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Chapter 1

Introduction to Randomized
Algorithms and Linearity of
Expectation

1.1 Introduction

Randomization in algorithms is quite common these days. Thus we don’t need a long introduction.

A randomized algorithm is one that has access to a random number or random bit generator
and can use those numbers/bits to make decisions. Historically, people have used random sampling
in surveys and data collection. Most people credit the Metropolis-Hastings algorithm for numerical
integration and sampling as the first non-trivial use of randomness in algorithms. It is an early
example of a situation where randomness was not only powerful but also, in a sense, the only way.
In modern computing, randomized algorithms are ubiquitous.

The goal of this course is to expose you to randomized algorithms from a theoretical computer
science perspective. We will cover:

e Some well-known algorithms

e Tools to help design and analyze randomized algorithms

e Basic notions of complexity related to randomization in computing
e Applications to a few areas

Algorithms can be quite complicated to design and analyze, and the addition of randomization
makes it even more so. For this reason, one has to learn certain “templates.” Thus, there will be
quite a bit of emphasis on tools.

1.1.1 Today’s Tool: Linearity of Expectation

Suppose X = > | a,X;, where X1, Xo, ..., X, are random variables over some probability space
(Q, Pr) with finite expectation. Then, by the linearity of expectation:

n

E[X] =) aE[X].

i=1

A key advantage is that the random variables X; can be dependent.

11
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1.2 Randomized Quicksort

Quicksort was developed by Hoare in 1959. It works well in practice since it is in-place, does not
require additional memory, and has good cache behavior if implemented properly. One can show
that the deterministic version runs in O(n?) time in the worst case. A bad example that leads to
Q(nQ) comparisons is a sorted array. One can try various pivot strategies.

We will analyze Randomized Quicksort. Assume the input array A has distinct elements.

1. procedure QUICKSORT(A[L...n])

2 if n <1 then

3: return A

4 pivot < A[i], where i is chosen uniformly at random from {1,2,...,n}
5 Use pivot to split A[1...n] into A[1...¢—1], A[¢], A[{ +1...n] where:

(i) A[l...¢— 1] are elements less than the pivot
(ii) A[¢+1...n] are elements greater than the pivot
(iii) ¢ is the rank of A[i]

This step takes O(n) time with O(1) additional memory.
7: Recursively sort A[1...£—1] and A[({ +1...n].

>

Theorem 1.1. Randomized Quicksort runs in expected time O(nlogn) on an array of n elements.

In fact, we will later show that it runs in O(nlogn) time “with high probability.”

Intuition: A random pivot has probability % of having rank between 7 and %T”, i.e., it is an

“approximate median” which leads to good divide and conquer. We know that there are many
good approximate medians, but finding them deterministically is hard in many cases, even though
a random sampling algorithm can easily get one. This is one design principle of randomized
algorithms: sample to find “good” witnesses.

1.2.1 Analysis of Expected Running Time

Recursion-Based Analysis

Let T'(n) be the expected number of comparisons that Randomized Quicksort makes on an array
of n elements. The recurrence relation is:

with the base case T'(1) = 0.
Exercise 1.2. Show that T'(n) = O(nlogn).

This recurrence is easy to write down, but the analysis is not very intuitive or insightful.

A Slick Analysis Using Indicator Variables

Let the input array be A = [a1,a2,...,a,]. Let the sorted version of the array be Sort(A) =
!/

[@iy, @iys - - -, a;,], which we rewrite as [a], d), ..., al].

e Let X be the total number of comparisons.
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o Let Ej; be the event that the algorithm compares a; and a;.
e Let X;; be the indicator random variable for E;; (i.e., X;; = 1if E;; happens and 0 otherwise).

The total number of comparisons is X =Y /", Z j—i+1Xij- By linearity of expectation:

n—1 n
B IDIEITES 3B SR
=1 j=i1+1 =1 j=i+1
2
Lemma 1.3. Pr[E;j] = ———.
j—i+1
Informal Proof. The elements a) and a; are compared if and only if one of them is chosen as a
pivot from the set {a}, a} TRTEEE ,a;-} before any other element in that set is chosen as a pivot. Since
any element in this set is equally likely to be the first one chosen as a pivot, the probability that
this is either a or aJ is ym 3“
The above is an informal proof. It needs more care to make it rigorous, using induction and
conditional probability. d

Using this lemma, the expected number of comparisons is:

2
SR Sp g
i=1 j=i+1
”51"51 2 (letting k —1)
B k+1 gk=J
=1 k=1

< Z2Hn
i=1
<2nH, =~ 2n(lnn+Inlnn+ O(1)) = O(nlogn).

Comments: This analysis is (i) very precise, and (ii) intuitive and insightful.

1.2.2 Concentration Bounds: Markov’s Inequality

We understand that the expected running time of Randomized Quicksort is O(nlogn). Does that
mean it is a good algorithm? Is it sufficient to know the expectation? Ideally, we would like to
know the full distribution of the running time. However, this is complicated. So we will typically
use bounds.

The simplest probabilistic inequality is called Markov’s inequality.

Theorem 1.4 (Markov’s Inequality). Suppose X is a non-negative real-valued random variable
with finite E[X]. Then for any t > 0:

—_

PrX > ¢-E[X]] < .

For Randomized Quicksort, since E[X| ~ 2nH,,, we can say:

1
Pr[#comparisons > 10nH,,| < 5
Here t = 5, since 10nH,, =5 (2nH,) = 5 - E[X].
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Proof of Markov’s Inequality. We have

E[X] =) Prlw] X (w)

weN

= Y  Prw]Xw) + > Prlw]X(w)
we we
X (w)<tE[X] X (w) >t E[X]
> Z Pr{w] X (w) (since X is non-negative)

weN
X(w)>tE[X]

> > Prlw]-tE[X]
X () StE(x)
= Pr[X > tE[X]] - tE[X].

Rearranging gives Pr[X > tE[X]] < 1. O

1.3 Max-Cut

Given a graph G = (V, E), the Max-Cut problem asks for a partition of the vertex set V into
(S, V'\ S) to maximize the number of edges crossing the cut, i.e., |§(.S)|. This problem is NP-Hard.
1.3.1 A Simple Randomized Algorithm

1. S« 0.

2. Add each u € V to S independently with probability %

3. Output S.

Analysis

Let X be the total number of edges that cross S, i.e., |§(5)|. For each edge e € F, let X, be the
indicator random variable for e crossing S. Then X =} _p X..
By linearity of expectation, E[X] =" pE[X.] = > g Pr[X. =1].

For an edge e = (u,v):

PriX,=1=Prlue SAv¢ S| +Prlug¢g SAve S| =

=
e~ =

Thus E[X] = %, where m = |E|. Since the optimal cut size OPT < m, we get E[X] > %, a

1 . . . .
s-approximation in expectation.

