σ2〉-separate form, the initial

derivation D0 is a tree with only one node labeled with the state

〈Γ1, Γ2, ∅〉 .

Then, we use the rules in Figure 2 to construct a succession of derivations
D0, D1, . . . ,Dn. The rules are to be applied as follows. Assume that Di is a
derivation containing one leaf labeled with the premise s of a rule of the form

s
s1 | · · · | sn

Then we can construct a new derivation Di+1 which is the same as Di, except
that the leaf labeled with s has now n children labeled with s1, . . . , sn.

Intuitively, the Contradiction rule detects inconsistencies, and the Equality
Propagation and Case Split rules increase the set E of equalities in order to
incrementally construct the desired equivalence relation.

If during the Equality Propagation phase we obtain a derivation in which
all leaves are labeled with false, then we declare that the initial conjunction Γ
is (T1 ∪ T2)-unsatisfiable. If instead we obtain a derivation containing a branch



398 Zohar Manna and Calogero G. Zarba

whose leaf node is not labeled with false , and no rule can be applied to it, then
we declare that Γ is (T1 ∪ T2)-satisfiable.

We will show the correctness of the method in Section 4.3.

4.2 Examples

Example 6. Let us consider the combination of the theory TR of reals with the
theory TE of equality. Note that the conjunction3

Γ =

⎧⎪⎪⎨
⎪⎪⎩

f(f(x) − f(y)) �= f(z) ,
x ≤ y ,
y + z ≤ x ,
0 ≤ z

⎫⎪⎪⎬
⎪⎪⎭

is (TR ∪ TE)-unsatisfiable. In fact, the last three literals imply x = y and z = 0,
so that the first literal simplifies to f(0) �= f(0).

After applying the Variable Abstraction phase, we obtain the pure conjunc-
tions

ΓR =

⎧⎪⎪⎨
⎪⎪⎩

x ≤ y ,
y + z ≤ x ,
0 ≤ z ,
w3 = w1 − w2

⎫⎪⎪⎬
⎪⎪⎭ ΓE =

⎧⎨
⎩

f(w3) �= f(z) ,
w1 = f(x) ,
w2 = f(y)

⎫⎬
⎭

Since shared(ΓR, ΓE) = {x, y, z, w1, w2, w3}, Figure 1 tells us that there are 203
possible equivalence relations among the shared variables. Clearly, it is infeasible
to enumerate all of them by hand. Nevertheless, we can quickly detect that Γ is
(TR ∪ TE)-unsatisfiable with the following derivation.

s0 : 〈ΓR, ΓE, ∅〉

s1 : 〈ΓR, ΓE, {x = y}〉

s2 : 〈ΓR, ΓE, {x = y, w1 = w2}〉

s3 : 〈ΓR, ΓE, {x = y, w1 = w2, z = w3}〉

s4 : false

In the above derivation, the inferences can be justified as follows:

– s1 follows by the Equality Propagation rule since TR ∪ ΓR |= x = y;
– s2 follows by the Equality Propagation rule since TE ∪ΓE ∪ {x = y} |= w1 =

w2;
– s3 follows by the Equality Propagation rule since TR ∪ ΓR ∪ {w1 = w2} |=

z = w3;
3 Taken from [35].
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– s4 follows by the Contradiction rule since ΓE ∪ {z = w3} is TE-unsatisfiable.

Hence, we conclude that Γ is (TR ∪ TE)-unsatisfiable. �

Example 7. Consider the theory TZ of integers and the theory TE of equality.
In Example 3 we showed that the conjunction

Γ =

⎧⎪⎪⎨
⎪⎪⎩

1 ≤ x ,
x ≤ 2 ,
f(x) �= f(1) ,
f(x) �= f(2)

⎫⎪⎪⎬
⎪⎪⎭

is (TZ∪TE)-unsatisfiable using the nondeterministic version of the Nelson-Oppen
combination method. Let us now use the deterministic version.

After the Variable Abstraction phase we obtain the pure conjunctions

ΓZ =

⎧⎪⎪⎨
⎪⎪⎩

1 ≤ x ,
x ≤ 2 ,
w1 = 1 ,
w2 = 2

⎫⎪⎪⎬
⎪⎪⎭ , ΓE =

{
f(x) �= f(w1) ,
f(x) �= f(w2)

}
.

We have the following derivation

s0 : 〈ΓZ, ΓE, ∅〉

s1 : 〈ΓZ, ΓE, {x = w1}〉 s2 : 〈ΓZ, ΓE, {x = w2}〉

s3 : false s4 : false

Note that the inferences can be justified as follows:

– s1 and s2 follow by the Case Split rule since TZ ∪ ΓZ |= x = w1 ∨ x = w2;
– s3 follows from s1 by the Contradiction rule since ΓE ∪ {x = w1} is TE-

unsatisfiable;
– s4 follows from s2 by the Contradiction rule since ΓE ∪ {x = w2} is TE-

unsatisfiable.

Since all leaves are labeled with false, we conclude that Γ is (TZ ∪ TE)-
unsatisfiable. �

4.3 Correctness

We now prove that the deterministic version of the Nelson-Oppen combination
method is correct.

The following lemma shows that the inference rules are terminating.

Lemma 1. The inference rules in Figure 2 form a terminating inference sys-
tem. �
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Proof. The claim easily follows by noting that since there is only a finite num-
ber of shared variables, the Equality Propagation and Case Split rules can be
applied only a finite number of times. �

Next, we show that the inference rules are sound.

Definition 8. We say that a state 〈Γ1, Γ2, E〉 is (T1∪T2)-satisfiable if and only
if so is Γ1 ∪ Γ2 ∪ E. �

Lemma 2. For each inference rule in Figure 2, the state above the line is
(T1 ∪ T2)-satisfiable if and only if at least one state below the line is (T1 ∪ T2)-
satisfiable. �

Proof. We only prove the soundness of the Equality Propagation rule (the
other rules can be handled similarly).

Thus, assume that 〈Γ1, Γ2, E〉 is (T1 ∪ T2)-satisfiable, and that Ti ∪ Γi ∪
E |= x = y. Let A be a (T1 ∪ T2)-interpretation satisfying Γ1 ∪ Γ2 ∪ E. Since
Ti ∪ Γi ∪ E |= x = y, it follows that xA = yA, and therefore A is a (T1 ∪ T2)-
interpretation satisfying 〈Γ1, Γ2, E ∪ {x = y}〉.

