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Abstract

Fay has described in [2,3) 2 complete T-unification for equational theories 7" which possess a com-
plete set of reductions as defined by Knuth & Bendix [12]. This algorithm relies essentially on using the
narrowing process defined by Lankford [13]. In this paper, we first study the relations between narrowing
and unification and we give 2 new version of Fay’s algorithm. We then show how to eliminate many
redundancies in this algorithm and give a sufficient condition for the termination of the algorithm. In
a last part, we show how to extend the previous results to various kinds of canonical term rewrifing
systems.

1. Introduction.

In this paper, we are interested in unification problems arising in equational theories. More
precisely, we study the case of an equational theory T which may be embedded in complete set
of reductions {or canonical term rewriting system) R as defined by Knuth & Bendix {12]. Let us
write — the reduction relation associated to R and R{M) the (unique) —-normal form of any
term M. A decision procedure for T-equality is known via —-normal form:

M =1 N & R(M) = R(N).

We would like also to be able $o solve equations in T, that is to T-unify two given terms; this is
a quite difficult problem. Take for instance the canonical term rewriting sytem reduced to the

single equation:
f(f(zy)i2) = [z [y, 2)-

Solving equations in the corresponding equational theory is the problem of associative unification
which has only recently shown fo be decidable by Makanin {21].

A general result has been obtained by Fay who describes in [2,3] such a process to resolve
equations in T. This algorithm is not in general a decision procedure for T-unification since the
termination of the process is not insured. However one can organize this algorithm in such a
manner that it can be used as a semi-decision procedure for T-unification in the following sense: if
the two terms are unifiable, then a solution will be found in a finite time. Moreover Fay has shown
that this algorithm produces a complete set of T-unifiers. Improvements over Fay's algorithm
have been given by Lankford. An analogous result has been found by Huet who has given in [4]
a unification algorithm for A-calculus which relies essentially on the existence of a canonical form
for A-conversion.

In this paper we shall present a new version of Fay's algorithm. In a second step we shall
eliminate many redundancies in our algorithm and sufficient conditions will be given insuring the
termination of the algorithm.

New kinds of canonical term rewriting systems have been defined by Lankford & Ballantyne
[16,17,18}, Huet [6,7] and Peterson & Stickel [24]. Fay conjectures in [3] that his algorithm extends
to the case of permutative reductions [17] and Lankford & Ballantyne use such an extension for
associative and commutative theories in the appendix of [19]. We give in this paper exfensions
of Fay's algorithm for Huet's and Peterson & Stickel's canonical term rewriting systems.

2. An overview of first order terms.

We give a brief survey on first order terms. Our definitions and notations are consistent
with those of Huet [6] and Huet & Oppen [9].
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2.1. First order terms.

Let V be a denumerable set of elements called variables, and € a finite or denumerable set
of elements called constants with V N ¢ = §. Elements in C are graded by an arity function a:
C — N where N is the set of integers. The set of terms T is the smallest set containing V and

closed by the operations:
Ml,. ouy Ma(f} (o d f(M], ey M,(!))

for every f in C. If a(f} = 0 we abbreviate f{} in f. For every M in T, V{M) will denote the
set of variables of M.

2.2. Substitutions.

Definition. A substitution is a mapping o from V to V with o{z) = z almost everywhere.
Substitubions are classically extended as morphisms of T. For every substitution o, we define the
set of variables affected by o or domain of ¢ by Do) = {z|o(z) # z} and the set of variables
introduced by o by I(o) = UxGD(a) V{o{z)). For V C V, we define the restriction of o to V by
(¢ 1 V){(z) = o(z)if z € V and {0 } V){z) = z otherwise.

We define the preorder < of subsumptionin T by M < N & 36 o(M)=N.Iisuchao
exists, its restriction o V(M) is unique and we call it the maich of N by M. Finally, we define:
M=NaM<N & N< M, = is variable renaming. We extend < to substitutions by:
o Lo Ve ofz)< dz)

We say that two terms M and M’ are unifiable iff 30 o(M) = o(M'). Let us denote by
Ug(M, M') the set of all unifiers of M and M'. If two terms are unifiable, then there exists a
minimum unifier, that is 30 € Uy(M, M), V6 € Uy(M, M), 0 < 6. This element is unique up
to variable renaming and may be found by the unification algorithm {5,22,23,27]. Furthermore,
note that it is always possible to impose to the minimum unifier ¢ $he condition D{o)n I{o) = .
We will always choose such a minimum unifier.

2.3. Occurrences.

In order to have a formal way to deal with subterm of a term we define the occurrences that
is sequences of integers denoting an access path in a term. Leb N; be the set of finite sequences
of positive infegers, A the empty sequence and - the operation of concatenation on sequences. The
elements of N ;. are called occurrences and we denote them by u, v, w. The set of occurrences is
partially ordered by the prefix ordering: ¥ < v & Jw v = 4-w in this case, we define v/u = w,
If u £ vand v £ u we say that u and v are disjoint, and we write u | v. Finally, we define
u < viff u <vandus v For any term M, we define its set of occurrences O(M) as a finite
subset of N:,. as follows:

iy Aeo{am)
(i) vue O(M)=i-u€ O(F(My,...,Mn)) Vi 1<i<n.