The Probabilistic Method

Remark 1.5. We have actually shown a graph-theoretic fact: in any graph, there exists a cut of
size at least |—§‘ This is useful in itself. This bound is not tight. The following is known:

Theorem 1.6 (Edwards). In any connected graph, there exists a cut of size at least 5 + "771.

This way of using probability to show the existence of a certain type of combinatorial object is
called the probabilistic method.
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1.3.2 Reverse Markov Inequality

Now, back to the algorithm. Is there an analogue of Markov’s inequality for showing a lower bound
on the value of a random variable? We would like a bound of the form Pr[X < ¢tE[X]] < f(¢) where
t € (0,1). But one can see that this is not feasible if X does not have any upper bound. However,
we can prove the following.

Theorem 1.7 (Reverse Markov Inequality). Let X be a non-negative real-valued random variable
such that X < B almost surely, i.e., Pr[0 < X < B] =1. Then for any d < E[X]:
E[X]—d
Pr[X >d > ——.
X 2 d = =g

Proof. Apply Markov’s inequality to the non-negative random variable Y = B — X. O

For Max-Cut, the number of crossing edges X < m. We have E[X] = 7. The probability of
getting a cut of size at least (1 —§)%:

i n_(1-8m 6w 5

Pr|X 2 (1-0) m_(1-0)% M1t 146

By repeating the experiment many times and taking the maximum cut found among the solutions,
we can get arbitrarily close to 3.

Exercise 1.8. Given § and ¢ in (0, 1), how many times should you repeat the algorithm so that

>1—¢e?

Pr [output > (1— 5)%

1.4 Approximating Max-Cut via Vector Programming

The randomized algorithm guarantees a cut of value > 3 in expectation, but it may output only
% edges even when the graph is bipartite and OPT = m. For a long time, % was the best
approximation ratio, until Goemans and Williamson came up with a deceptively simple algorithm.
The goal of this part of the lecture is to highlight the use of linearity of expectation and the use of
continuous random variables. This is a bit advanced material that is meant to be interesting but

may not be accessible to all students right away.

1.4.1 Problem Formulation and Relaxation

Let us write Max-Cut as an optimization problem using a quadratic program. Let G = (V, E). We
assume for notational ease that V' = {1,2,...,n} and use ij to refer to an edge connecting i to j.
For each vertex i € V, let o; € {—1,1}. An edge ij is in the cut if x; # z;, i.e., x;2; = —1. The
size of the cut is 3 ;. p 3(1 — z;2;). So the problem is:

1
max Z 5(1 —xiz;) st x; € {-1,1} VieV.

Note that we are using a quadratic function in the objective. This is the same as requiring a:? =1
and x; € R. It is clear that solving the above is going to solve Max-Cut exactly, and hence it is
NP-Hard. One can also see this difficulty by noting that 1 — x;x; is a convex function; maximizing
convex objectives is hard.
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Let us take a geometric view of the above. We want to assign a unit vector z; in one dimension
to each i € V' to maximize ) ;. p (1 — zzj).

Is there some way to relax the above to find an efficiently solvable program? Turns out, yes!
Suppose instead of requiring x; to be a one-dimensional scalar, we allow it to be an n-dimensional

unit vector:

1
(SDP Relaxation) max Z 5(1 —0;-05) st ol =1, % eR" VieV.

The above, by magic, turns out to be a convex optimization problem! It is a semidefinite program
(SDP) and can be solved to near-optimality efficiently.
Let OPTgpp be the value of this relaxation. Clearly, OPTgpp > OPT.

Example 1.9. Consider the triangle graph K3 with vertices {1,2,3}. Here OPT = 2 (any cut
separating one vertex from the other two cuts exactly 2 edges). For the SDP, we can place the
three vectors vy, U2, U3 at angles of 120 from each other. Then:

3 33 9
OoPT > —(1— 120) = = - = = - = 2.25.
sop 2 5 (1 —cos120) =5 -5 =5
Is this a good relaxation? Can we round the vectors into a good solution?

1.4.2 Goemans-Williamson Rounding

How do we get a cut from the vector solution v1,..., 0,7

1. Solve the SDP to get vectors v1,...,0y.

2. Pick a random hyperplane through the origin. Equivalently, let 7 be a random unit vector in
R™.

3. S={i|7-v >0}

4. Output S.

Analysis

Let X;; be the indicator for edge ij being cut. Let X = ZijeE Xij.
E[X] =) Pr[X; =1].
ijEE
Let 0;; be the angle between v; and v;. An edge ij is cut if ¥; and v; fall on opposite sides of the
random hyperplane. The probability of this is:

Thus B[X] = 3 cp Y

The value of the SDP solution is OPTspp = ZijeE %(1 — cos 0;5).

Claim 1.10. For all § € [0,7]:

0 1
- > (0.878 - 5(1 —cosb).

This implies E[X] > 0.878 - OPTgpp > 0.878 - OPT.

Remark 1.11. It turns out that this is the optimal approximation ratio under a conjecture called
the Unique Games Conjecture (UGC).
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1.4.3 Generating Random Vectors

Question: How do we generate a random unit vector in R? for d large?
Consider the standard 1-d Normal distribution N(0,1) with mean 0 and standard deviation 1,

1 —x2/2

having density function oris

1.

. Output the unit vector 7 = 0

Generate a vector z = (X1, Xo,...,Xy), where each X; is an independent random variable
drawn from N(0,1).

. The joint density is:

f(an. L ez

C X)) = (\/ﬁ)de

. Notice the density is the same for all points (z1,...,z4) with the same length, i.e., it depends

only on ||z||. Therefore the distribution is centrally symmetric, and the direction of z is
uniformly distributed.

.

T
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Chapter 2

Randomized Min-Cut (Karger’s
Algorithm)

2.1 Randomized Min-Cut

Given an undirected graph G = (V, E), we want to find a global min-cut. That is, a partition of V'
into S and V' \ S, both non-empty, to minimize the number of edges crossing the partition. This is
also called the edge-connectivity of a graph and is usually denoted by A\(G).

2.1.1 Alternate View

In this view, we look for a minimum number of edges whose removal creates two non-trivial com-
ponents.

Observation 2.1. In a connected undirected graph, a set of edges E' C FE is a min-cut if and only
if G — E’ has exactly two connected components.

2.1.2 Examples

e Cycle graph (C)): For a cycle graph, A(G) = 2. There are exactly (g) distinct min-cuts.

e Complete graph (K,): For a complete graph, the min-cuts are singletons (partitioning off
a single vertex). The size of such a cut is n — 1.

2.2 Algorithms for Min-Cut

2.2.1 Traditional Algorithm

Use (n — 1) s-t cut computations. Fix s and compute the s-v min-cut for all v € V'\ {s}, and take
the minimum.