Vice versa, if 〈Γ1, Γ2, E ∪ {x = y}〉 is (T1 ∪ T2)-satisfiable then clearly
〈Γ1, Γ2, E〉 is also (T1 ∪ T2)-satisfiable. �

Lemma 3. Let 〈Γ1, Γ2, E〉 be a state such that no rule in Figure 2 can be applied
to it. Then Γ1 ∪ Γ2 ∪ E is (T1 ∪ T2)-satisfiable. �

Proof. Since the Contradiction rule cannot be applied to 〈Γ1, Γ2, E〉, we have
that Γi ∪ E is Ti-satisfiable, for i = 1, 2.

We claim that there exists a T1-interpretation A satisfying Γ1 ∪E such that
xA �= yA, for each x, y ∈ shared(Γ1, Γ2) such that x = y /∈ E. To see that this
is the case, let S = {(x, y) : x, y ∈ shared(Γ1, Γ2) and x = y /∈ E}, and consider
the disjunction

ψ :
∨

(x,y)∈S

x = y .

If T1∪Γ1 �|= ψ then our claim is verified. If instead T1∪Γ1 |= ψ then, by the Case
Split rule, there exists a pair (x, y) ∈ S such that x = y ∈ E, a contradiction.

Similarly, there exists a T2-interpretation B satisfying Γ2∪E such that xB �=
yB, for each x, y ∈ shared(Γ1, Γ2) such that x = y /∈ E.

But then xA=yA if and only if xB =yB, for every variable x, y∈shared(Γ1, Γ2).
In addition, since T1 and T2 are stably infinite, we can assume without loss of
generality that both A and B are countably infinite. We can therefore apply
Theorem 2, and obtain the existence of a (T1 ∪ T2)-interpretation satisfying
Γ1 ∪ Γ2 ∪ E. �

Combining Lemmas 1, 2 and 3, we obtain the correctness of the deterministic
version of the Nelson-Oppen combination method.

Theorem 8. Let Ti be a stably infinite Σi-theory, for i = 1, 2, and let Σ1∩Σ2 =
∅. Then the inference rules in Figure 2 provide a decision procedure for the
quantifier-free (T1 ∪ T2)-satisfiability problem. �
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4.4 Convexity

There is an interesting difference between the derivation in Example 6 and the
one in Example 7. In Example 6 we never used the Case Split rule. In contrast,
in Example 7 we had to use the Case Split rule, and no proof can be obtained if
we use only the Contradiction and Equality Propagation rules.

Clearly, for efficiency reasons it would be desirable to avoid case splits as
much as possible. Indeed, the Case Split rule can be avoided altogether when
the combined theories are convex.

Definition 9. A Σ-theory T is convex if for every conjunction Γ of Σ-literals
and for every disjunction

∨n
i=1 xi = yi,

T ∪ Γ |=
n∨

i=1

xi = yi iff T ∪ Γ |= xj = yj , for some j ∈ {1, . . . , n}. �

Examples of convex theories include the theory TE of equality, the theory TR

of reals, and the theory TL of lists, whereas examples of non-convex theories are
the theory TZ of integers, and the theory TA of arrays.

We refer to [37] for a proof of the convexity of TR, and to [38] for a proof
of the convexity of TE and TL. To see that TZ and TA are not convex, just note
that:

– in TZ, the conjunction {x = 1, y = 2, 1 ≤ z, z ≤ 2} entails x = z ∨ y = z but
does not entail neither x = z nor y = z;

– in TA, the conjunction {read(write(a, i, e), j) = x, read(a, j) = y} entails
x = e ∨ x = y but does not entail neither x = e nor x = y.

The following theorem states that when both the combined theories are con-
vex, the deterministic version of the Nelson-Oppen combination method remains
correct even if we omit the Case Split rule.

Theorem 9. Let Ti be a stably infinite and convex Σi-theory, for i = 1, 2,
and let Σ1 ∩ Σ2 = ∅. Then the Contradiction and Equality Propagation rules
alone provide a decision procedure for the quantifier-free (T1 ∪ T2)-satisfiability
problem. �

Proof. In the proofs of Section 4.3, the only place where we used the Case
Split rule was in Lemma 3. But the proof of Lemma 3 works fine even if instead
of the Case Split rule we use the hypothesis of convexity. �

A simple complexity analysis of the procedure presented in this section shows
the following complexity result.

Theorem 10. Let Ti be a stably infinite and convex Σi-theory, for i = 1, 2, and
let Σ1∩Σ2 = ∅. Also, assume that the problem of checking the Ti-satisfiability of
conjunctions of quantifier-free Σi-formulae can be decided in polynomial time,
for i = 1, 2.

Then the problem of checking the (T1 ∪ T2)-satisfiability of conjunctions of
quantifier-free (Σ1 ∪ Σ2)-formulae can be decided in polynomial time. �
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We conclude this section by mentioning the following result, first proved
in [4], relating the notions of convexity and stable infiniteness.

Theorem 11. If T is a convex theory then T ∪ {(∃x)(∃y)x �= y} is stably infi-
nite. �

Proof. Let T ′ = T ∪{(∃x)(∃y)x �= y}, and assume, for a contradiction, that T ′

is not stably infinite. Then there exists a conjunction Γ of literals such that T ′∪Γ
is satisfiable in some finite interpretation but not in an infinite interpretation.

By the compactness theorem, there must be a positive integer n and an
interpretation A such that:

– |A| = n;
– A satisfies T ′ ∪ Γ ;
– all interpretations having cardinality greater than n do not satisfy T ′ ∪ Γ .

Let x1, . . . , xn, xn+1, x
′, y′ be distinct fresh variables not occurring in Γ , and

consider the disjunction ∨
i�=j

xi = xj

By the pigeonhole principle, we have that

T ∪ {x′ �= y′} ∪ Γ |=
∨
i�=j

xi = xj

but

T ∪ {x′ �= y′} ∪ Γ �|= xi = xj , for all i, j such that i �= j ,

which contradicts the fact that T is convex. �

5 Shostak

In 1984, Shostak [50] presented a method for combining the theory TE of equality
with theories T1, . . . , Tn satisfying certain conditions.

According to Shostak, such theories must admit so called canonizers and
solvers. These canonizers and solvers are first combined into one single canon-
izer and solver for the union theory T = T1 ∪ · · · ∪ Tn. Then, Shostak’s actual
procedure is called, and the theory T is combined with the theory TE.

Unfortunately, Shostak’s original paper contains several mistakes. First, as
pointed out in [28, 30], it is not always possible to combine the solvers for the
theories T1, . . . , Tn into a single solver for the union theory T = T1 ∪ · · · ∪ Tn.
Secondly, as pointed out in [46], Shostak’s procedure combining T with TE is
incomplete and potentially nonterminating.

