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ABSTRACT. A decision procedure is given for the quantifier-free theory of recursively defined data structures 
which, for a conjunction of length n, decides its satisfiability in time linear in n. The first-order theory of 
recursively defined data structures, in particular the first-order theory of LISP list structure (the theory of cons, 
car,  and cdr), is shown to be decidable but not elementary recursive. (This answers an open question posed by 
John McCarthy.) 
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1. Introduction 

A wealth of advanced programming tools is being proposed currently--high-level program 
optimizers, symbolic program testers and debuggers, program verifiers, program transfor- 
mation systems, program manipulation systems, programming "environments," etc. Such 
systems depend on an underlying theorem proving capability for reasoning about pieces 
of program text, for instance, to determine if a transformation preserves correctness or if 
a program is consistent with its documentation. But until mechanical theorem proving of 
the sort required by these systems becomes practical (and it is certainly not yet clear that 
that will ever be the case), such systems will remain experimental toys. As a step in the 
appropriate direction, we describe in this paper a linear decision procedure for a class of 
formulas over a very common data structure; the procedure is easily implemented. 

We are interested in the decidability and complexity of particular classes of data 
structures for another reason. Today language designers devote considerable effort to 
evaluating new and old language features--deciding which should be banned, which 
tolerated, and which encouraged. The arguments given are generally subjective rather than 
objective and involve deciding whether programs are "easier" or "harder" to understand 
with or without particular constructs. One way to make such arguments more precise is to 
know the decidability and complexity of reasoning about these constructs. It is hoped that 
this will allow us to be more objective in deciding their fate. 

We explore in detail the question of reasoning about a particular class of data structures, 
the recursively defined data structures. These are essentially the recursive data structures 
proposed by Hoare [4] as a structured and constructive alternative to pointers. Most 
programming languages support such data structures either explicitly or implicitly (they 
can be mimicked by arrays), but the best known example of  them is LISP list structure, 
with constructor cons and selectors car and cdr. 

More precisely, recursively defined data structures are data structures which have asso- 
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2.4 CORRECTNESS OF THE DECISION PROCEDURE. It is straightforward to verify that the 
algorithm is correct if it returns unsatisfiable. Suppose that it returns satisfiable; we will 
construct an interpretation satisfying F. 

Let Ro be the partition of the vertices of G corresponding to the final equivalence 
relation R ~. We define k functions Slo . . . .  , sko from a subset of Ro to Ro, and a function 
co from a subset o fRo k to Ro. For 1 __. i _< k, an equivalence class Q is in the domain ofsio 
if Q contains a vertex u with outdegree k; in this case, sio(Q) = ~u[i]]]. (Since every vertex 
in G has outdegree either 0 or k, Q is in the domain of a particular Sio if and only if it is in 
the domain ofsio for all 1 _< i _< k.) A k-tuple (Q~ . . . . .  Qk) of equivalence classes is in the 
domain of Co if there exists a vertex u with outdegree k such that u[i] ~ Qi for 
1 -< i _< k; in this case, co(Q~ . . . . .  Qk) = [[u]]. Note that Co, S~o . . . . .  sko are well defined, 
since G is bidirectionally closed and every vertex in G has outdegree either 0 or k. However, 
these functions are not necessarily defined over the whole of Ro ~ and Ro. To construct an 
interpretation we must extend these functions; in the process we will construct an infinite 
domain for the interpretation. We now describe this construction. 

Let Go = G. Construct as above the tuple (Go, Ro, Co, S~o . . . . .  Sko). Suppose we have 
constructed the first j + 1 tuples (Go, Ro, Co, S~o . . . . .  Sko) . . . . .  (Gi, Ri, ci, s~j . . . . .  ski) . . . . .  

• Construct (Gj+~, Rj+~, ci+~, s~i+~ . . . . .  Sky+l) tO be the following extension of (Gi, Rj, cj, 
S l j ,  • • • , S k i ) :  

(1) For each equivalence class Q of Ri which is not in the domain of any siy, choose any 
vertex u in Q (u therefore has outdegree 0 in G2). In G2+1 add k new vertices as successors 
to u, each in an equivalence class of its own in Ri+l. Let cy.l([[u[1]]] . . . . .  [[u[k]]]) = Q and 
sii+~(Q) = [I-u[/]]], for 1 < i < k. By this construction the domain ofsiy+~ is Ry. 