If u € O(M), we define the subterm of M at u as the term M/u, and for every M’ the
replacement in M of M' at u as the term Mlu «— M}, by:

() M/A=M,

(i) F(Ms,..., Mi}fi u= My,

(i) MJA« M= M,

{iv) F{Miy,..., Ma)[i - u e M) =F(M,..., Milu « M'],..., My).

In order to distinguish between variable and non-variable occurrences we define O{M) as
{u € O{M)}|M/u g V}, and Fr{M)={uc O{M)IM[uE V}.
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3. Reduction, narrowing and unification,

We call an equation any pair of terms. An equation will be denoted by M = N. Let T be
any finite set of equations. We define the relation == on T as the compatible, stable, symmetric
closure of T. We define the equality in the equational theory T or T-equality to be the congruence
generated by T, that is =p. It will be denoted by =7.

Example. The equational theory of groups is generated by the set of equations:

z4+0=1z
z+{—2)=0;
z4+y)+z=z2+(y+2)

We are interested in unifying terms in the equational theory T; given two terms M and M',
we shall say that a substitution ¢ is a T-unifier of M and M’ iff o(M) =r o(M'). Ur(M, M)
will denote the set of all T-unifiers of M and M'. When dealing with ordinary unification, we
have seen that two unifiable terms have a minimum unifier. This is no longer the case with 7'~
unification. However, this notion generalizes to the one of complete set of T-unifiers [4,5,25].

Definition. Let M and M' be two terms and W be a finite set of variables containing V =
V(M) U V(M'). We say that a set of substitutions X is a complete set of unifiers of M and M’

away from W iff:

(i) VYoex Dlo)CV & Io)NW=4,
(i) 2 Cur(M, M,
(iii) VoeUp(M,M') el 8<ro[V]

where <r is the preorder defined on T by M <r M' iff M' =r o(M) and <7 [V] is the
following extension of <r to substitutions: o0 < ¢ [V] iff there exists a substitution p such that
&{z) =7 plo{z)} for all z in V. C5Uz(M, M', W) will denote the set of all such Z's. In addition
% is said to be minimal iff it satisfies the further condition:

(iv) Yo, 0’ €Z o#d=o0drd [V]

A discussion of general properties of complete set of unifiers may be found in [5]. Remark
that the introduction of the set W is motivated by technical reasons: it is a way to avoid conflicts
when choosing new variables.

A T-unification algorithm is complete if it generates a complete set of T-unifiers for all
T-unifiable input terms. Complete unification algorithm are known for various theories includ-
ing commutativity, associativity [25], idempotence {26, associativity and commutativity [29],
associativity commutativity and idempotence [20] and abelian group theory [14]. Note that we
do not require any termination property.

A very general result on T-unification problems has been obtained by Fay who describes in
[2,3] such a T-unification algorithm in the case where the equational theory T'may be described by
a complete set of reductions as defined by Knuth & Bendix [12]. We recall that a term rewriting
system R is a set of pairs of terms i — 6, such that V{yx) C V(&) We say that term M — -
reduces to term N at occurrence u and we write M — N iff:

Iy —» & ER Jo Juc O(M) Mlu=oln} & N= Mu« o(b)].

Sometimes we will write: M —{u4) N. We say that a term M is in — g-normal form iff AN,
Mo N. UM --»:Q N and N is in — g-normal form, we say that N is a — g-normal form of M.
We say that a substibution o is in — g-normal form iff Yz € D{0}, o(z} is in — g-normal form.

A term rewriting system R is said to be a complete set of reductions or a canonical term
rewriting system iff:
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{a) — » is ncetherian, that is, there does not exist infinite derivation M; — M, --

(b) —» & is confluent, that is VM, My, Ma, such that M -—»; M;and M "*:g M, then 3M' such
that My —p M and Mz »p M'.
Note that if R is a canonical term rewriling system, each term M admits a unique — z-
normal form we shall denote by R{M). Thus a decision procedure for T-equality is known via
this normal form. More precisely, we have:

M =¢ N & R(M) = R(N).

Knuth & Bendix give in {12] a way to decide if a finite and netherian term rewriting system R
is canonical. A detailed study may be found also in [6].

It is not possible to define a canonical term rewriting system for a theory 7 which includes
for instance a commutativity axiom {condition {a) never holds with such an axiom). Differents
ways have been proposed to extend the notion of canonical term rewriting systems as we shall
see in section 5.

Qur aim in this section is to give a new version of Fay's algorithm.

Notation. — will be — where R is any canonical térm rewriting system defining an equational
theory T.

3.1. Narrowing.

The basic idea in Fay's algorithm is to combine ordinary unification and “narrowing”.
Informally narrowing a term is applying to it the minimum substitution such that the resulting
term is not in —-normal form and then reducing it one step. Slagle [28] has first noticed the
difficulties arising when working with terms which are “narrowable” and thus considered in its
work only sets of clauses which are fully “narrowed”. Lankford in {13] was first to show the
interest of the iteration of narrowing and to give applications of such a “narrowing procedure”.
We define below a relation on T we call the narrowing relation. A step of derivation using this
relabion it very close to the notion of immediate narrowing of Lankford.