Nevertheless, all these mistakes can be elegantly fixed if Shostak’s method is
recast as an instance of the Nelson-Oppen combination method.

To do this, we introduce the notion of a Shostak theory, and we show how a
solver for a Shostak theory Ti can be used to produce a decision procedure for
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Ti. Then, if T1, . . . , Tn are Shostak theories, we do not combine their solvers, but
instead we use the Nelson-Oppen combination method to combine the decision
procedures for T1, . . . , Tn with a decision procedure for TE.

In addition, we show how a solver for a Shostak theory can be used to effi-
ciently detect implied equalities when applying the Nelson-Oppen combination
method.

5.1 Solvers

Before defining Shostak theories, we need to define what is a solver.

Definition 10 (Solver). A solver for a Σ-theory T is a computable function
solve that takes as input Σ-equalities of the form s = t and

– if T |= s = t then solve(s = t) = true;
– if T |= s �= t then solve(s = t) = false;
– otherwise, solve(s = t) returns a substitution

σ = {x1 ← t1, . . . , xn ← tn}

such that:
• xi ∈ vars(s = t), for all i;
• xi /∈ vars(tj), for all i, j;
• the following equivalence is T -valid:

s = t ↔ (∃y1) · · · (∃yk)

[
n∧

i=1

xi = ti

]
,

where y1, . . . , yk are newly introduced variables, that is

{y1, . . . , yk} =

(
n⋃

i=1

vars(ti)

)
\ vars(s = t) .

A theory is solvable if it has a solver. �

Example 8. Every inconsistent theory is not solvable. To see this, let T be an
inconsistent Σ-theory, and let solve be a solver for T .

Since T is inconsistent, for every Σ-equality s = t, we have both T |= s = t
and T |= s �= t. Thus, solve(s = t) = true and solve(s = t) = false at the same
time. This is a contradiction, because solve is a function. �

Example 9. The simplest solvable theory is the trivial theory

T = {(∀x)(∀y)(x = y)} .

A solver for T returns true on every input. �

Example 10. A more interesting solvable theory is the theory TR of reals. Given
an equality s = t, a solver for TR can be implemented by employing the following
steps:
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1. rewrite s = t as s − t = 0;
2. combining like terms, rewrite s − t = 0 as an equality of the form

a0 + a1x1 + · · · + anxn = 0 ,

where ai �= 0, for i = 1, . . . , n;
3. return true, false, or a substitution σ, according to the following:

– if n = 0 and a0 = 0, return true;
– if n = 0 and a0 �= 0, return false;
– if n > 0, return the substitution σ=

{
x1 ← − a0

a1
− a2

a1
x2 − · · · − an

a1
xn

}
.

For instance, the equation

2x − y + z = 2y + z − 1

is solved by
1. transposing the right-hand side, obtaining the equation

2x − y + z − (2y + z − 1) = 0 ,

2. combining like terms, obtaining the equation

2x − 3y + 1 = 0 ,

3. returning the substitution

σ =
{

x ← 3
2
y − 1

2

}
.

Similarly, we have

solve(x + x = 2x) = solve(x + x − 2x = 0) = solve(0 = 0) = true

and
solve(1 = 2) = solve(1 − 2 = 0) = solve(−1 = 0) = false . �

Example 11. We now show that no solver can exist for the theory TE of equal-
ity. To see this, suppose, for a contradiction, that solve is a solver for TE, and
consider the equation

f(x) = a ,

where x is a variable, a is a constant, and f is a function symbol.
Since TE �|= f(x) = a and TE �|= f(x) �= a, we have that

solve(f(x) = a) = {x ← t} ,

for some term t such that x /∈ vars(t). In addition

TE |= f(x) = a ↔ (∃y1) · · · (∃yk)(x = t) ,

where {y1, . . . , yk} = vars(t). But this is a contradiction, since for any term t,
the equivalence f(x) = a ↔ (∃y1) · · · (∃yk)(x = t) is not TE-valid. �
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5.2 Shostak Theories

Definition 11. A Σ-theory T is a Shostak theory if

– Σ does not contain predicate symbols, that is, ΣP = ∅;
– T is convex;
– T is solvable. �

The trivial theory T = {(∀x)(∀y)(x = y)} is a Shostak Theory. In fact,
in Example 9 we saw that T is solvable. In addition, T is also convex, since
for every conjunction Γ and every disjunction of equalities

∨n
i=1 xi = yi, if

T ∪ Γ |= ∨n
i=1 xi = yi then T |= xi = yi, for all i = 1, . . . , n.

The classical example of a Shostak theory is the theory T−
R

obtained by
restricting the theory TR of reals to the functional signature Σ−

R
= {0, 1, +,−}

(we remove the predicate symbol ≤). In example 10 we saw that TR is solvable,
and in Section 4.4 we noted that TR is convex. Thus T−

R
is both solvable and

convex.
On the other hand, the theory TE of equality is not a Shostak theory, since

it is not solvable (cf. Example 11).

5.3 The Procedure

Let T be a Shostak Σ-theory. We now present a decision procedure that, using
the solver for the theory T , decides the T -satisfiability of any quantifier-free Σ-
formula. The decision procedure presented here is a rule-based version of the
decision procedure in [4].

As usual, we restrict ourselves to conjunctions of Σ-literals. Since Σ does not
contain predicate symbols, each conjunction is of the form

s1 = t2, . . . , sm = tm, s′1 �= t′1, . . . , s
′
n �= t′n . (1)

Thus, let Γ be a conjunction of Σ-literals of the form (1). The decision
procedure consists of applying the inference rules in Figure 3, until nothing
more can be done.

Intuitively, the Contradiction rules detect the inconsistencies, and the Equal-
ity Elimination rule is used to remove all the equalities from the conjunction Γ .

If the literal false is deduced, then we declare that the initial conjunction Γ
is T -unsatisfiable. If instead the literal false is not deduced and no rule can be
applied, then we declare that Γ is T -satisfiable.

5.4 An Example

Example 12. Consider the Shostak theory T−
R

. The conjunction

Γ =

⎧⎨
⎩

x + 2y = 3z ,
x − y = 0 ,
y �= z

⎫⎬
⎭

is T−
R

-unsatisfiable. In fact, subtracting the second equation from the first one
yields 3y = 3z, which contradicts the disequality y �= z.