Very recent development: Using isolating cuts, one can compute the global min-cut using
O(log®n) s-t cut computations.

Undirected graph cuts have more structure than directed graphs. Do we need to use flow? In
the early 90’s, Nagamochi and Ibaraki developed an MA-ordering based O(mn) time algorithm.

19
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2.2.2 Karger’s Randomized Contraction Algorithm

In the mid-90’s, Karger used random contraction. This algorithm and its analysis and implications
have been very influential.

We will work with multigraphs since they come up naturally even when starting with a simple
graph. Let n = |V| and m = |E|. We will later discuss graphs having capacities.

Motivation

To motivate the algorithm we start with a seemingly simple observation.

Lemma 2.2. The average degree is 22, and A\(G) < 2.

n ’

Proof. Let 6 = minyey deg(v) be the minimum degree. We have

1 2m
6 < — d = —.
_ng eg(v) = —

Moreover, A(G) < 4, since the cut formed by isolating the vertex with minimum degree has size
J. O

Now fix a specific min-cut C, so |C| = A. Suppose we pick a random edge e from the graph.

Then
C] A
PreeCl == = —
re ] B m
by Lemma 2.2. Thus a random edge has a very low probability of being in C. In other words, there
are many witnesses for not being in C. If e = uv ¢ C, then it is safe to “contract” e.

Edge Contraction

Given a graph G = (V, E) and an edge e, we denote G/e as the new graph obtained by merging
the two endpoints of e and removing any self-loops. This may create parallel edges.

Observation 2.3. For any edge e, A(G/e) > A\(G), assuming G is connected. (Otherwise A = 0
and is easy to check.)

The Algorithm

1: procedure RANDOMCONTRACTION(G = (V, E))

2 if n =2 then

3 Output the unique cut between the two vertices.
4: else

5 Pick an edge e uniformly at random from FE.

6 return RANDOMCONTRACTION(G/¢)

Theorem 2.4. Let C be a fized min-cut of G (viewed as a set of edges). Then

2 1
Pr[algorithm outputs C] > —— = —

n(n—1) (’2‘) '
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Proof. By induction on n. If n = 2, then C is the only cut and the algorithm outputs it with
probability 1.
Otherwise, let A be the event that the random edge chosen is not in C'. We have

1] _ 2
-z

_ 2
Pr[A] so Pr[A]>1-—.
m ~n n
The algorithm outputs C' if A happens and, conditioned on A, the recursive call on G/e outputs
C. Let B be the event that the algorithm on G/e outputs C, conditioned on A. Since C' is still a

min-cut in G/e, by induction:

2
Pr[B]| > ——m«+——.
1B 2 =y
Hence the algorithm outputs C' with probability
2 2 n—2 2 2
Pr[A]-Pr[B] > (1-2). — : — .
tA] - Prl ]_< n> (n—1)(n—2) n (n—1)(n-2) n(n-1)

A direct proof is simply to note that C' is preserved if every contraction avoids C'

2 2 2 -2 — 1 2
Pr[success] > (1 —— | [ 1— N () L T 3...,:7‘
n n—1 3 n n—1 3 nn-1)

Thus the RC algorithm outputs any specific min-cut with probability Q(1/n?). Even though it
is small, it is not too small. This type of randomized algorithm is called a Monte Carlo algorithm
since it can fail with some probability but otherwise runs efficiently.

O]

Improving Success Probability

The RC algorithm can be easily implemented to run in O(n?) time. It can be implemented to run
in O(m) time with some care.

Suppose we run a(g) independent copies of the algorithm and output the cheapest cut found.
Then

)
Prloutput is not a min-cut] < [ 1 — <e
(@)
By choosing « sufficiently large, we can make this small. A typical choice is @ = O(1) or a =
O(logn), giving failure probability e~?(1°&") = 1 /poly(n). But then the running time increases to
T(n,m) - a(g). Thus, for constant probability of success we would end up with a running time
of O(n?m), which is not very competitive. However, we will see that the running time can be

improved.

2.2.3 A Key Structural Result

The main impact of the algorithm was its simplicity and the following structural fact that led to
many other results.

Theorem 2.5. In any connected graph on n nodes, there are at most (g) distinct min-cuts.

Proof. Recall that each fixed min-cut C' is output by the RC algorithm with probability > 1/ (g)
Since these are disjoint events (the algorithm outputs exactly one cut), there cannot be more than
(3) distinct min-cuts. O
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This bound is tight, as shown by the n-cycle C,,, which has exactly (’;) distinct min-cuts.
Definition 2.6. For a > 1, an a-approzimate min-cut is a cut C such that |C] < a - A(G).
How many a-approximate min-cuts are there?

Exercise 2.7. Suppose C is an a-approximate min-cut. Prove that the RC algorithm outputs C
with probability > 1/n2®. Use this to argue that the number of a-approximate min-cuts is at most

n?®,
Thus the number of approximate min-cuts grows only mildly with a.

Exercise 2.8. Let G be a graph and s,t be two nodes. Give an example that shows that the
number of distinct s-¢ cuts is 2.

2.3 Faster Min-Cut: The Karger-Stein Algorithm

The RC algorithm analysis shows that the probability of making an error is small at the beginning
but gets large as n decreases. In particular, we have the following.

Observation 2.9. Fix a min-cut C'. The probability that C' survives the contraction process down
to [n/v/2] + 2 vertices is

(1-2)(1=s2)-(- ) -

So we can cut the graph to half the vertices while having good probability of success. Hence it

makes sense to repeat this process.

2.3.1 The Karger-Stein (KS) Algorithm

1. procedure KARGERSTEIN(G) > G has n vertices

2 if n < ng then > fixed constant

3 Output min-cut in O(1) time.

4 else

5: t < [n/v2] +2

6: Run RANDOMCONTRACTION on G until ¢ vertices remain. Let G be the resulting graph.

7 Cy < KARGERSTEIN(G1)

8 Independently, run RANDOMCONTRACTION on G until ¢ vertices remain. Let G2 be the
result.

9: Cy < KARGERSTEIN(G2)

10: Output min(Cy, Cs).

2.3.2 Analysis

Lemma 2.10. The Karger-Stein algorithm runs in time O(n?logn).

Proof. The contraction phase to get to n/v/2 + 2 vertices takes O(n?) time. (We can do it in O(m)
time, but it does not help here in the overall time, so we use the simpler bound.) Hence two calls
take O(n?). The recurrence is

T(n) = O(n?) + 2T<\T/L§ + 2) .

The depth is O(logn), and this solves to T'(n) = O(n?logn). O
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Lemma 2.11 (Main Lemma). The Karger-Stein algorithm outputs a min-cut with probability
Q(1/logn).