Definition. Let M be a term and V be a finite set of variables containing V{M). Assume there
exists a non-variable subterm of M, say M, which is unifiable with the left part of some rule
% = b in R. More formally:

Ju€O(M), Fn—6€R, Ug(M[u,w)#0,

where we assume qx — 0 is renamed so that V{y) NV = 0.

Let o the minimum unifier of My = M/u and .. We say that o is a narrowing substitution of
M away from V. N5{M, V) will denote the finite set of such substitutions.

Let us now consider the term M obtained from o(M) in replacing o( M) by o(6%), that is:

M' = o(M)ju « o{f)] = o(Mlu « &]).
We say that M is narrowable in M' at occurrence u using rule 7, — & and we write:
MAA (ko) M.
Ay is called the narrowing relation on 7.

Notations. Sometimes we will abbreviate Ay [y k o) in Apt{u,k) oF At(o).
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Remark 1. Note that our definition is not exactly the one used by Lankford, Fay or Slagle. More
precisely, we do not assume $hat M is normalized and we do not normalize M', so that we have:

—C A

The motivation behind this modification is that we want to express very precisely correspondances
between reduction and narrowing in order to find sufficient conditions insuring the termination
of the narrowing process.

Remark 2. The condition V{yx) NV = § insures that o( M) is reducible by — using 4% — 6.
Note that M’ may contain variables which are not in V; these variables come from V(7). In the
next section, when we shall study the iteration of the narrowing process we will have to make
explicit the renaming of variables of the 7's at each step of the iteration in order to avoid conflict
between the names of all these “new” variables. In practice the problem is simplified in using the
GENSYM operabor of LISP for instance.

Example. Let us consider the following canonical term rewriting system R:
R = {f(z,z) - z},

and the term M = f{z;, f{y1,#1)). M is narrowable at occurrence A since it is unifiable with

f(zl z):
MAS I flyy21), o= {{z « flg, 21)) (21 & fly, 21))},

and at occurrence 1 for the subterm f(y1, 21) is unifiable with f(z, z):

Mj\f'iljf(zh z), o= {{y1 < z}, (21 < 2)}.

Remark 3. Let us now have a look back to the initial problem we were interested in: given two
terms P and @, find a substitution & such that:

U(P) =r G(Q)x (1)

or equivalently:

R(o(P)) = R{o(Q))- 2

Assume the problem has a solution, say o, then there are two cases: either o is a unifier of P
and @ in the usual sense in which case one can find a minimum unifier of P and @ in using the
unification algorithm. Or o does not unify P and @, in which case at least one of o(P) and o{Q)
is ~—»-reducible, since otherwise it would be impossible to have {2). In this case at least one of P
and @ is narrowable.

3.2. Narrowing and reduction.

Using the notations of remark 3 of the previous section, the equivalence between (1) and
(2) gives a particular interest in the study of —-derivation issuing from (M) where o is any
substitution and M is any term. The aim of the following theorem is to show how one can make
correspond any such derivation to a Ap+-derivation and conversely. In other words, we shall show
that any -+-derivation issuing from o{M) may be “projected” on a AN+-derivation issuing from
M. And conversely any Ap+-derivation issuing from M may be considered as the “projection” of
a certain class of —-derivations.
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Theorem 1. Let M be any term, V be a finite set of variables containing V(M), and n be a
normalized substitution with D(n) C V(M). Consider any —-derivation issuing from n{M):

(M) = No ={ugkc) N1 {ugks) Na =+ Dup_skns] Ve {1)
There exists an associated Np+-derivation issuing from M:

M= Mo'\/‘(“o,ko.da] MIJ\"{M;M.#:}MN’ ' 'J\f’[%n—nkn-—bcu—lem (2)
and for each i, 0 < 1 < n, a substitution 5; and a finite set of variables V; such that:

B dm)CVvy

(ii)  n; is normalized,

(iii) (n1V)=(n:1V),

(IV) ']i(Mi) i Nl':
where 8 = € and 0i41 = 0i410:.

Conversely, to each N-hden'vation (2) and every y such that 8, < n[V], we can associate
a —-derivation (1).

As usual the motivation behind the introduction of the V; is technical: it is a way to avoid

conflicts between “new” and initial variables. As one can see in the following proof, it is not
totally trivial to deal in a mathematical way with this problem of renaming. In a certain way we

have to give all the details of a “garbage collecting” process.
Proof. = By induction on 1. For { = 0 i} is obvious, taking no = and Vo = V U D{n). Let us
assume (i} $o {iv) hold for 1.
Since MAP(y, 5qMit1, we have:
Jo ol) = Mifu,

where 7k, is renamed so that D(o)NVi=0.
From assumptions {ii) and (iv) for ¢, we get u; € O{M;) and therefore:

ni{ Mifu;) = oyx,).
Let us consider p == n; U 0. We have:

p(Mifui) = prx),
and thus:

MN[“’(!"(!“(’M‘-’—l’

where o0; is the minimum unifier of M;/u;41 and 7k, We have o; < p, and thus there exists a
substitution n' such that p == n's;. Therefore:

i = ((n'o) 1 Vi),
Now, let:
Vit = (ViU I{ey)) — D{ey),
and:
titr =11 Viga.
We geb (i) and:
7= {nit10) 1 Vi ™
{remember that we impose D{0:) N I{o:) = 9).
Now, let us consider z in Vi4,. There are two cases:
a) z € I(o:); then 3y € D(n;) such that z € V(oi(y)), and ni(y) = ni41(oi(y)) normalized
implies ni41(z) normalized.
b) otherwise oi(z) = z since 2ZD(0i+1) and therefore ni43(z) = n:(z) is normalized, which
proves (ii).
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We now assume {iii} for 1:
ptV=nb1V,
and show it fo 1 + 1. From (¥) above, we get:
(60 1V = ((ni203) T Vi)O) 1 V.
From the definition of 6;, we get I{6;) C Vi and V C V;U D{8;). The above expression simplifies
therefore to:
(ni4100) TV = (ni4100) TV,
proving (iii).
Finally we get easily V{M;) C Vi, from which we gel:
Bira{ Mita) = nipaod Mijus « 6]} = nil Mitis & 6y ) = Nigs,
proving {iv).
Note that because of (iii) every 6; 1 V is normalized.
¢ Conversely, let us consider any Ap+-derivation (2) and any substitution n such that 8, <
nV]. Let p be such that n 1 V = (pfa) 1 V. We define substitutions ni for 0 < ¢+ < n— 1 by:
N = pOpOp.y * Oy
and substitution n, as being p. With Ni = ni( M), it is easy to show by induction on i, that:
n{M) = No —{uoko) N1 =ug k) N2 =+ 2un_s knes] No-
Now:
Nog = no{Mo) = no(M) = nafn(M) = n(M),
since V(M) C V, which establishes the ¢=-part. B

3.3. Narrowing and unification.

In this section we will describe a non-deterministic T-unification algorithm. Before giving this
algorithm we prove two key lemmas about the connection between narrowing and T-unification.
Let us consider two terms P and @. In order to find T-unifiability properties of these two
terms we will have to iterate the narrowing process on both P and @ in parallel. It will simplify
matters to iterate the narrowing process on the single term M = H(P, @) where H is a “new”

function symbol, that is H ¢ C, playing the role of cartesian product.
In lemma 1, we show how to combine narrowing and ordinary unification to build T-unifiers.

This lemma will show the correciness of the unification algorithm.
Lemma 1. Let us consider any Np+-derivation:
M =H(P,Q)= Mo)\(*Mx = H(PI:QIW” "N"Mﬂ = H(Pn, @n),
such that P, and @ are unifiable say by substitution 0. Then ¢8, is a T-unifier of P and @,
where 8, is the composition of substitutions along the derivation, as defined in theorem 1.
Proof. Using the & part of the previous theorem with § = pn, we can associate to this Ag-
derivation the following —-derivation:
6a(M) = No— Ny -» Nz =+ -+- = No = H(NE, N),
and thus, we have:
89.(P) =" NP & 0.Q) - N&.
Moreover, since #, = € in this case, we have:
Nf=P, & NI=Qn,
thus:
00n(P) =1 00(Q),

since these two terms are —-reducible to the same term.

In lemma 2 we show that any T-unifier may be reached in such a way. This lemma will be
used when showing the completeness of the T-unification algerithm.
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Lemma 2. Let P and @ be two terms which are T-unifiable, p be any T-unifier and V' be a finite
set of variables containing V(P)U V{(Q). Then there exists a N\p+-derivation:

M = H(P, Q) = M~ My = H(P;, Qi/A\»- A\ M, = H(Pn, @»),
such that P, and @, are unifiable. Let p be the minimum unifier of P, and @, we have:
#n <1 p [V].
Moreover we are allowed to restrict our attention to Ap»-derivations such that: ¥i, 0 < 1 < n,
8: 1V is normalized.

Proof. We have p{P) =17 p(Q) thus with n = R(p), where (R(p))(z)} = R{p(z)}, #(P) =7 n{Q)
that is these two terms have a same normal form which we call R. Then we have:

n(M) = H(n(P),7(@)) = No = -+- = N = H(R, R).

The corresponding Ay*+-derivation is such that:

Qn(Mn) = H('?#(Pn)r ’?n(Qn}) = Ny = H{R’ R)
Thus n, is a unifier of P, and @,. Let g be the minimum unifier, we have: 3¢ §u = 7,
therefore:

(Epbn T V) =(nabn 1 V)= 1 V)=r(p1V),
that is:

we <7 p [V],
which proves the lemma. B
We are now ready to describe how fo build a complete set of T-unifiers for two terms.