The following derivation shows that Γ is T−
R

-unsatisfiable.
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Contradiction rule 1

Γ ∪ {s �= t}
false

if solve(s = t) = true

Contradiction rule 2

Γ ∪ {s = t}
false

if solve(s = t) = false

Equality Elimination rule

Γ ∪ {s = t}
Γσ

if solve(s = t) = σ

Fig. 3. Shostak rules.

Γ : {x + 2y = 3z, x − y = 0, y �= z}

Γ1 : {−2y + 3z − y = 0, y �= z}

Γ2 : {z �= z}

Γ3 : false

solve(x + 2y = 3z) = {x ← −2y + 3z}

solve(−2y + 3z − y = 0) = {y ← z}

solve(z = z) = true

Note that Γ1 and Γ2 follow by the Equality Elimination rule, and that Γ3

follows by the Contradiction rule 1. �

5.5 Correctness

In this section we show that our Shostak-based decision procedure is correct.
Clearly, the procedure must terminate, as the following lemma states.

Lemma 4. The inference rules in Figure 3 form a terminating inference sys-
tem. �

Proof. It suffices to note that any application of the inference rules in Figure 3
either deduces false or decreases the number of literals in the conjunction. �

The following lemma shows that the inference rules in Figure 3 are sound.
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Lemma 5. For each inference rule in Figure 3, the conjunction above the line
is T -satisfiable if and only if so is the conjunction below the line. �

Proof. The lemma trivially holds for the Contradiction rules.
Concerning the Equality Elimination rule, assume that Γ ∪ {s = t} is T -

satisfiable, and let A be a T -interpretation satisfying Γ ∪ {s = t}. Also, let
σ = solve(s = t) = {x1 ← t1, . . . , xn ← tn}. Since the equivalence

s = t ↔ (∃y1) · · · (∃yk)

[
n∧

i=1

xi = ti

]

is T -valid, we can extend A over the variables y1, . . . , yk in such a way that
xA

i = tAi , for all i. But then, by basic model-theoretic properties of substitutions,
it follows that Γσ is true in A.

Vice versa, assume that Γσ is T -satisfiable, where σ = solve(s = t) = {x1 ←
t1, . . . , xn ← tn}, and let A be a T -interpretation satisfying Γσ. Since the vari-
ables xi do not occur in Γσ, we can redefine A on the xi by letting xA

i = tAi ,
for all i. But then, by the definition of solver, we have sA = tA, and by basic
model-theoretic properties of substitutions it follows that Γ is true in A. �

Lemma 6. If upon termination of the procedure the final result is not false,
then the final conjunction is T -satisfiable. �

Proof. Assume that upon termination the final result is not false. Then the
final conjunction must be of the form

s1 �= t1, . . . , sn �= tn ,

where solve(si = ti) �= true, for each i = 1, . . . , n. It follows that si �= ti is
T -satisfiable, for i = 1, . . . , n, and by the convexity of T , we have that the final
conjunction is T -satisfiable. �

Combining Lemmas 4, 5 and 6, we obtain the following decidability result.

Theorem 12. Let T be Shostak Σ-theory. Then the quantifier-free T-satisfiabili-
ty problem is decidable. �

5.6 Integration in Nelson-Oppen

Let T1, . . . , T�, T�+1, . . . , Tn be stably infinite Σi-theories such that Σi ∩Σj = ∅,
for i �= j. Also, assume that T�+1, . . . , Tn are Shostak theories.

Using the results of Section 5.3, we know how to obtain, for each i =
� + 1, . . . , n, a decision procedure for the Ti-satisfiability of quantifier-free Σi-
formulae. Thus, if we assume that we also have, for each i = 1, . . . , �, a decision
procedure for the Ti-satisfiability of quantifier-free Σi-formulae, we can employ
the Nelson-Oppen combination method to obtain a decision procedure for the
(T1∪· · ·∪Tn)-satisfiability of (Σ1∪· · ·∪Σn)-formulae. This can be summarized
in the following theorem.
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Theorem 13. Let T1, . . . , T�, T�+1, . . . , Tn be stably infinite Σi-theories such
that Σi∩Σj = ∅, for i �= j, and let T�+1, . . . , Tn be Shostak theories. Also, assume
that the quantifier-free Ti-satisfiability problem is decidable, for i = 1, . . . , �.

Then the quantifier-free (T1 ∪ · · · ∪ Tn)-satisfiability problem is decidable. �

Note that a special case of the above theorem is the combination of the theory
TE of equality with n Shostak theories.

In addition, it turns out that when we combine the theory TE of equality
with n Shostak theories T1, . . . , Tn then we can obtain a decision procedure for
the theory TE ∪ T1 ∪ · · · ∪ Tn even if T1, . . . , Tn are not stably infinite.

Theorem 14. Let TE be the theory of equality, and let T1, . . . , Tn be Shostak
theories such that Σi ∩ Σj = ∅, for i �= j,

Then the quantifier-free (TE∪T1∪· · ·∪Tn)-satisfiability problem is decidable.�

Proof. Let T = TE ∪ T1 ∪ · · · ∪ Tn.
Observe that every set of formulae is satisfiable if and only if it is either true

under an interpretatin A such that |A| = 1, or true under an interpretation A
such that |A| > 1. Thus, we can obtain a decision procedure for the quantifier-
free T -satisfiability problem if we are able to obtain a decision procedure for the
quantifier-free satisfiability problem of T ∪ {(∀x)(∀y)(x = y)}, and a decision
procedure for the quantifier-free satisfiability problem of T ∪{(∃x)(∃y)(x �= y)}.

Case 1: T ∪ {(∃x)(∃y)(x �= y)}.
Note that for every conjuction Γ we have that Γ is (Ti ∪ {(∃x)(∃y)(x �=
y)})-satisfiable if and only if Γ ∪ {x′ �= y′} is Ti-satisfiable, where x′ and
y′ are fresh variables not occurring in Γ . Since Ti is a Shostak theory, by
applying Theorem 12, we obtain that the quantifier-free satisfiability problem
for Ti∪{(∃x)(∃y)(x �= y)} is decidable. In addition, by Theorem 11, it follows
that Ti∪{(∃x)(∃y)(x �= y)} is a stably infinite theory. We can therefore apply
the Nelson-Oppen combination method between the following theories:
– TE;
– Ti ∪ {(∃x)(∃y)(x �= y)}, for all i,

and obtain a decision procedure for the quantifier-free satisfiability problem
of T ∪ {(∃x)(∃y)(x �= y)}.