Assuming Lemma 2.11, we can repeat KS O(log2 n) times to get a min-cut with high probability,
i.e., 1 —1/poly(n). The total running time is O(n?log®n).

2.3.3 Connection to Galton-Watson Processes

Now we prove the main lemma. For this we make a connection to a birth-death process.

A Galton-Watson process is a branching stochastic process that models population growth.
Imagine a species that generates children using asexual reproduction. The number of children
generated by an individual is by some distribution D over {0,1,2,...}. Call this D and let u be
the expected number of children. Starting with one root, we generate k children where k is drawn
according to D. Each child then independently generates its own children. If £k = 0, no children
are generated.

Let X; be the number of individuals at level/generation i, with Xy = 1 (the root). The process
is extinct at level 7 if X; = 0. The extinction probability is lim,_, Pr[X, = 0].

Assume D is not trivial (i.e., D is not deterministically 1). Three cases:

e 1 < 1: Extinction probability is 1.
e 1 = 1: Extinction probability is 1 (this is the critical case).
e 1 > 1: Extinction probability is < 1 (the population may survive with positive probability).

In the critical case u = 1, one can show that Pr[Xy; > 0] = O(1/4d).

Now we make a connection between the Galton-Watson process and the KS algorithm. Imagine
a binary tree of infinite depth. Each edge is deleted independently with probability % Let A4 be
the event that there is a path from the root to some leaf at depth d.

In the KS algorithm, we think of each call to RC as succeeding with probability % The
algorithm outputs the correct answer if it does not fail along some path to depth d = O(logn). By
the Galton-Watson analysis, the success probability is €(1/logn).

2.3.4 Direct Proof of Success Probability

Proof of Lemma 2.11. Let p; be the probability of reaching level i (i.e., success at recursion depth
i). We have py = 1.

We can write a recurrence for p;. A call at depth i+ 1 succeeds if at least one of its two children
succeeds. A child succeeds if its contraction phase preserves the cut (probability > 1/2) and its
recursive call succeeds (probability p;). The probability of one branch failing is $+1(1—p;) = 1— 2.

So: )
\ 2 :
pi+1=1—(1—%> :pi_%-

We check: po =1, p1 =1—1/4=3/4, pp =3/4—9/64 = 39/64.
1
Claim 2.12. p; > —— for alli > 0.
1+ 1

Proof by induction. Base case (i =1): py =3/4>1/2. v
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Inductive step: Assume p; > h%l The function f(z) = x — 22/4 is increasing for € [0, 1].
So if p; > i%, then
. lzp._pj> I 1 _ 4i+3
TR T 46i+1)?2 4+ 1)

4i+3 1
We need to show Wity > 3

This is equivalent to
(4i+3)(i+2) >4+ 1),  ie, 4i2+11i+6> 44% 4+ 8i + 4,
which simplifies to 3¢ + 2 > 0. This is always true. O

The depth of recursion is d ~ log sn = 2logyn. The success probability is pg > d%—l =
Q(1/logn). O
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Polynomial Identity Testing and
Application to Matchings

3.1 Polynomial Identity Testing (PIT)

We begin with a brief review of fields, which provide the algebraic setting for polynomial identity
testing.

Definition 3.1 (Field). A field F is a set equipped with two operations, addition (+) and multi-
plication (), satisfying:

e (F,+) is a commutative (abelian) group.
e (F\ {0},:) is a commutative group.
e The distributive law holds: a(b+ ¢) = ab + ac.
Example 3.2. The reals R, complex numbers C, and rationals Q are all fields.
Definition 3.3 (Finite Fields). A finite field is a field with a finite number of elements.
o Z,=10,1,2,...,p— 1} with addition and multiplication modulo a prime p is a finite field.

e Every finite field has size p* for some prime p and integer k > 1.

3.1.1 The PIT Problem

Given a multivariate polynomial P(z1,z2,...,z,) over a field F, presented as a “black box,” we
want to determine whether P is identically zero, i.e., whether P = 0. By “black box” we mean
that we can query for values of P(aq,as,...,ay) for any given field elements ay, ..., a, € F. More

formally, we are given an arithmetic circuit that evaluates P.
Example 3.4. Consider P(z1, %2, 23) = 2(11 — T2)x3 + 22372 + 23 + 22 — (21 + 23)%. Is P =07

Note that checking whether two polynomials P; and P» are identical reduces to checking whether
Pl - PQ =0.

Definition 3.5 (Multivariate Polynomial). A multivariate polynomial is a sum of monomials with
coefficients from F. A monomial is a product of powers of the variables:
i1, o

DY i?L
Ty T

o where 41,12, ...,%, > 0 are integers.

25



26CHAPTER 3. POLYNOMIAL IDENTITY TESTING AND APPLICATION TO MATCHINGS

The degree of a monomial is i1 4 i3 + - - - + i,,. The degree of a polynomial P, denoted deg(P), is
the maximum degree among its monomials (with non-zero coefficients).

Example 3.6. For P(z1,72) = 2323 + 21° + 223, the monomial degrees are 7, 10, and 12 respec-
tively, so deg(P) = 12.

3.1.2 Algorithms for PIT
Univariate Case

We first consider the case of a single variable z.

Theorem 3.7. A non-zero univariate polynomial P(x) of degree d over a field F has at most d
T001S.

Deterministic Algorithm. Pick any set of d + 1 distinct field elements aj,as,...,aq441 € F.
Evaluate P(ay),...,P(ag+1). If all are zero, then P = 0; otherwise P # 0.

Randomized Algorithm. Let S C F be a finite set.
1: Pick a € S uniformly at random.
2: if P(a) =0 then
3: Output “P =0.”
4: else
5 Output “P # 0.”

Analysis. If P = 0, the algorithm is always correct (it always outputs “P = 0”). If P # 0, the
algorithm errs only when it picks a root of P:

d
Pr[Algorithm outputs “P =0" | P # 0] < Kk

By choosing |S| large, or by repeating, we can make the error probability arbitrarily small.

Remark 3.8 (Precision Issues). If F is the reals, we cannot truly pick a uniformly random real
number, nor evaluate P(a) exactly due to precision issues. A common technique is to work over a
finite field. If the coefficients are integers with maximum absolute value B and the degree is d, we
can choose a prime ¢ > max(B, d) and perform all computations in Z,. Then P = 0 over Q if and
only if P = 0 over Z,;. The computation is polynomial in logg and the complexity of the circuit
for P.

Multivariate Case

For multivariate polynomials, there is no easy deterministic algorithm known. A multivariate
polynomial P may have many roots even if P # 0, so we cannot simply evaluate at a few points as
in the univariate case. But randomization works!

Lemma 3.9 (Schwartz—Zippel Lemma). Let P(x1,...,x,) be a non-zero multivariate polynomial
of total degree d over a field F. Let S C F be a finite set. If ay,...,a, are chosen uniformly and
independently at random from S, then

Pr[P(ai,...,a,) =0] < —.
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Proof. By induction on n.