Theorem 2. Let T be the equational theory defined by a canonical term rewriting system R. Let
P and @ be two terms, M be H{P, @} where H is a new function symbol {H ¢ C), and V be a
finite set of variables containing V(M). Let I be the set of all substitutions o such that o is in
T iff there exists a N\p+-derivation:

M=HP,Q)= Mo"\r‘M1 (Pl,Qly\l’”')\f'Mn = H(Pn, @),

such that P, and @, are unifiable, 8, is normalized and ¢ = uf, where p is the minimum unifier
of P, and Q.. Then I is a complete set of T-unifiers of P and @ away from V.

Proef. L.emma 1 proves consistency and lemma 2 proves completeness. E

A T-unification algorithm follows from the consiruction of theorem 2: enumerate all elements
of X. Essentially this algorithm is the same as Fay's; however we do not normalize terms at
each step. Note that, althougt this set may be infinite, one can organize the enumeration in
such a way that if two terms P and @ are T-unifiable, then a T-unifier will be produced in a
finite number of steps. Thus this algorithm gives a semi-decision procedure for T-unifiability.
In the following section we shall study how to refine this algorithm in order to eliminate some
redundancies. Moreover a sufficient condition for the termination of the construction will be
given.

Note also that this algorithm does not enumerate a minimal set of unifiers {even when such
a seb exisbs as one can see in the example of associativity), We will give an example in section 5
where a complete and finite T-unification algorithm is known and the algorithm described here
does not even terminate.

4. Elimination of redundancies.

In this section we are interested in eliminating some redundancies in the construction of
theorem 2. To achieve this aim we shall restrict our attention to special Ay+-derivations. Since
we have seen in theorem 1 that any Ap+-derivation issuing from M is the “projection” of a —»-
derivation issuing from n{M) such that n is normalized, we shall first give a particular property
verified by all such —-derivations.
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Definition. Let us consider 2 term N and a seb of occurrences U of a proper prefix of N {e.g.
U = O(M), for some M < N). We define by induction what it means for a derivation:

N == No = {ug,ko] Ny “Hughs] " i nki—a] Mis

to be based on U, and we construct sets of occurrences Uy C O(Ny), 0 < 1 < n, as follows:
¢ the empty derivation is based on U, and Up = U,

o if the derivation above is based on U, then the derivation obtained from it by adding one
step Ni ~+[uk) Nig1 is based on U iff u; € Ui, and in this case we take:

Uigr = (Ui — {v € Uilus < v}) U {us - vlv € O(6 )}

This definition is quite technical, but the practical meaning is easy to understand. Consider
for instance the following term rewriting system:

f(k{z)) - h(z); (r1)
h(h(z)) = =; (r2)
h{a) = a. (r3)

We consider terms M = h(f(z)) and N = h{f(h(a))) that is N = o(M) with o(z) = h({a). Note
that o is not normalized (see lemma 3 below). In order to be based on O{M) a derivation issuing
from N must not affect o{z). For instance the following derivation using rule {r3) is not based
on O(M):

N = h{f(h(a})) = h{/(a)).
Thus it must affect a subterm which has a prefix in M, for instance the following step of reduction
using rule (r1):

N = M/(h{a))) = h(h(a)).
Since the affected subterm was f{#{a)} the definition says that we can iterate these considerations
with My = h(z), N1 = h(h(a)) and 01(z) = k(a). Thus the only way to go on is:

h{k(a)) = a.
Let us now give a lemma which shows our interest in derivations based on a set of occurrences.
Lemma 3. Let N = n(M), with n normalized. Every —-derivation from N is based on O(M).
Proof. Obvious. §
Definition. A Ap-derivation:
M = MNP {uo ko MIN? [us ks MaAS - AP i kg M,

is said to be basic iff it is based on O(M) (in the same sense as in the previous definition for —-
derivation).

Let us now consider the Ap+-derivation:
M = Mo uo k0,00 M [us,k1,00 M2 AP fun s, knes,0n—1] My
associated by theorem 1 fo any —-derivation:
(M) = No ={uoikel N1 =usbs] Na = Dun_siknsy] Nny

such that n is normalized. Because of lemma 3 this —-derivation is based on O{M), and since
the sets U; are the same for the —-derivation and the Ap-derivation it follows easily that the

considered Ny+-derivation is basic. Thus, we have:
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Theorem 3. The Ap-derivations constructed in the =-part of theorem 1 are all basic.
As a corollary of theorem 3 we can now give a refined version of theorem 2:

Theorem 4. Theorem 2 holds if we consider only basic Ap+-derivations.

The main interest of this theorem is that we can give a sufficient condition for the termina-
tion of the narrowing process when we consider only basic Ap+-derivations and therefore for the
termination of the corresponding T-unification algorihm.

Proposition 1. Let R = {7 — 6k} be a canonical term rewriting system such that any basic
Ns+-derivation issuing from any of the §.'s terminates. Then any Np+-derivation issuing from any
term terminates.