Case 2: T ∪ {(∀x)(∀y)(x = y)}.
In this case we apply the Nelson-Oppen combination method between the
following theories:
– TE ∪ {(∀x)(∀y)(x = y)};
– Ti ∪ {(∀x)(∀y)(x = y)}, for all i,

even though none of these theories is stably infinite. To see that this is still
correct, first note that all the above theories have decidable quantifier-free
problems. In addition, the domain of any interpretation satisfying any of the
above theories must have cardinality one, and therefore an application of
Theorem 7 allows us to obtain a decidion procedure for the quantifier-free
satisfiability problem of T ∪ {(∀x)(∀y)(x = y)}. �
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5.7 Using a Solver to Detect Implied Equalities

In this section we show how it is possible to use a solver for a Shostak theory to
detect implied equalities.

To do this, we need to extend the definition of a solver to operate on con-
junctions of equalities.

Definition 12. Let solve be a solver for a Shostak Σ-theory T . We let

solve(∅) = ε

solve(Γ ∪ {s = t}) = σ ◦ solve(Γσ) , where σ = solve(s = t). �

Let solve be a solver for a Shostak Σ-theory T , let Γ be a conjunction of
equalities, and let ∆ be a conjunction of disequalities. Also, let λ = solve(Γ ),
and assume that Γ ∪ ∆ is T -satisfiable. We claim that

T ∪ Γ ∪ ∆ |= x = y iff solve(xλ = yλ) = true . (2)

Clearly, (2) provides a way to detect implied equalities using the solver for
the Shostak theory T .

Example 13. Let us consider the combination of the theory TE of equality with
the Shostak theory T−

R
.

Note that the conjunction4

Γ =

⎧⎨
⎩

f(x − 1) − 1 = x + 1 ,
f(y) + 1 = y − 1 ,
y + 1 = x

⎫⎬
⎭

is (TE ∪ T−
R

)-unsatisfiable. In fact, the first and third equalities imply f(y) =
y + 3, and the second equality implies f(y) = y − 2. But then y + 3 = y − 2, a
contradiction.

We will use the Nelson-Oppen combination method and a solver for T−
R

to
show that Γ is (TE ∪ T−

R
)-unsatisfiable.

After the Variable Abstraction phase we obtain the conjunctions

ΓE =
{

w1 = f(w2) ,
w3 = f(y)

}
, ΓR =

⎧⎪⎪⎨
⎪⎪⎩

w1 − 1 = x + 1 ,
w2 = x − 1 ,
w3 + 1 = y − 1 ,
y + 1 = x

⎫⎪⎪⎬
⎪⎪⎭ .

We have the following derivation.

4 Taken from [46].
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s0 : 〈ΓE, ΓR, ∅〉

s1 : 〈ΓE, ΓR, {y = w2}〉

s2 : 〈ΓE, ΓR, {y = w2, w1 = w3}〉

s3 : false

T−
R

∪ ΓR |= y = w2

TE ∪ ΓE ∪ {y = w2} |= w1 = w3

T−
R

∪ ΓR ∪ {y = w2, w1 = w3} |= w1 �= w3

The inference from state s1 to state s2 is obvious. To justify the inference
from state s0 to state s1, let us compute λ = solve(ΓR).

solve(ΓR) = solve({w1 − 1 = x + 1, w2 = x − 1, w3 + 1 = y − 1, y + 1 = x︸ ︷︷ ︸
solves to {x←y+1}

})

={x ← y + 1} ◦ solve({w1 − 1 = y + 2, w2 = y, w3 + 1 = y − 1︸ ︷︷ ︸
solves to {y←w3+2}

})

={x ← w3 + 3, y ← w3 + 2} ◦ solve({w1 − 1 = w3 + 4, w2 = w3 + 2︸ ︷︷ ︸
solves to {w2←w3+2}

})

={x ← w3 + 3, y ← w3 + 2, w2 ← w3 + 2} ◦ solve({ w1 − 1 = w3 + 4︸ ︷︷ ︸
solves to {w1←w3+5}

})

={x ← w3 + 3, y ← w3 + 2, w2 ← w3 + 2, w1 ← w3 + 5}

Clearly, solve(yλ = w2λ) = true, and therefore T−
R

∪ ΓR |= y = w2.
To justify the inference from state s2 to state s3, note that

solve(w1λ = w3λ) = solve(w3 + 5 = w3) = false .

Thus, T−
R

∪ ΓR |= w1 �= w3, which implies that ΓR ∪ {y = w2, w1 = w3} is
T−

R
-unsatisfiable. �

Theorem 15 below formally shows that (2) holds. But before proving it, we
need two auxiliary lemmas.

Lemma 7. Let σ = {x1 ← t1, . . . , xn ← tn} be a substitution such that xi /∈
vars(tj), for all i, j.

Then for any theory T and for any conjunction Γ of literals:

T ∪ Γ ∪ {x1 = t1, . . . , xn = tn} |= x = y iff T ∪ Γσ |= xσ = yσ . �

Proof. Let T ∪ Γ ∪ {x1 = t1, . . . , xn = tn} |= x = y and assume that A is an
interpretation satisfying T ∪ Γσ. Thus xA = yA. Since the variables xi do not
occur in Γσ, we can redefine A on the xi by letting xA

i = tAi , for all i. But then,
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by basic model-theoretic properties of substitutions, it follows that xσ = yσ is
true under A.

Vice versa, let T ∪ Γσ |= xσ = yσ, and let A be an interpretation satisfying
T ∪Γ ∪{x1 = t1, . . . , xn = tn}. Then [xσ]A = [yσ]A. In addition xA

i = tAi , for all
i, and by basic model-theoretic properties of substitutions, it follows that x = y
is true under A. �

Lemma 8. Let T be a convex theory, Γ a conjunction of equalities, and ∆ a
conjunction of disequalities. Also, assume that Γ ∪ ∆ is T -satisfiable.

Then

T ∪ Γ ∪ ∆ |= x = y iff T ∪ Γ |= x = y . �

Proof. Clearly, if T ∪ Γ |= x = y then T ∪ Γ ∪ ∆ |= x = y.
Vice versa, assume that T ∪ Γ ∪ ∆ |= x = y. Then

T ∪ Γ |=
⎛
⎝ ∨

s�=t∈∆

s = t

⎞
⎠ ∨ x = y .

Since T is convex, either T ∪ Γ |= x = y or there exists a disequality s �= t
in ∆ such that T ∪ Γ |= s = t. In the former case, the lemma is proved. In the
latter case, we have that Γ ∪ ∆ is T -unsatisfiable, a contradiction. �

The following theorem proves (2), thus showing how a solver for a Shostak
theory can be used to detect implied equalities.