Base case (n = 1): P(z;) is a univariate polynomial of degree at most d, so it has at most d
roots. Thus Pr[P(a;) = 0] < d/|S]|.

Inductive step: Assume the lemma holds for n — 1 variables. Write P as a polynomial in z,:

k
P(z1,...,2,) = ZQj(:L‘l, cey Tp—1) - T,
=0

where k is the highest power of x, appearing in some monomial of P. If kK = 0, then P depends
only on z1,...,z,—1 and we apply the inductive hypothesis directly. So assume k > 1, and note
that Q #Z 0 and deg(Qx) < d — k.

Let A denote the event P(ay,...,a,) = 0, and let B denote the event Qg(ai,...,an—1) = 0.
We bound Pr[A] using the complementary approach. We have

Pr[P(ay,...,a,) # 0] > Pr[Qr(a1,...,an—1) #0] - Pr[P(ai,...,an) # 0| Qr(ai,...,an—1) #0].

By the inductive hypothesis, Pr[B] < (d — k)/|S|, so Pr[-B] > 1 — (d — k)/|S]|.

Conditioned on =B (i.e., Qk(a1,...,an—1) # 0), fixing a1, ..., a,—1 makes P(a,...,an—1,%,) &
non-zero univariate polynomial in z,, of degree at most k. By Theorem 3.7, Pr[P = 0 | =B] < k/|5]|,
so Pr[P#0|-B] > 1—-k/|S|.

Combining:

d—k k d—k k d
prip 0> (1- 958 (1o ) 21 - S - — 1o
7o S S ST IS IS

Therefore Pr[P(ay,...,a,) = 0] < d/|S]. O

Remark 3.10 (Major Open Question). Is there a deterministic polynomial-time algorithm for
PIT? This is a central question in derandomization. It is known that a deterministic polynomial-
time algorithm for PIT would imply fundamental arithmetic circuit lower bounds, and vice versa.

3.2 Application to Matchings

Definition 3.11 (Matching). Given a graph G = (V, E), a matching is a subset M C E such that
no two edges in M share a vertex (i.e., if e;,eo € M then e; Ney = (), viewing edges as vertex

subsets). A matching is perfect if every vertex is incident to exactly one edge in M, which requires
|M| = [V]/2.

Matchings have many applications. Important algorithmic problems include:
e Does G have a perfect matching?

e Does G have a matching of size > k?

e Find a maximum cardinality matching.

e Find a maximum weight matching.

e Find a minimum cost perfect matching.

In bipartite graphs, matching problems can be reduced to network flow and min-cost flow. General
graph matchings are more complex and require the idea of blossoms (Edmonds’ algorithm). In this
lecture we will see a completely different algebraic approach to matchings via PIT and randomized
algorithms.
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3.2.1 Bipartite Perfect Matching

Let G = (U UV, E) be a bipartite graph with |U| = |V| = n, where U = {u1,...,u,} and
V ={vi,...,v,}. We want to determine whether G has a perfect matching.

Definition 3.12 (Edmonds Matrix). Define the n x n matrix A by

Tij if (ui,vj) ek,
Aij = :
0 otherwise,

where each x;; is a distinct formal variable.

The determinant of A is the multivariate polynomial

n

det(4) = > sgn(0) [ Aioq);

ocESnh i=1

where S, is the set of all n! permutations of {1,2,...,n} (equivalently, the set of all bijections from

{1,...,n} to {1,...,n}).

Definition 3.13 (Sign of a Permutation). A pair (4, ) with ¢ < j is an inversion of o if o (i) > o(j).
The sign of o is
41 if the number of inversions in o is even,
sgn(o) =

—1 if the number of inversions in ¢ is odd.

We will see another characterization of sgn(o) via cycle decompositions later.

Example 3.14. Consider a bipartite graph on n = 3 vertices per side with edges (u1,v1), (u1,v2),
(ug,v2), (us,v2), (us,vs). The Edmonds matrix is

11 w12 O
A= 0 €22 0
0 w32 733

Here det(A) = x1122223 3, which is non-zero, confirming that the graph has a perfect matching

(namely {(u1,v1), (u2,v2), (u3, v3)}).
Now consider a graph with additional edges (uz,v3):

11 T12 O
A= 0 22 I23
0 @32 733

Then det(A) = x1,1222%33 — ©1,1223232. This is a non-zero polynomial, reflecting two perfect
matchings.
Finally, if the only edges are (u1,v1), (u1,v2), (u2,v3), (us,vs):

11 Tr12 O
A= 0 0 x23
0 0 x33

Here det(A) = 0 (identically), and indeed the graph has no perfect matching.
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Note that det(A) is a multivariate polynomial of degree at most n in the variables {z;; : (u;,v;) €

Lemma 3.15. The bipartite graph G has a perfect matching if and only if det(A) # 0.

Proof. Each term in det(A) = » g sgn(o) [[;2; 4i () corresponds to a permutation o. The
product i A; 5(;) is non-zero if and only if (u;, v,(;)) € E for all i € [n], in which case the edges
{(ui; V() : 4 € [n]} form a perfect matching.

(=) If det(A) # 0, then some monomial J[;_; ; »(;) is non-zero for some permutation o. This
means all edges {(u;,v,(;))} are present in G, giving a perfect matching.

(<) If G has a perfect matching M = {(ui,v(;) : 4 € [n]} for some permutation o, then the
term sgn(o) []iL, #; »(;) appears in det(A). Since each permutation produces a distinct monomial
(each z;; is a distinct variable), this monomial cannot be cancelled by any other term. Thus
det(A) # 0. O

This reduces the bipartite perfect matching problem to PIT!

Randomized Algorithm for Bipartite Perfect Matching

1: Let g be a prime with ¢ > 2n.
2. For each variable x;; (where (u;,v;) € E), pick a;; € {1,...,¢ — 1} uniformly at random.
3: Compute det(A,), where A, is the matrix obtained by substituting a;; for each z;;.
4: if det(A,) # 0 then
5 Output “G has a perfect matching.”
6: else

7 Output “G has no perfect matching.”

Analysis. By the Schwartz—Zippel Lemma (Lemma 3.9), if G has a perfect matching (so det(A) # 0
and deg(det(A)) < n), then

1
Pr[Algorithm is correct] > 1 — L
q 2n 2

If G has no perfect matching, the algorithm is always correct.

Running Time and Advantages

The determinant can be computed via matrix multiplication in O(n*) time, where w < 3 is the
matrix multiplication exponent (currently w < 2.372).

Two related questions:

1. Can we solve maximum cardinality matching (given G and k, is there a matching of size
> k)? Yes, this can be reduced to the decision version of perfect matching.