Proof. Let us consider any basic N\-derivation:

M = Mo MA - A g MAS (g Mige a5

The basic idea underlying the proof is the following: at each step of the derivation, either u;
comes from O(M) and such an occurrence may be used only one time, or this step of derivation
“is part” of some A+-derivation issuing from a 6x. More formally, we define sets of occurrences

G by:

[ ] 90 = —O-(Mo),

e Sipi=(Gi—{uju€ 8 & u; <u})if u;€ 5 and Gip1 = §; otherwise.
We define also sets X;. Each element of a ¥; will be a pair which left part is an occurrence u and
which right part is an integer n{u). For each 4 — 8 € R we define integer n, to be the maximal
length of a derivation issuing from 6.

e Mo = 0.

oif u; € Gy, Higy = ()(u' —{(u,nujueX; & w<u}y {{ui ne)}y

& otherwise let us consider the following sequence of occurrences in N

vo = A, vy,..., 0 = U,

Since uiZG:, there exists an integer g such that vq € §: and vy+1¢6;. In this case, we
define: Miyy = (¥i — {{vg-+1, n(vg+1)}}) U {(vg-+1, n{vg41) — 1)} (note that vgy is an u;y
with j < 1).
Along the lines of the definition of basic Ap+-derivation, it is easy Yo prove that, if a right part of a
couple in one X; reaches value 0, then no more narrowing will be possible under the corresponding
left part occurrence, Moreover, one of the fwo following situations occurs:

(a) either [Giys] < |G, [Migal < Wil +1,
(b) or [Gisl = |Gil, [¥ita| = ||, and the right part of one of the elements of }; has decreased
from 1.

Thus situation (a) may occur only |G| times in the derivation. Then we have Vi, |}i| < [Gol. It
is then easy to prove the termination, using the decreasing of the integers in situation (b).

Proposition 2. If the hypothesis of proposition 1 holds, the construction of theorem 4 leads to a
complete and finite T-unification algorithm.

Example 1. In the case where all right parts of the rules of a canonical term rewriting system are
variables, the previous proposition obviously applies. This is the case for idempotency law alone.
However, in this case, a more powerful {for minimal) complete and finite T-unification algorithm
is known [26].
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Example 2. Another example is quasi-group theory, which can be defined by the following set of
equations:

(z\y) =y (1)
@/)xy=75 (a2)
e\(zxy) =y (a3)
[zxy)]y=1=. {ad4)

This set of equations can be embedded in a canonical term rewriting system R, as shown in [11}:

s(z\y) - v (r1)
(z/y)*y— 3 (r2)
z\(zxy)—y; (r3)
(zxy)/y— = (r4)
/v\z—y; (r5)
z/{y\z) >y {r6)

Thus we obtain the first known complete and finite T-unification algorithm for quasi-group theory.
Note that our result applies in the same way to all particular quasi-group with identities studied
by Hullot in [11].

Example 3. This example is from Lankford [15]. Let us consider a theory T defined by a finite sef
of ground equations. In this case, using a lexicographic ordering to show the finite termination
property, it is always possible to build a canonical term rewriting system from the equations.
Moreover, since the right parts of the resulting rewrite rules are ground, no Ap-derivation is
possible from these terms. Thus the narrowing process is finite and the construction of theorems
2 & 3 gives a quite elegant way to solve equations in such theories. We have implemented this
equation solver as a LISP program.

5. Extensions.

Under cerbain conditions it is possible to define canonical term rewriting systems on equiv-
alence classes of terms modulo permutations. This has been done for commutativity by Lankford
& Ballantyne [16], for associativity and commutativity by Lankford & Ballantyne [18] and
Peterson & Stickel [24]. In the case where the term rewriting sytem is left linear Huet [6,7] has
given general results. We are interested in this section to extend the results of sections 3 & 4 to
all these cases.

Let T be the equational theory defined by T == £ {J R where R is a term rewriting system
and £ is a set of equations verifying:

Viv,8)e €& V(v)= V()

In all this section, we assume the existence of a complete £ -unification algorithm. We shall study
three cases according to the three methods known to extend Knuth & Bendix's results.

First we shall study the case where R is a canonical term rewriting system modulo =, (Huet
[6]), that is — & is neetherian in the quotient structure by =¢, and — is confluent modulo ==¢,
e.g. VMy, M, My, MY, such that My =¢ My and M, ->2 MY and M; =% MY}, then IMY,

" such that M, =% M" and MY =; MY%. Note that if £-equality is decidable, a decu;lon

procedure for T-equality is known: M =p M' iff R(M) =¢ R(M").

For the two other cases, we have to define a new relationon T

—py === R,
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that is: to achieve one step of — ., b0 a term M, one has o find any term £-equivalent to M which
is — g-simplifiable and then to achieve one step of — z-reduction. We define also 2 new notion
of canonical term rewriting system: we say that £ is a canonical term rewriting system over £
iff —~, is neetherian and — ¢ is confluent over =, that is YM, M;, Mj, such that M »»,;, My
and M — ., Ma, then 3M", M’, such that My —»., M} and Mz —»-, M% and M’ =; M}%. Note
that in the case where £-equality is decidable and —..~simplifiability is decidable and R is a
canonical term rewriting system over ==¢, we have a decision procedure for T-equality: M = M’
iff Reo{M) =¢ R{M') where R..(M) is 2 - -normal form of M which is unique modulo =,.