Theorem 15. Let solve be a solver for a Shostak Σ-theory T , let Γ be a con-
junction of equalities, and let ∆ be a conjunction of disequalities.

If Γ ∪ ∆ is T -satisfiable then

T ∪ Γ ∪ ∆ |= x = y iff solve(xλ = yλ) = true

where λ = solve(Γ ). �

Proof. Since solve(xλ = yλ) = true if and only if T |= xλ = yλ, we only need
to prove that

T ∪ Γ ∪ ∆ |= x = y iff T |= xλ = yλ

We proceed by induction on the number of literals in Γ . For the base case,
if Γ = ∅ then λ = solve(Γ ) = ε and

T ∪ Γ ∪ ∆ |= x = y iff T ∪ ∆ |= x = y

iff T |= x = y (by Lemma 8)

iff solve(xε = yε) = true .

For the inductive step, let Γ = Γ ′ ∪ {s = t}. Also let

σ = solve(s = t) = {x1 ← t1, . . . , xn ← tn}
τ = solve(Γ ′σ)

λ = solve(Γ ) = σ ◦ τ .



412 Zohar Manna and Calogero G. Zarba

Then

T∪Γ∪∆ |=x=y iff T ∪ Γ ′ ∪ {s = t} ∪ ∆ |= x = y

iff T ∪ Γ ′ ∪ {s = t} |= x = y (by Lemma 8)

iff T ∪ Γ ′ ∪ {x1 = t1, . . ., xn = tn}|=x=y (by Definition 10)

iff T ∪ Γ ′σ |= xσ = yσ (by Lemma 7)

iff T |= xστ = yστ (by induction)

iff T |= xλ = yλ . �

6 Non-disjoint Combination

In this section we consider the problem of combining theories over non-disjoint
signatures.

More precisely, let Σ1 and Σ2 be arbitrary signatures (that is, not necessarily
disjoint), and let Ti be a Σi-theory, for i = 1, 2. Also, assume that there exist
decision procedures P1 and P2 such that, for i = 1, 2, Pi can decide the Ti-
satisfiability of quantifier-free Σi-formulae.

Using as black boxes the decision procedures P1 and P2, we show how to ob-
tain a procedure P1&2 that is sound and complete for the (T1∪T2)-unsatisfiability
of quantifier-free (Σ1∪Σ2)-formulae. In other words, if ϕ is (T1∪T2)-unsatisfiable,
then P1&2 eventually stops, and reports the unsatisfiability. If instead ϕ is
(T1 ∪ T2)-satisfiable, then P1&2 runs forever.

Indeed, Zarba [61] showed that soundness and completeness hold even if ϕ
is not quantifier-free, but in this paper we prefer to restrict our attention to
quantifier-free formulae for clarity of presentation.

For technical reasons, we will assume that the theories T1 and T2 are univer-
sal.

Definition 13. A formula is universal if it is of the form (∀x1) · · · (∀xn)ψ, where
ψ is quantifier-free.

A theory is universal if all its sentences are universal. �

The condition that the theories T1 and T2 be universal is necessary for the
completeness proof, because only for universal formulae the following Theo-
rem 16 holds, a theorem that can be seen as a positive version of the well-known
Herbrand Theorem.

Theorem 16 (Herbrand). Let Φ be a set of universal Σ-formulae, where ΣC �=
∅. Then Φ is satisfiable if and only if there exists an interpretation A satisfying
Φ such that for each element a ∈ A there exists a Σ-term t such that vars(t) ⊆
vars(Φ) and tA = a. �

6.1 The Procedure

Let Σ1 and Σ2 be two arbritary signatures which are non necessarily disjoint,
and let Ti be an universal Σi-theory, for i = 1, 2.
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Contradiction rule

〈Γ1, Γ2〉
false

if Γi is Ti-unsatisfiable, for some i ∈ {1, 2}

Abstraction rule 1

〈Γ1, Γ2〉
〈Γ1 ∪ {t = w}, Γ2 ∪ {w = w}〉

where t is any Σ1-term and
w is a new variable

Abstraction rule 2

〈Γ1, Γ2〉
〈Γ1 ∪ {w = w}, Γ2 ∪ {t = w}〉

where t is any Σ2-term and
w is a new variable

Decomposition rule

〈Γ1, Γ2〉
〈Γ1 ∪ {ψ}, Γ2 ∪ {ψ}〉 | 〈Γ1 ∪ {¬ψ}, Γ2 ∪ {¬ψ}〉

where ψ is an atom either of the form x = y or of the form P (x1, . . . , xn),

with x, y, x1, . . . , xn ∈ shared (Γ1, Γ2) and P ∈ ΣP
1 ∩ ΣP

2

Fig. 4. Non-disjoint combination rules

We now present a procedure that is sound and complete for the (T1 ∪ T2)-
unsatisfiabilty of quantifier-free (Σ1∪Σ2)-formulae. As usual, we restict ourselves
to conjunctions of (Σ1 ∪ Σ2)-literals.

Thus, let Γ be a conjunction of (Σ1∪Σ2)-literals. We first apply the Variable
Abstraction phase from Section 3.2, obtaining a conjunction Γ1 ∪ Γ2 of literals
in 〈Σ1, Σ2〉-separate form such that Γ1 ∪ Γ2 is (T1 ∪ T2)-satisfiable if and only if
so is Γ . Then, we construct the initial state

〈Γ1, Γ2〉 ,

and we repeatedly apply the rules in Figure 4.
As usual, the Contradiction rule is used to detect the inconsistencies. The

intuition behind the Abstraction rules is as follows. Suppose that t is a Σ1-term
but not a Σ2-term. Then the decision procedure for T1 “knows” about t, but
the decision procedure for T2 does not. After an application of the Abstraction
rule 1, the decision procedure for T2 is aware of the existence of t. Finally, the
Decomposition rule is used to let the decision procedures for T1 and T2 agree on
the truth value of each atom ψ.

If we obtain a derivation in which all leaves are labeled with false, we declare
that the initial conjunction Γ is (T1 ∪ T2)-unsatisfiable.

