Demo: Proof Methods
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Type ’a set gives sets over type ’a
o {}, {e1,...,en}, {x. Px}, {f(x,y) |xy.Pxy}
eeccA ACB
e AUB,AnB,A—B, —A
° UxeAB X, mxeAB X
{a, b, c}, {i. j}

insert ;' a =’ a set =’ a set

°
o f'"A={y.Ixc A y="fx}
°
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Proofs about Sets

Natural deduction proof rules:

equalityl: [ACB; BC A => A=B
equalityE: isaruleA = B; [A CB; BC Al = PP
subsetl: (Ax. x€e A= x€B)=— ACB
sutsetD: [ACB; c€ Al = c€B

Intl: [c€ A c€Bl=ce€ANB

IntDl: cc ANB=ccA

IntD2: ce ANB=ceB

set_eql: (Ax. (x€ A)=(xeB))=— A=8B
mem_Collect_eq: (a€ {x. P x})=P a
Collectmem.eq: {x.x € A} =A

... (see Tutorial)
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Bounded Quantification

o VxcA Px =Vx.x€A—Px

JxeA Px =dx.x€AAPx

balll: (Ax.x € A=—=Px)=—= Vx €A Px
bspec: [Vx €A.Px; x€A]=Px

bexI: [Px; x €A== 3x€A.Px

bexE: [Gx € A. P x; Ax. [x € A; P x| = Q] = Q
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Demo: Some Set Theory
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Format for Inductive Set Definitions

inductive_set S :: “7 set” where

la11 €S;...; a1n €S A11; ... Ax] = a1 €8 |
[

lan: €S;...; an1 €S;An1; .. Apj| = an€s

where A; ; are side conditions not involving S.
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Example: Finite Sets

Informally
@ The empty set is finite
@ Adding an element to a finite set yields a finite set

@ These are the only finite sets
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Example: Finite Sets

In Isabelle/HOL:

inductive_set Finites :: ’a set set
— The set of all finite sets

{ } € Finites |
A€ Finites — insert a A € Finites
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Example: Even Numbers

Informally
@ 0 is even
@ Ifnis even, thensoisn+ 2

@ These are the only even numbers
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Example: Even Numbers

In Isabelle/HOL:

inductive_set Ev :: nat set
— The set of all even numbers
0 cEv |

neEkEv—n+2€Ev
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Proving Properties of Even Numbers

Easy: 4 € Ev

O€EEv—2cEv=—74cEv

Trickier: m € Ev=—=m+m € Ev
Idea: induct on the length of the derivation of m € EV

Better: induct on the structure of the derivation
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Proving Properties of Even Numbers

Induction leads to two cases:

@ rule: 0 € Ev

1. 0+0€Ev casem =0

orule:ncEv=—n+2¢cEv
z2. M.|n € Ev; n+n € Ev] = Suc(Sucn) + Suc(Sucn) € Ev

casem =n-+ 2
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Rule Induction for Ev

To prove
ne Ev—=— P n
by rule induction on n € Ev we must prove
eP O

e P n= P(n+2)

Uses rule Ev. induct:

[pn€Ev; PO; An. Pn=—=P(1n+2)]=Pn

An elimination rule
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Rule Induction in General

Set S is defined inductively. To prove
xXe€eS—Px

by rule induction on x € S we must prove for every rule

J[a1 €8; ...; ap€S]=a€s
that P is preserved:
[Paj; ...; Pay] =Pa
In Isabelle/HOL: apply(erule S.induct)
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Demo: Inductive Set Definition
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Demo: Evens are infinite
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