2. Search problem: Can we actually find the matching, not just decide its existence?

A key advantage of the algebraic approach is that determinant computation is easy to parallelize.
The only known truly fast parallel algorithm for matching is via this algebraic approach, and it
requires randomization.

Remark 3.16 (Open Question). Is there a fast deterministic parallel algorithm for matching in
graphs? This remains a major open problem.
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3.2.2 General Graph Perfect Matching

Let G = (V, E) be a general (not necessarily bipartite) graph with V' = [n] = {1,2,...,n}. Assume
n is even (otherwise there is no perfect matching).

Definition 3.17 (Tutte Matrix). The n x n Tutte matriz T of G is defined by

Tij if {i,7} € Fand i < j,
Tij = { —xj;i if {i,j} € E and i > j,

0 otherwise.
Note that T' is skew-symmetric: T;; = —Tj; for all ¢, j, and Tj; = 0.

Example 3.18. Consider the graph G on vertices {1,2, 3,4} with edges {1, 2}, {2,3}, {2,4}. The
Tutte matrix is

0 x1,2 0 0
—T12 0 223 24
0 —I2,3 0 0
0 —mp4 0 0O

Theorem 3.19 (Tutte, 1947). A graph G has a perfect matching if and only if det(T) # 0.

T:

The proof requires understanding permutations via their cycle decompositions.

Permutations and Cycle Decompositions

Given a permutation o € Sy, define a directed graph H, on vertex set V = {1,2,...,n} by adding

a directed arc (i,0(i)) for each i € [n] (self-loops are allowed when o(i) = i). The graph H,

decomposes into a collection of disjoint directed cycles; this is called a cycle cover. Conversely, any

collection of vertex-disjoint directed cycles covering all of [n] corresponds to a unique permutation.
A vertex ¢ with o(i) =i is a fized point of o, corresponding to a cycle of length 1.

Example 3.20. Let 0 = (1 2)(3 4), i.e.,0(1) =2,0(2) =1, 0(3) =4, 0(4) = 3. Then H, consists
of two 2-cycles: 1 -2 — 1 and 3 - 4 — 3.

Let 7(1) =3, 7(2) =2, 7(3) =4, 7(4) = 1. Then H; has a 3-cycle 1 -3 — 4 — 1 and a fixed
point 2 — 2.

Proposition 3.21 (Cycle Characterization of Sign).

Sgn(o) — (71)number of even-length cycles in H, ]

FEach even-length cycle contributes —1 to the sign, and each odd-length cycle contributes +1.

Exercise 3.22. Prove that this characterization is equivalent to the one via inversions (Defini-
tion 3.13).

Proof of Tutte’s Theorem

We now prove Theorem 3.19. Recall that

n

det(T) = Z sgn(o) H Ti o (s) -

ocES i=1

We organize the proof around several claims.
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Claim 3.23. If 0 has a fized point, then [}, T; 5 = 0.

Proof. If o(i) = ¢ for some 4, then T;; = 0 (since T is skew-symmetric), so the entire product is
Z€ro. O

Therefore, only fixed-point-free permutations contribute to det(7T). Furthermore, [\, T; ,) #
0 implies that {i,0(:)} € E for all i, i.e., the cycle cover H, uses only edges of G.

Claim 3.24. Suppose o € S, has no fixed points but has an odd-length cycle C in H,. Let T € Sy,
be the permutation obtained by reversing the cycle C' (and keeping all other cycles the same). Then

n n

sgn(o) HTi,o(i) = —sgn(T) HTZ;T(@')-

i=1 =1

Proof. Reversing a single cycle does not change the cycle structure (it is still a cycle of the same
length), so sgn(o) = sgn(7). However, since T is skew-symmetric, reversing a cycle of odd length
¢ introduces a factor of (—1)* = —1 in the product (each arc (i,j) becomes (j,4), contributing a
factor of —1, and there are ¢ arcs). Thus the two terms cancel. O]

Claim 3.25. Let S’ = {0 € S, : H, has a fized point or an odd-length cycle}. Then

> sen(o) [[Tiow) =0

oes’ i=1

Proof. Each term corresponding to a o with a fixed point is zero by Claim 3.23. For permutations
with no fixed points but an odd-length cycle, we pair o with 7 (obtained by reversing the lowest-
numbered odd cycle). By Claim 3.24, these paired terms cancel. One can verify this is a well-defined
matching on such permutations. O

What remains are permutations o such that all cycles of H, have even length.

Claim 3.26. If G has a perfect matching M, then there exists a permutation o € Sy, such that H,
has only even-length cycles and T]}_, T, os) # 0.

Proof. 1f {i,j} € M, set o(i) = j and o(j) = ¢. This gives a permutation consisting of n/2
transpositions (cycles of length 2). All cycles are even, and the product []i_; T; ;) # 0 since all
edges of M are in G. O

Claim 3.27. Suppose o € Sy, has only even-length cycles and [}, Tio@y # 0. Then G has a
perfect matching.

Proof. If [T, T; o3y # 0, then all edges {i,0(i)} are in G. The cycle cover H, consists of even-
length cycles on the edges of G. Each even-length cycle can be decomposed into two perfect
matchings on its vertices (by taking alternating edges). Combining these across all cycles gives a
perfect matching of G. O

Claim 3.28. The terms corresponding to permutations with only even-length cycles do not all
cancel.
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Proof. Suppose o has only even-length cycles and [];-, T o) # 0. Let E, be the set of edges of G
induced by o. To cancel sgn(o) [, T; o (i), one would need another permutation 7 with the same
monomial (up to sign) but opposite sign in det(7"). The only way to get the same set of edges is by
reversing one or more cycles of H,. But since all cycles are even, reversing an even-length cycle of
length ¢ introduces a factor of (—1)¢ = +1, so the sign does not change. Therefore, no cancellation
occurs. ]

Combining Claims 3.25-3.28: det(7') # 0 if and only if there exists a permutation with only
even-length cycles and all edges present in GG, which by Claims 3.26 and 3.27 is equivalent to G
having a perfect matching. O

The same randomized algorithm (substitute random values for the variables, compute the de-
terminant) works for general graphs via the Tutte matrix, just as it does for bipartite graphs via
the Edmonds matrix.

3.2.3 Finding a Matching: The Isolation Lemma

The PIT-based algorithms above are decision algorithms: they determine whether a perfect match-
ing exists, but do not find one. A standard reduction from search to decision (remove edges one at
a time, checking if a perfect matching still exists) is inherently sequential.

To find a perfect matching quickly in parallel, Mulmuley, Vazirani, and Vazirani developed the
Isolation Lemma, a very general and powerful tool.