(2) For each tuple (Q~ . . . . .  Qk) of equivalence classes of R2 not in the domain ofc2, add 
a new vertex u to Gi+~ in an equivalence class of its own in R2+1. Let u have outdegree k, 
and for 1 _< i _< k, let u[i] = v for some v in Qi. (Since (Q1 . . . . .  Qk) is not in the domain 
of cy, there is no other vertex w in Gi+~ with outdegree k such that w[i] E Qi for I < i < k.) 
Let c i+l(Ql . . . . .  Qk) = [[u]], and, for 1 < i _< k, let s~y+l([[u]]) = Qi. By this construction the 
domain of cy+~ is Rj k. 

Gj+~ is thus Gy except for the new vertices u~ . . . . .  up added in steps 1 and 2 above. Ri+~ 
is Ry together with the additional singleton equivalence classes [[u~]] . . . . .  [[up]]. cy+~, sti+~, 
. . . .  sky+i are c2, Sly . . . .  , shy extended as described in steps 1 and 2 above. The extensions 
are well defined. Notice in particular that if any s~i+~(Q) is defined, then all the s~y+~(Q) are 
defined. 

LEMMA. Suppose Q, Q1 . . . . .  Qk are equivalence classes o f  Ry. Then the fo l lowing hold: 

(1) l f  Q is in the domain o f  so , for  ! <_ i <_ k,  :hen (s~i(Q) . . . . .  shy(Q)) is in the domain o f  
cy and cAs~Aa) . . . . .  ski(Q)) = Q. 

(2) I f  (Qa . . . . .  Qk) is in the domain o f  cy, then cy(Q~ . . . . .  Qk) is in the domain o f  so, and 
siy(cy(Ql . . . . .  Qk)) = Qi f o r  1 <_ i <_ k. 

(3) G i under Ri is acyclic. 

PROOF. Base step: j = 0. If Q is in the domain of the S,o, then there exists a vertex u 
in Q with outdegree k. Therefore (Slo(Q) . . . . .  Sko(Q)) is in the domain of co and 
co(slo(Q) . . . . .  sko(Q)) = Q. So the first clause of the lemma holds. If (Q~ . . . . .  Qk) is in the 
domain of Co, then there is a vertex u with outdegree k such that co(Q~ . . . . .  Qk) = [[u]], 
and, for 1 <_ i <_ k, u[i] E Qi. Therefore, for 1 <_ i <__ k, co(Q~ . . . . .  Qk) is in the domain of 
sio, and s,o(co(Q~ . . . . .  Qk)) = [[u[i]]] = Qi. So the second clause of the lemma holds. Since 
Go under Ro is acyclic, the third clause holds. 

Suppose the lemma holds for j;  we show it also holds fo r j  + 1. 

Proof  o f  Clause 1. If Q is in the domain of one (and hence all) of s,2 . . . . .  sky, then the 
result follows from the induction hypothesis and the fact that (Gy+l, Rj+l, Cj+h S~j+~ . . . . .  

S~y+0 extends (Gy, Ry, cy, s12, . . . .  s~j). If Q is not in the domain of the s~j, then in constructing 
(Gy+b R~+~, c~+~, s~j+~ . . . . .  skj+~) we added k vertices as successors to some vertex u in Q and 
defined c2+~(s~j+l(Q) . . . . .  ski+~(O)) -- c~+~([[u[l]]] . . . . .  [[u[k]]]) = Q. 
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Proof of Clause 2. If(Q~ . . . . .  Qk) is in the domain of  c/, then the result follows from 
the induction hypothesis and the fact that (Gi÷~, Ri+l, cj+~, slg÷l . . . . .  skj+D extends (Gi, Rj, 
c, sjj . . . . .  shj). Otherwise, in constructing (Gj÷a, R~+~, ci+~, s~+l . . . . .  ski+j) we added a 
vertex u such that I[u]] = ci+~(Q~ . . . . .  Qk), and u[i] E Qi, for 1 <__ i <_ k. cj+~(Q~ . . . . .  Qk) 
is thus in the domain of  s,j+~ and so+ffci+~(Q~ . . . . .  Q~)) = Qi for 1 _< i _< k. The second 
clause therefore holds. 