6.2 An Example

Example 14. Let us consider the combination of the theory TZ of integers with
the Σ-theory

T = { (∀x)(∀y)(x ≤ y → f(x) ≤ f(y)) } ,

where Σ = {≤, f}. Note that ΣZ ∩ Σ = {≤} �= ∅.
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The conjunction

Γ =

⎧⎨
⎩

x + y = z ,
0 ≤ y ,
¬(f(x) ≤ f(z))

⎫⎬
⎭

is (TZ ∪ T )-unsatisfiable. In fact, the first two literals imply x ≤ z, and by the
monotonicity of f we have f(x) ≤ f(z), which contradicts the third literal.

After the Variable Abstraction phase we get the conjunctions

ΓZ =
{

x + y = z ,
0 ≤ y

}
, Γ2 = {¬(f(x) ≤ f(z))} .

We have the following derivation.

s0 : 〈ΓZ, Γ2〉

s1 : 〈ΓZ ∪ {x ≤ z}, Γ2 ∪ {x ≤ z}〉 s2 : 〈ΓZ ∪ {¬(x ≤ z)}, Γ2 ∪ {¬(x ≤ z)}〉

s3 : false s4 : false

The inferences can be justified as follows.

– s1 and s2 follow by the Decomposition rule;
– s3 follows from s1 by the Contradiction rule since Γ2 ∪ {x ≤ z} is T2-

unsatisfiable;
– s4 follows from s2 by the Contradiction rule since ΓZ ∪ {¬(x ≤ z)} is TZ-

unsatisfiable. �

Hence, we conclude that Γ is (TZ ∪ T )-unsatisfiable.

6.3 Soundness and Completeness

We now prove that the rules in Figure 4 form a sound and complete inference
system for the (T1 ∪ T2)-unsatisfiability of quantifier-free (Σ1 ∪ Σ2)-formulae.

Let us start with soundness.

Definition 14. A state 〈Γ1, Γ2〉 is (T1 ∪ T2)-satisfiable if and only if Γ1 ∪ Γ2 is
(T1 ∪ T2)-satisfiable. �

Lemma 9 (soundness). For each inference rule in Figure 4, the state above
the line is (T1 ∪ T2)-satisfiable if and only if at least one of the states below the
line is (T1 ∪ T2)-satisfiable �

Proof. We only prove the soundness of the Decomposition rule (the other rules
can be handled similarly).

Thus, assume that 〈Γ1, Γ2〉 is (T1 ∪ T2)-satisfiable, and let A be a (T1 ∪ T2)-
interpretation satisfying Γ1 ∪ Γ2. If ψA is true then 〈Γ1 ∪ {ψ}, Γ2 ∪ {ψ}〉 is



Combining Decision Procedures 415

(T1∪T2)-satisfiable. If instead ψA is false then 〈Γ1∪{¬ψ}, Γ2∪{¬ψ}〉 is (T1∪T2)-
satisfiable.

Vice versa, if either 〈Γ1∪{ψ}, Γ2∪{ψ}〉 or 〈Γ1∪{¬ψ}, Γ2∪{¬ψ}〉 is (T1∪T2)-
satisfiable, then clearly 〈Γ1, Γ2〉 is (T1 ∪ T2)-satisfiable. �

The completeness proof is based upon the following Combination Theorem,
due independently to Ringeissen [45] and Tinelli and Harandi [56], and whose
proof can be found in the appendix.

Theorem 17 (Combination Theorem). Let Σ1 and Σ2 be signatures, let Φi

be a set of Σi-formulae, for i = 1, 2, and let Vi = vars(Φi).
Then Φ1 ∪ Φ2 is satisfiable if and only if there exists a Σ1-interpretation A

satisfying Φ1 and a Σ2-interpretation B satisfying Φ2 such that

AΣ1∩Σ2,V1∩V2 ∼= BΣ1∩Σ2,V1∩V2 . �

Lemma 10 (Completeness). Let Γ1∪Γ2 be a (T1∪T2)-unsatisfiable conjunc-
tion of literals in 〈Σ1, Σ2〉-separate form.

Then there exists a derivation whose initial state is 〈Γ1, Γ2〉 and such that all
its leaves are labeled with false. �

Proof. Assume, for a contradiction, that no such derivation exists. Starting
from the initial state 〈Γ1, Γ2〉, apply exhaustively the rules in Figure 4, obtaining
a “limit” derivation D∞. This derivation must contain some branch B such that
none of its nodes is labeled with false . Thus

B = 〈Γ (0)
1 , Γ

(0)
2 〉, 〈Γ (1)

1 , Γ
(1)
2 〉, . . . , 〈Γ (n)

1 , Γ
(n)
2 〉, . . .

where Γ
(0)
1 = Γ1, Γ

(0)
2 = Γ2, and for each n ≥ 0, i = 1, 2 we have Γ

(n)
i ⊆ Γ

(n+1)
i .

Let Γ∞
1 and Γ∞

2 be the set of literals defined by

Γ∞
1 =

∞⋃
n=0

Γ i
1 , Γ∞

2 =
∞⋃

n=0

Γ i
2 ,

and let S = shared(Γ∞
1 , Γ∞

2 ).
We claim that Γ∞

i is Ti-satisfiable, for i = 1, 2. To see this, note that Γ
(n)
i

is Ti-satisfiable, for each n ≥ 0. It follows that every finite subset of Γ∞
i is

Ti-satisfiable, and by the Compactness Theorem, Γ∞
i is Ti-satisfiable.

Let A be a T1-interpretation satisfying Γ∞
1 . Since T1 is universal, by the

Herbrand Theorem 16 we can assume without loss of generality that A =
[T (Σ1, vars(Γ∞

1 )]A. Thus, by Abstraction rule 1 we have A = SA.
Similarly, there exists a T2-interpretation B satisfying Γ∞

2 such that B = SB.
The next step of the proof is to merge the interpretations A and B into a

single (T1 ∪ T2)-interpretation M satisfying Γ∞
1 ∪ Γ∞

2 . Clearly, this goal can be
accomplished by an application of the Combination Theorem 17 if we can show
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that AΣ1∩Σ2,S ∼= BΣ1∩Σ2,S. Accordingly, we define a function h : A → B by
letting

h(a) = [nameA(a)]B , for each a ∈ A ,

where nameA : A → S is any fixed function such that

[nameA(a)]A = a , for each a ∈ A .

It is easy, albeit tedious, to verify that h is an isomorphism of AΣ1∩Σ2,S into
BΣ1∩Σ2,S. We can therefore apply the Combination Theorem 17 and obtain a
(T1∪T2)-interpretation satisfying Γ∞

1 ∪Γ∞
2 . Since Γ1∪Γ2 ⊆ Γ∞

1 ∪Γ∞
2 , it follows

that Γ1 ∪ Γ2 is (T1 ∪ T2)-satisfiable, a contradiction. �

Combining lemmas 9 and 10 we obtain the following result.