One difficulty with this approch is the need of a decision procedure for — .-simplifiability.
In the case where all equivalences classes under = are finile, such a decision procedure is easily
obtained by generating the equivalence class of a term and by checking — g-simplifiability on
each element of this class. This is the way used by Lankford & Ballantyne when dealing with
permubative reductions [16,17,18].

Another way is given by Huet in [7]. We first give a definition.

Definition. — p is said to be = ¢-uniform iff:

M-, N & M=;M=23N" M -z N.

Proposition. Assume - p is =g-uniform, then for any term M, M is - o,-reductible iff M is ~—-
reductible.

Proof. Obvious g

Huet gives in [T} a way to decide, for any finite left linear ferm rewriting system R and any
finite set of equations £ having decidable £-equality if R is a canonical term rewriting system
over =g.

Another way has been introduced by Peterson & Stickel [24]. The idea is to extend — 2 in
a new relation —,¢.

Definition. We say that M —p ¢ N ifft
J9—>+6€R 3o ucO(M) Miu=;oly) N= My« o8)

Remark that — g, ¢-simplifiability is decidable, when R is finite, if T-matching is decidable.
We define now a new notion of uniformity.

Definition. — 5 ¢ is said to be £-uniform iff:

VMN M- N=3P M-ogrP.

Proposition. Assume — g ¢ is £-uniform, then for any term M, M — -simplifiable if M — 4 ;-
simplifiable.
Proof. Obvious

Peterson & Stickel give in [24] a way %o decide if R is a canonical term rewriting system
over £ in the case where there exisis a compiete £-unification algorithm and R is “£~compatible”
which condition is stronger that £-uniform.

We shall extend our results to the three following cases:

{1) R is a canonical term rewriting system modulo =;.
{(2) R is a canonical term rewriting system over =; and — is = s-uniform.

{3} R i6 a canonical term rewriting system over =; and —g,¢ is £-uniform.
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For cases (1) and (2) we will use the same notion of narrowing as in previous section. For case (3)
we shall define a new definition of narrowing using — ¢, ¢ instead of —z. Note that this notion of
exbended narrowing has been introduced by Lankford & Ballantyne {19] in the case of associative
commutative derivations. We generalize the result to all cases covered by Peterson & 8tickel's
paper [23] and prove the correctness of this new T-unification process.

Note that we extend theorems 1 & 2; however it is possible to extend results of section 4 as

well.

5.1. Extension to cases {1) & (2).

Lemma 4 (resp. 5} is an analogue of lemma 1 (resp.2). We use the same notations: P and
Q are two terms, H is a “new” function symbol and M is H{P, @).

Lemma 4. Let us consider any N\-derivation:
M = H(P,Q) = M\t M; = H{P;, Qs\r*-- -Mn = H{Pn, @x),
such that P, and Qn are £-unifiable, say by substitution 0. Then 00y, is a T-unifier of P and Q.
Proof. The proof closely follows that of lemma 1. E
Lemma 5. Let P and @ be two terms which are T-unifiable, p be any T-unifier and V' be a finite
set of variables containing V(P)U V(Q). Then there exists a Ay+-derivation:
M = H{P, @) = Mc\»* My = H(P,, @i\ - N+ Mn = H(P0, @),

such that P, and @, are {-unifiable. Let I be any complete set of £-unifiers of P, and @n away
from V U V,. We have:
IET wha <7 pV].

Moreaver we are allowed to restrict our attention to Np+-derivations such that: ¥i, 0 < i < n,
8; 1V is normalized.

Proof. We have p{P) ==¢ p{Q) thus with n = R{p}, 7{P} =r 5(Q). Let{ us consider a derivation
from n{M) to one of its normal form:

n(M) = H(n(P),n(Q)) = No = -+ = Nu = H(Np, Ng),

where Np is a —-normal form of {P) and Ng is a —-normal form of 4{@Q). In the two cases we
are studying, we have then Np = Ng. For the corresponding A+-derivation we have:

Na{Mn) = H(n(Pn), 1n(@n)) = Nn = H(Np,Ng).

Thus 7, is a £-unifier of P, and @, Let I be any complete set of £-unifiers away from V U V.

We have:
Jue uT(VUVn) <e ﬂnT(VUVn),

then:
36 (Eﬂ') T (V ) Vn) =¢ Mn T (V U Vn),

thus:
(€ub) TV =l 1 VUV T VI=c (1 T (VUVR)(0a T V) = (nabn 1 V)

and:
(nba V)=t V)=1(p1V),
that is:
I"G" ST pHV]])

which proves the lemma. E
We can now give an analogue of theorem 2:
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Theorem 5. Let T be the equational theory defined by T = R U £ where R is:
o either a canonical term rewriting system modulo =,
# or 3 canonical term rewriting system over =¢ such that — » is =¢-uniform,

and £ is a set of equations defining an equational theory in which a complete £-unification

algorithm is known.
Let P and @ be two terms, M be H(P, Q) where H is a new function symbol (H & C}, V
be a finite set of variables containing V(M). Let I be the set of all substitutions o such that o

is in X iff there exisis a N -derivation:
M = H(P, Q) = M\ M; = H(PI,QIWM!: = H{Pn, @n),

such that P, and Q. are £-unifiable, 8, is normalized and o = 10, where y is any element in a
complete set of £-unifiers of P, and Q.. Then X is a complete set of T-unifiers of P and @ away
from V.