The third clause holds from the construction. []  

Let R '  be the union of  the Ri. Let s~(Q) be s,j(Q) for the f i r s t j such  that so(Q) is defined. 
Let c '  be defined similarly. It follows that c', s~ . . . . .  s~ satisfy the axioms and are defined 
on all of RL 

We will now define an interpretation 4' which satisfies F. ~p interprets c, s ~ , . . . ,  sk as c' ,  
s'~, . . . ,  s;. It follows that this interpretation satisfies the axioms. It remains to show that 
~p satisfies F. It is straightforward to show that for every term t in the formula, tp(t) = 

V(t)~. But V(ti) and V(wi) have been merged for i _.< i ~ r, so tp satisfies the equalities in 
F. V(x,) and V(y,) are in different equivalence classes since step 3 returned satisfiable, so 

satisfies the disequalities in F. 

2.5 LINEARITY OF THE DECISION PROCEDURE. G can be constructed in several ways, 
but some care must be taken if it is to be constructed in linear time, that is, in time O(n) 
where n is the length of  the formula F. We describe one way of  doing so. 

Step I. For each term t in the formula, we construct G(t). We do not bother to identify 
common subexpressions; distinct occurrences of  similar subterms of  t will be represented 
by distinct vertices in G(t). However, we keep a list of  pairs (t, V(t)) for each term v~, w~, 
xi, and y, in the formula. We also keep a list of  pairs (a, V(a)) for each occurrence of  each 
atomic symbol a in the formula. We then form G, the disjoint union o f  these graphs. The 
number of  vertices and edges in G is O(n), and the time required to construct G is also 
O(n). 

Step 2. We next add to the graph the equalities asserted in the formula by merging 
vertices V(v3 and V(w,) for each equality v~ = w~ in the formula. Since in step 1 we kept 
track of  each V(v,) and V(w,), we can do step 2 in time O(n). 

Step 3. We now make equivalent all vertices with the same label. Each such vertex 
represents an atomic symbol in the original formula and so appears in the list of  pairs 
(a, V(a)) constructed in step 1. Under  a reasonable model, we can sort this list on the first 
argument of each pair (a, V(a)) in time O(n) using lexicographic sorting. We then scan 
this list; for each pair of  adjacent elements (al, V(a~)) and (a2, V(a2)) in this list, i f a l  = 
a2, then we make equivalent V(a~) and V(a2). This step again takes time O(n). 

(In practice, this elaborate method would not be used. Instead, we would use a hash 
table to store V(a) for each a and would never create two vertices with the same label. 
Languages such as LISP support this very efficiently.) 

Step 4. Next we construct G, the bidirectional closure of  the relation on Go constructed 
in the previous steps. Again we can do this in linear time, as shown in Section 2.2. Notice 
that in constructing the bidirectional closure, we automatically identify (make equivalent) 
all common subexpressions. The algorithm will abort if  cycles appear  in the graph, in 
which case we return unsatisfiable. 

Step 5. Finally, we check for any i from I to s if [[ V(x,)]] = [[ V(y,)~. Since in step 1 we 
kept track of each V(x~) and V(y,), we can do step 5 in time O(n). 

3. The First-Order Theory 

For concreteness, we will consider the first-order theory of  list structure (with function 
symbols cons, car, and cdr, and predicate symbols = and atom). 

First. the decision procedure given in the previous section for quantifier-free conjunctions 
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can be modified to be the basis for a quantifier-elimination method for this theory. 
However, as we will see, any decision procedure for the theory must be (asymptotically) 
very inefficient, and so we will content ourselves with an indirect proof. 

A pairing function on a set S is a one-to-one map J:  S x S --~ S. An example of  a pairing 
function over the natural numbers is the function J(x,  y)  = 2x3 y. 

Associated with each pairing function J are its projection functions K and L. These are 
partial functions S ~ S satisfying K(J(x,  y))  = x and L(J(x,  y))  = y.  Since K and L are 
partial, we will formally consider all functions as relations but will continue to write, for 
instance, K(z) = x instead of  K(z, x). (An alternative would be to make all functions total 
by introducing 1, the undefined element, into the logic.) 