Lemma 3.29 (Isolation Lemma (Mulmuley—Vazirani-Vazirani)). Let N = {1,2,...,n} be a finite
ground set, and let F C 2N be a non-empty family of subsets. Assign to each element i € N a
weight w; chosen independently and uniformly at random from {1,2,...,d}. For a set S C N,
define its weight as W(S) = >_,cqw;. Then

Pr[there is a unique minimum-weight set in F|] > 1 — g

Note that this holds regardless of the structure of F—we do not even need to know F explicitly.
By choosing d = 2n, we get a probability of at least 1/2.

By assigning random weights to the edges of the graph, the Isolation Lemma guarantees that
with good probability, there is a unigue minimum-weight perfect matching. This uniqueness can be
exploited in a parallel algorithm: one can determine for each edge whether it belongs to the unique
minimum-weight matching by checking a suitable determinant condition, and all these checks can
be performed in parallel.



Chapter 4

Tail Inequalities: Markov, Chebyshev,
and Chernoflf Bounds

4.1 Markov’s Inequality

We have already seen Markov’s inequality in an earlier lecture.

Inequality 4.1 (Markov’s Inequality). Suppose X is a non-negative random variable. Then for
any t >0,

1
Pr[X >t - E[X]] < n
Equivalently, for any o > 0,
E[X
Pr[X > a] < L
o

Exercise 4.2. For any ¢t > 1, give an example of a random variable X where Markov’s inequality
is tight.

4.2 Variance

The expectation is the first moment and provides important information, but is often not sufficient
to do more sophisticated analysis. Now we will discuss the second moment, or the variance.

Definition 4.3 (Variance). The variance of a random variable X is
Var(X) = E[(X — E[X])?].
The standard deviation is ox = \/Var(X).
An alternative and useful formula for variance is:
Var(X) = E[X?] — (E[X])>.

Example 4.4 (Binary Random Variable). Let X = 1 with probability p and X = 0 otherwise.
Then
EX]=p, E[X*=p, Var(X)=p-p*=pl-p).

Example 4.5. Let X = 1 with probability 1/2 and X = —1 with probability 1/2. Then

E[X]=0, [E[X*)=1,  Var(X)=1.

33
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Example 4.6 (Geometric Random Variable). Let X be a geometric random variable with param-
eter p, representing the number of coin tosses needed to get the first head (where the probability
of heads is p). Then

y=F

, Var(X 5

1

p p
Example 4.7 (Poisson Random Variable). Let X be a Poisson random variable with parameter
A, so Pr[X =i] = e_’\%. Then

E[X] = A, Var(X) = \.

Example 4.8 (Normal Distribution). For a normal distribution with density f(x) = ﬁe_(“’_“ﬁ/ (20%),

E[X] = p, Var(X) = o2

4.2.1 Sums of Independent Random Variables

In many applications we want to understand the behavior of a sum X = X; 4+ X9 +---+ X, where
X1,...,X, are independent random variables.

Lemma 4.9. If X; and X5 are independent random variables, then Var(X; + X5) = Var(X;) +
Var(X3).

Proof. We have
E[(X1 + X2)?] = E[X] + E[X3] + 2E[X1 Xs] = E[X{] + E[X3] + 2E[X;]|E[X3],
where the last step uses independence. Also,
(E[X1 4+ X2])? = (E[X1])? + (E[X2])* + 2E[X1]E[Xa).
Subtracting gives Var(X;+Xs) = (E[X?]—(E[X1])?)+(E[X2]—(E[X3])?) = Var(X;)+Var(X2). O

More generally, for a sum of n mutually independent random variables X = > | X;:

E[X] = ZE[XI] (by linearity of expectation), Var(X) = ZVar(Xi) (by independence).
=1 =1

4.3 Chebyshev’s Inequality

Inequality 4.10 (Chebyshev’s Inequality). Suppose X is a random variable with variance O'gf.

Then for any t > 0,

1
Pr[|X — E[X]| > tox] < .

Equivalently, for any v > 0,
2

o

Pr{lX — BX]| > 9) < 4F.
Proof. Let Y = (X — E[X])?2. Then E[Y] = 0% by definition, and Y is a non-negative random
variable. By Markov’s inequality,

&=

PL|X — E[X]| > tox] = Pr[Y > 202] < 2T _ ok _ 1 0
= ST B T pe? T
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4.4 Applications of Chebyshev’s Inequality

4.4.1 Variance Reduction

Suppose we have a randomized procedure that outputs a random variable X to estimate a quantity
of interest «, such that E[X] = . This may not be adequate if Var(X) is large.
Suppose we run the algorithm £ times independently, obtaining estimates X1, Xs,..., Xg. The
final estimate is the average:
k
L1
X=2 ; X;.

The expectation remains correct: E[X | = a.. The variance is reduced:

Var
Var(X Var( ZX) e Z\/ar kE )

So repetition and averaging reduces variance.

4.4.2 Balls and Bins

Consider throwing m balls independently and uniformly at random into n bins. This is a basic and
important process that underlies many applications such as hashing.

Let Y; be the load in bin i (the number of balls in bin ). Define indicator variables X;; for ball
j landing in bin i, so Pr[X;; = 1] = 1/n. Then ¥; = 7", X;j, and the X;; for j = 1,...,m are
independent. We have

1 1
ED/@] = %7 Var ZVar Z] . n<1 _ n) ~ %

A key quantity of interest is the maximum load Z = max}_; Y;, which measures how unevenly
the balls are spread.

Let us focus on the case m = n. Then E[Y;] = 1 and Var(Y;) = 1 — 1/n < 1. The variables
Y1,...,Y, are correlated, making direct analysis of Z difficult. A useful and recurring paradigm is
to combine a deviation inequality with the union bound.

Lemma 4.11 (Union Bound). Let Ay, ..., A, be events. Then Pr[A;UAsU---UA,| <> | Pr[4;].

This is a weak inequality, but like linearity of expectation, it requires no understanding of the
dependencies among the events.

Applying Markov to Y;. We have E[Y;] = 1, so Pr[Y; > t] < 1/t. But to get anything useful via
the union bound over n bins, we need t > n, which is useless.

Applying Chebyshev to Y;. For m = n, Chebyshev gives
Var 1
Pr(|Y; — B[V > ty] < Vo0 < L

<
This implies Pr[Y; > t/n + 1] < 3-. By the union bound over all n bins:

2n T t2n

Pr(Z > ty/n+1] =Pr

O{mzt\/ﬁﬂ}

=t T

Exercise 4.12. Show that E[Z] < ¢y/n for some fixed constant c.

Exercise 4.13. Generalize the above analysis to general m.
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4.4.3 Random Walk on the Line

Start at the origin. At each step, walk one unit to the right or left with equal probability 1/2. Let
X; € {—1,+1} be the i-th step, and let Y, = > | X; be the position after n steps. Then |Y;| is
the distance from the origin.