Theorem 18. Let Ti be an universal Σi-theory such that, for i = 1, 2, there
exists a decision procedure for the Ti-satisfiability of quantifier-free Σ-formulae.

Then the rules in Figure 4 provide a semi-decision procedure for the (T1∪T2)-
unsatisfiability of quantifier-free (Σ1 ∪ Σ2)-formulae. �

6.4 Why Universal Theories?

Theorem 18 proves that the procedure presented in this section is sound and
complete under the assumption that the combined theories T1 and T2 are uni-
versal. As an example of what can go wrong when one of the theories is not
universal, consider the following theories

T1 = {(∃x)¬P (x)} , T2 = {(∀x)P (x)} ,

and the literal u �= v.
Since T1 ∪ T2 is unsatisfiable, it follows that u �= v is (T1 ∪ T2)-unsatisfiable,

but the decision procedure presented in this section is unable to detect the
unsatisfiability.

7 Conclusions

The problem of combining decision procedures is important for the development
of program analysis and program verification systems. The problem can be stated
as follows: Given decision procedures P1 and P2 for the quantifier-free validity
problem of theories T1 and T2, how can we obtain a decision procedure P1&2 for
the quantifier-free validity problem of T1 ∪ T2?

We saw that if T1 and T2 are stably infinite and the signatures of the theories
T1 and T2 are disjiont, then we can construct the decision procedure P1&2 using
the Nelson-Oppen combination method.

Despite being more than 20 years old, the Nelson-Oppen combination method
is the current state of the art solution for the problem of combining decision pro-
cedures in the disjiont case. The Nelson-Oppen method is also a generalization
of Shostak’s method.



Combining Decision Procedures 417

The problem of combining decision procedures for theories over non-disjoint
signatures is much more difficult, and has only recently been attacked by re-
searchers. We showed that if T1 and T2 are universal, then it is always possible
to combine the decision procedures P1 and P2, although only a semi-decision
result is obtained in general. Further research needs to be done in order to find
special cases in which decidability holds.
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Appendix

We prove the Combination Theorem 17, and then we prove the Combination
Theorem for Disjoint Theories 2 as a corollary of the Combination Theorem 17.

We will use the following lemma.

Lemma 11. Let A and B be Σ-interpretations over some set V of variables,
and assume that A ∼= B. Then ϕA = ϕB, for each Σ-formula ϕ whose free
variables are in V . �

Theorem 17 (Combination Theorem). Let Σ1 and Σ2 be signatures, let Φi

be a set of Σi-formulae, for i = 1, 2, and let Vi = vars(Φi).
Then Φ1 ∪ Φ2 is satisfiable if and only if there exists a Σ1-interpretation A

satisfying Φ1 and a Σ2-interpretation B satisfying Φ2 such that

AΣ1∩Σ2,V1∩V2 ∼= BΣ1∩Σ2,V1∩V2 . �
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Proof. To make the notation more concise, let Σ = Σ1 ∩Σ2 and V = V1 ∩ V2.
Next, assume that Φ1 ∪ Φ2 is satisfiable, and let M be an interpretation

satisfying Φ1 ∪ Φ2. Then, by letting A = MΣ1,V1 and B = MΣ2,V2 , we clearly
have that:

– A satisfies Φ1;
– B satisfies Φ2;
– AΣ,V ∼= BΣ,V .

Vice versa, assume that there exists an interpretation A satisfying Φ1 and
an interpretation B satisfying Φ2 such that AΣ,V ∼= BΣ,V , and let h : A → B be
an isomorphism of A into B. We define an interpretation M by letting M = A
and:

– for variables and constants:

uM =

{
uA , if u ∈ (ΣC

1 ∪ V1) ,

h−1(uB) , if u ∈ (ΣC
2 ∪ V2) \ (ΣC

1 ∪ V1) ,

– for function symbols of arity n:

fM(a1, . . . , an) =

{
fA(a1, . . . , an) , if f ∈ ΣF

1 ,

h−1(fB(h(a1), . . . , h(an))) , if f ∈ ΣF
2 \ ΣF

1 ,

– for predicate symbols of arity n:

(a1, . . . , an) ∈ PM ⇐⇒ (a1, . . . , an) ∈ PA , if P ∈ ΣP
1

(a1, . . . , an) ∈ PM ⇐⇒ (h(a1), . . . , h(an)) ∈ PB , if P ∈ ΣP
2 \ ΣP

1 .

By construction, MΣ1,V1 ∼= A. In addition, it is easy to verify that h is an
isomorphism of MΣ2,V2 into B. Thus, by Lemma 11, M satisfies Φ1 ∪ Φ2. �

Theorem 2 (Combination Theorem for Disjoint Signatures). Let Φi be
a set of Σi-formulae, for i = 1, 2, and let Σ1 ∩ Σ2 = ∅.

Then Φ1 ∪ Φ2 is satisfiable if and only if there exists an interpretation A
satisfying Φ1 and an interpretation B satisfying Φ2 such that:

(i) |A| = |B|,
(ii) xA = yA if and only if xB = yB, for every variable x, y ∈ shared(Φ1, Φ2).�

Proof. Clearly, if there exists an interpretation M satisfying Φ1 ∪Φ2, then the
only if direction holds by letting A = M and B = M.

Concerning the if direction, assume that there exists a Σ1-interpretation A
satisfying Φ1 and a Σ2-interpretation B satisfying Φ2 such that both (i) and (ii)
hold. Also, let V = shared(Φ1, Φ2).

In order to apply Theorem 17, we define a function h : V A → V B by letting
h(xA) = xB, for every x ∈ V A. Note that this position is sound because property
(ii) holds.
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We claim that h is a bijective function. To show that h is injective, let h(a1) =
h(a2). Then there exist variables x, y ∈ V such that a1 = xA, a2 = yA, and
xB = yB. By property (ii), we have xA = yA, and therefore a1 = a2. To show
that h is surjective, let b ∈ V B. Then there exists a variable x ∈ V B such that
xB = b. But then h(xA) = b, proving that h is surjective.

Since h is a bijective function, we have |V A| = |V B|, and since |A| = |B|, we
also have that |A \ V A| = |B \ V B|. We can therefore extend h to a bijective
function h′ from A to B.

Clearly, by construction h′ is an isomorphism of AV into BV . Thus, we can
apply Theorem 17, and obtain the existence of an interpretation M satisfying
Φ1 ∪ Φ2. �
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