K and L satisfy the axioms 

(1) VxVy3!z[K(z)  = x A L(z) = y]. 
(2) Vz[3x(K(z)  = x V L(z) = x) D 3 ! x 3 ~ ( g ( z )  = x A L(z) = y)]. 

The pairing function J is defined in terms of  K and L by J(x, y)  = z =- K(z) = 
x A L(z)  = y. 

The first-order theory of  pairing functions (the first-order theory with these axioms) is 
undecidable (unpublished results by Hanf, Scott, and Morley). However, with appropriate 
additional axioms the theory is decidable. These additional restrictions on K and L 
correspond to the acyclicity condition we put on our recursively defined data structures 
together with the decidability of  the theory of  atoms. 

First we partition the set S into two disjoint parts, the set A of  atoms and the set S - A 
of  nonatoms; atom(x) holds if and only if x is an atom. 

The following infinite axiom schema requires that the pairing function be acyclic on all 
nonatoms. 

(3) (Acyclicity) 
Vz[-~atom(z) A 3x(K(z)  = x) ~ K(z) # z]. 
Vz[-~atom(z) A 3x(L(z )  = x)  D L(z)  # z]. 
Vz[~atom(z) A 3x(K(L(z) )  = x) D K(L(z))  # z]. 

Next, if z is not an atom, it must have projections. 

(4) Vz[-~atom(z) D ~x(K(z)  = x)]. 
Vz[~atom(z) D 3x(L(z )  = x)]. 

Finally, once an element z lies in A, all iterations of  projection functions from z (as long 
as they are defined) must lie in A. 

(5) Vz[atom(z) A 3x(K(z)  = x) ~ atom(K(z)) A atom(L(z))]. 

A pairing function satisfying these axioms is defined to be acyclic except f o r  A.  
I fA is empty, the first-order theory with the above as axioms is decidable [5, 6]. I f A  is 

nonempty, the theory may or may not be decidable: Tenney [12] reduces the question of  
decidability to the decidability of  the theory restricted to the atoms; if the latter is decidable 
then so is the former. 

Consider the first-order theory of  list structure, cons is the pairing function J, car is the 
left projection K, cdr is the right projection L, S is the set of  s-expressions, and A is the set 
of  atoms. It follows easily from [12] that the first-order theory of  list structure is decidable 
if the theory o f  atoms under car, cdr, and = is decidable. 

There are many possible choices for A and its associated theory. First, A might be 
infinite (as in LISP) or consist of  the single atom nil (as in Boyer and Moore's original 
prover). Second, car and cdr may or may not be defined on all or some of  the atoms. If 
defined, car and cdr may be cyclic or acyclic (for instance, we might choose car(nil) and 
cdr(nil) to be nil as in MACLISP). Regardless of  the choice, as long as the theory of  atoms 
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is decidable so is the overlying theory of list structure. For a reasonable choice of  the 
theory of atoms its decidability is apparent. 

Therefore, for any "reasonable" axiomatization of  the theory of LISP list structure, its 
first-order theory is decidable. Unfortunately, an efficient decision procedure for the theory 
cannot exist. 

Rackoff [!1] has shown that no theory of  pairing functions admits an elementary 
recursive decision procedure, that is, one which always halts in time 22"''2n for any fixed 
number of 2's (n is the length of the formula). It follows that any decision procedure for 
the theory of list structure must be very inefficient in the worst case. 

Although Tenney [12] proved his result for pairing functions S x S ~ S, his argument 
holds as well for k-ary pairing functions, that is, pairing functions S k --* S which satisfy 
the obvious generalization of the above axioms. Similarly, Rackoff  [11] proves that his 
lower bound also applies to any k-ary pairing function. It follows that given a recursive 
data structure with constructor c and selectors s~ . . . . .  sk satisfying the obvious generali- 
zation of the above axioms, the associated first-order theory is decidable but not elementary 
recursive. 

The contents of  this section can be summarized as follows. 

THEOREM 3. The first-order theory of recursively defined data structures is decidable but 
not elementary reeursive. 
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