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Model and moments

Fixed integer ; ; one insertion-only pass.

Word model:  bits; empty stream .

σ = (s1, … , sm) ∈ [n]m, fi = |{t : st = i}|, Fk =
n

∑
i=1

f k
i .

F0 = |{i : fi > 0}|, F1 = m, F∞ = max
i

fi.

k ≥ 1 0 < ε, δ < 1

Pr[|F̂k − Fk| > εFk] ≤ δ.

O(log(n + 1) + log(m + 1)) ↦ 0
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Averaging lemma

Independent  with , .Xj EXj = μ > 0 Var(Xj) = ν < ∞

α = max{1, ⌈4ν/(ε2μ2)⌉}, A = α−1
α

∑
j=1

Xj.

EA = μ, Var(A) = ν/α.

Pr[|A − μ| ≥ εμ] ≤
ν

αε2μ2
≤

1

4
.
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Median amplification

Independent blocks; .β = 2⌈12 ln(1/δ)⌉ + 1

Z = median(A1, … , Aβ), G =∑
i

1[|Ai − μ| ≤ εμ].

EG ≥ 3β/4, Pr[|Z − μ| > εμ] ≤ Pr[G < β/2] ≤ e−β/24 ≤ δ.

M = αβ = O((1 +
ν

ε2μ2
) log

2

δ
), aggregation time O(M).
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Reservoir and suffix rank

At position : with probability , set ; otherwise increment  if .

Replacement always resets , including replacement by the same value.

t 1/t (v, r) ← (st, 1) r st = v

Pr[P = p] =
1

p

m

∏
t=p+1

(1 −
1

t
) =

1

m
.

r = |{t ≥ P : st = sP }|, X = m(rk − (r − 1)k).

r
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Unbiasedness by telescoping

More generally,  implies

Δk(r) = rk − (r − 1)k.

EX =
1

m

n

∑
i=1

fi

∑
r=1

mΔk(r) =∑
i

f k
i = Fk.

k = 1 :  X = m; k = 2 :  X = m(2r − 1).

g(0) = 0

E[m(g(r) − g(r − 1))] =∑
i

g(fi).
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Squared-increment bound

For ,1 ≤ r ≤ f

0 ≤ Δk(r) ≤ krk−1 ≤ kf k−1.

f

∑
r=1

Δk(r)2 ≤ kf k−1
f

∑
r=1

Δk(r) = kf 2k−1.

EX 2 = m∑
i

fi

∑
r=1

Δk(r)2 ≤ kmF2k−1.
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Compare frequency moments

Convexity:

With , :

(
1

n
∑

i

fi)

k

≤
1

n
∑

i

f k
i ⟹ m ≤ n1−1/kF

1/k

k .

L = maxi fi Lk ≤ Fk

F2k−1 ≤ Lk−1Fk ≤ F
(2k−1)/k

k .

mF2k−1 ≤ n1−1/kF 2
k .
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General-moment theorem

Choose  and  independent blocks/copies.

Fixed ;  words per reservoir sketch.

Var(X) ≤ EX 2 ≤ kmF2k−1 ≤ kn1−1/kF 2
k .

α = ⌈4kn1−1/k/ε2⌉ β = 2⌈12 ln(1/δ)⌉ + 1

Pr[|F̂k − Fk| > εFk] ≤ δ,

space and direct time/item: O(kn1−1/kε−2 log
2

δ
).

k O(1)
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A signed sketch for 

Unbiased four-wise independent signs :

F2

b(i) ∈ {−1, +1}

T ← T + b(st), T =
m

∑
t=1

b(st) =
n

∑
i=1

fib(i), X = T 2.

EX =∑
i

f 2
i + 2∑

i<j

fifjE[b(i)b(j)] = F2.
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Fourth-moment calculation

Quadruple pattern Expected sign product

At least one singleton index

Two distinct pairs

i, i, i, i 1

0

1

ET 4 = F4 + 6∑
i<j

f 2
i f 2

j .

Var(T 2) = 4∑
i<j

f 2
i f 2

j ≤ 2F 2
2 .
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Polynomial seed

Odd prime ; independent uniform .

For  distinct inputs, the Vandermonde system has rank :

Six coefficients:  bits. Fixed-degree evaluation:  word operations.

n < p = O(max{n, 2}) c0, … , c5 ∈ Fp

g(x) =
5

∑
j=0

cjx
j (mod p).

r ≤ 6 r

Pr[g(i1) = y1, … , g(ir) = yr] = p−r.

O(log(n + 1)) O(1)
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Retain zeros and normalize

No conditioning on nonzero outputs.

b(i) = q =
p − 1

p
≥

2

3
.

⎧
⎨
⎩

0, g(i) = p − 1,
+1, g(i) odd,
−1, g(i) even, g(i) ≠ p − 1.

Eb(i) = 0, Eb(i)2 = Eb(i)4 = q.

T =∑
i

fib(i), X = T 2/q, EX = F2.
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Ternary variance

ET 4 = qF4 + 6q2∑
i<j

f 2
i f 2

j .

Var(T 2/q) = (1/q − 1)F4 + 4∑
i<j

f 2
i f 2

j

= 2F 2
2 + (1/q − 3)F4 ≤ 2F 2

2 .
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Average the  sketches

All coefficient vectors are independent.

F2

α = ⌈16/ε2⌉, Ai =
1

α

α

∑
j=1

Xi,j.

Var(Ai) ≤
2F 2

2

α
, Pr[|Ai − F2| > εF2] ≤

1

8
.
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Amplify the  estimateF2

U =∑
i

1[|Ai − F2| > εF2].

Pr[U ≥ β/2] ≤ 7−β/2
E[7U ] ≤ (

√7

4
)

β

≤ e−β/4.

β = 2⌈2 ln(1/δ)⌉ + 1, F̂2 = median(A1, … , Aβ).

Pr[|F̂2 − F2| > εF2] ≤ δ.
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 theorem and resource bounds

For any fixed insertion-only stream and ,

Per sketch: six field coefficients and ; constant-word arithmetic. Prime selection is preprocessing.

Empty stream: return .

F2

0 < ε, δ < 1

Pr[(1 − ε)F2 ≤ F̂2 ≤ (1 + ε)F2] ≥ 1 − δ.

space and time/item: O(ε−2 log
2

δ
).

T ∈ [−m, m]
0
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Bounds at a glance

Target Basic estimator Relative variance bound

Fk m(rk − (r − 1)k) kn1−1/k

F2 (∑i fib(i))2/q 2

copies = O ((1 + Rε−2) log(2/δ)), R ≥ Var(X)/(EX)2.
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