Proof. Lemma 3 proves consistency and lemma 4 proves completeness.

5.2. Extension to case (3).

R is a canonical term rewriting system over =; and -z, ¢ is {-uniform. In this case, we
need to define a new notion of narrowing.

Definition. Let M be a term and V be a finite set of variables containing V(M). Assume the
following situation holds:

Ju € 5(M) 3’11; -0 €ER HE{M/u:'?k; Wk) % @’

where we assume 7. — 8 is renamed so that V{yx) NV = 0 and Wi is a finite set of variables
containing V(1)U V.

Let X be any complete set of &-unifiers of M/u and 4, away from Wy, then each element
of X will be called £-narrowing substitution of M away from V. NS¢(M, V) will denote the set
of all such substitutions.

Let N be the term o{M|u « &]) where o is any substitution in Z. We say that M is £-
narrowable in M at occurrence u using rule 75 — & and we write:

M"\{" l‘,{u,k,a}N-

A+ ¢ is called £-narrowing relation on T.

Notations. We will use all notations of section 3. In particular A+ -derivations are defined in
an obvious way.

Theorem 6. Theorem 1 holds if we replace —-derivation by — g, ¢-derivation and N\~+-derivation
by A+ ¢-derivation.

Proof. The proof follows closely the one of theorem 1, we do not give it.

1{ is now easy to prove lemma 4 & 5 where narrowing is replaced by £-narrowing. Finally
we give an analogue of theorems 1 & 2.

Theorem 7. Let T be the equational theory defined by T = RUCE. £ is a set of equations defining
an equational theory in which a complete €-unification algorithm is known. R is a canonical
term rewriting system over =g such that —p ¢ is £-uniform. Then the result of theorem 5 holds
where £-narrowing is used instead of narrowing.
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Example. We give an example in abelian group theory. In this case £ will be the set of two
equations defining the associativity and commutativily of +. We list below a canonical term
rewriting system for abelian group theory :

240~z {r1)
g+ (—2)= 0 (r2)
—0 — 0; (r3)
~{(—2) = 3; (re)
—{(z+y) = (—2) + (—v) (r5)
which appears in [24,18]. Note that we need to consider extended rules only for rule (r2):
g+ (—2)+y—y. (er2)

With this rule £-compatibility is insured (see [23}), and £-uniformity follows.
Lankford has proposed to orient rule (r5) from right to left. In this case we obtain another
complete set of reductions for abelian groups. Rules (r1) to (r4) are the same, the others are:

(—2)+ () = —(z+9); (r5
—((—=2)+v) = 2+ (—v); (r6")
z+ —(y+ 2) -~ (—)- (1)
in this case we need to consider extended rules for rules (r5) & (r7'), that is:

(=) +(—y+z->—(+u+a (ers”)
2 —lyt2)+2 - (—5)+ 2. (erT")

As in the previous example £-compatibility and £-uniformity are then insured.
Lebt us now consider term M; == —z; (this example is from Lankford). We show that

there exists an infinite -'\(-»g»derivation issuing from M, even if we restrict ourself to basic N\p+ ¢~
reduction, as one can define in the same way as basic \r+-reductions. We begin with the first
term rewriting system . My is £-unifiable with the left part of rule (r5), 0 = {{z1 « z + )}

being & unifier. Thus, we have {after renaming):
My = —z N\ My = (—22) + (—1).
In the same way, using subterm —z; we have:
M, = (—23) + (= N+ Ma = (—2a) + (—v1) + (—v3),
and more generally:
My = (—2a) + (=p1) + -+ (~¥n— AN+ Mu 1,

showing the existence of an infinite A+ ¢-derivation. Note that we have used only basic A+ ¢-

derivations.
When dealing with the second term rewriting system, consider rule {r6'). We build the

infinite derivation:
My = —z AN My = (—22) +y A A M, = (—za) + s+ + Ynose

Thus, none of these two canonical term rewriting systems leads to a finite T-unification algo-
rithm with the methods described in this paper. However, there exists a complete and finite 7-
unification algorithm for abelian group theory as shown by Lankford [14].
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Remark. Ballantyne & Lankford have shown in {1} how to solve the word problem for finitely
presented commutative semigroups in using associative and commutative term rewriting systems.
Thus one could be interested in solving equations in commutabive semigroups in using the way
described in this section. However note that we cannot expech to show the termination of the
algorithm since some of these equations have infinite set of independent unifiers. Let us for
instance consider the equational theory defined by ab = @ and let us try to unify az and a where
x is a variable. It is easy to show that z « b, 2 « bb, z « bbb, ... are independent unifiers.
{This example was communicated to the author by A.M. Ballantyne).

6. Conclusion.

We have shown in this paper how to improve over Fay's T-unification algorithm. In par-
ticular we have given a sufficient condition for the termination of this algorithm, proving a refined
version of a conjecture by Lankford. Furthermore we have shown how to extend Fay’s algorithm
to equational theories defined by various kinds of canonical term rewriting systems.
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