We have E[X;] = 0 and Var(X;) = E[X?] = 1. By independence,

E[Y,] =0, Var(Y,) = n, oy, = \/n.

By Chebyshev’s inequality:
1
Pr(|Y,| > tv/n] = Pr[|Y,, — E[Y,]| > tv/n] < nE

This implies E[|Y,|] = O(v/n).

4.5 Chernoff-Hoeffding Bounds

Chernoff-Hoeffding bounds are very useful probabilistic inequalities that provide tight bounds in
many settings. They are perhaps the most important tool you will learn from this course.

To motivate, they give much better results than Chebyshev’s inequality for the previous exam-
ples:

e Balls and bins (m = n): E[Z] = O($22), much better than O(y/n) from Chebyshev.

Inlnn

e Random walk: Pr[|Y,| > ty/n] < 2¢7°/2, exponential decay in 2, much stronger than 1/t
from Chebyshev.

4.5.1 Chernoff Bounds for Sums of Binary Variables
There are several variants. We start with the multiplicative Chernoff bound.

Theorem 4.14 (Multiplicative Chernoff Bound). Let X = """ | X;, where X,..., X, are inde-
pendent binary random variables (X; € {0,1}). Let p=E[X] =>"" | E[X;]. Then:

1. Upper tail: For any § > 0,
Pr[X > (14 0)u] <
2. Lower tail: For ¢ € (0,1),

Pr[X < (1 - d)u] <

(1= 0)0=) ]

Example 4.15. Consider n independent fair coins: X; € {0,1} with probability 1/2 each. Let
X =>"", X;, s0 E[X] =n/2. All 2" bit strings are equally likely, and X counts the number of 1s.

The exact distribution is N
n
Pr( X =k| = — ] .

Using Stirling’s approximation, Pr[X = n/2] &~ /7 /y/n, confirming that the distribution is sharply
peaked. Now suppose p = IHT” for each coin. Then E[X] = Inn. Even though exact formulas exist,
they are difficult to work with—the Chernoff bound provides a clean analytical formula depending
only on p = E[X].
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Proof of the Upper Tail

37

Proof. The key idea is to use the moment generating function and apply Markov’s inequality. For

any t > 0:
E[etX]
(o)

PI‘[X > (1 + (5),[4 = Pr[etX > et(1+6)l‘] <

2X2 3X3
S

The moment generating function is called so because e/ = 1 + tX +
expectation encodes all moments of X.

Now we bound E[e!X]. By independence,
n

=E ﬁetxi] = H]E[etXi].

i=1

Let p; = E[X;]. Then
E[etX] piet + (1 —p;) =14pi(el = 1) < < epile’ _1)

using the inequality 1 + z < e*. Therefore,

ﬁ ﬁ (et—l)z pi — 6( _1)N'
=1 =1

Plugging back:

ele'=1)u e =1 1"
PrX > (1+6)u] < 0+ — | t+) | -

-+, so its

We choose ¢ to minimize g(t) = e! — 1 —t(1+6). Setting ¢'(t) = e — (1+6) = 0 gives t = In(1+6).

Substituting:
el —1—t(1+0)=0—(1+8)In(1 +9),

so the bound becomes

)

S—(148) In(1+0) | # € g

Proof of the Lower Tail

Proof. The proof is similar. For any ¢t > O:

X tH(1—8 E[e ]
Pr(X < (1—8)u] = Pr[=X > —(1 = )] = Prle™¥ > e11700) < —C
By independence,
Ble~¥] = [J Bl = [ [pee™ + (1 —=po)] = [T [1 4 pi(e™ = )] < 70

Thus
PriX <(1-4d)u] <—
o—t(i—
Minimizing g(t) = et — 1 + ¢(1 — §) by setting ¢'(t) = —e~t + (1 — ) = 0 gives e~! =
t=1In ﬁ. Substituting yields the bound

e™® a
PriX <(1-9)u] < [(1—5)(1_5)] .

1-94, so
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Simplified Chernoff Bounds
The standard forms can be simplified into more convenient bounds.

Corollary 4.16 (Simplified Chernoff Bounds). Let X = > | X; with X; € {0,1} independent,
and p = E[X].

e Lower tail: Ford € (0,1),
Pr[X < (1—6)u] < e H9°/2,

e Upper tail (small 6): For 0 < ¢§ < 1.81,
Pr[X > (1+68)p] < e /3,

e Upper tail (constant 0): For § > 1,

Pr[X > (14 0)u] < e M/3,

e Upper tail (large §): For § > 1,

Pr[X > (1+d0)u] < e~ (140) In(1+0)u/4.

4.5.2 Hoeffding’s Inequality (General Case)
This is an additive form of the bound for variables bounded in an interval.
Theorem 4.17 (Hoeffding’s Inequality). Let Xi,...,X,, be independent random variables with
Xi € [ai, b]. Let X = 3" | X;. Then for any a >0,
Pr|X — E[X]| > a] < 2 ( 20° >
r[| X — a expl ~=—7——= ).
AN S (AL
A common special case is X; € {—1,1}, where b; — a; = 2. Then

Pr[X — E[X] > a] < e/, Pr[|X — E[X]| > a] < 2%/,

Note that this bound depends on n and a, and cannot give any multiplicative guarantee relative to
E[X], which can be 0.

4.6 Applications of Chernoff-Hoeffding Bounds

4.6.1 Balls and Bins (Revisited)

For m = n balls into n bins, recall Y; is the load on bin i with E[Y;] = 1. We bound the probability
that ¥; > 1052

Inlnn-

Here p =1 and (14 d)p = 101111‘}51”, so 0 is large. We use the large-deviation upper tail bound
from Theorem 4.14:

PI"[Y;' > (1 + 5)/‘] < 6—(1+5) ln(1+5)u/4_
We have (14 §) = 1022 5o

Inlnn?

10Inn
Inlnn

1
ln(1—|—5):1n( > :ln10+lnlnn—lnlnlnn2§lnlnn
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for sufficiently large n. Therefore,

10Inn Inlnn

1 In(1 > =51
(1+0)In(1+9) = Inlnn 2 dlnm,
giving
Pr|Y; > 10 Inn < e dln — i
Inlnn n®

By the union bound over all n bins:

prlz>102" | <y L2 1
Inlnn

This shows that with high probability, the maximum load is O( Inn )

Inlnn

4.6.2 Randomized Quicksort (Revisited)

We saw that randomized quicksort runs in expected time O(nlnn) on an n-element array. We
will show that the runtime is tightly concentrated around this mean. Let Q(A) be the number of
comparisons on an array A of size n. We will show:

Pr{Q(A) > 32nlnn] < %

The constants are loose; much tighter bounds are known. The point is to illustrate the technique.

Setup. Focus on a fixed but arbitrary element a € A. Let S; be the subarray containing a at
recursion level i, with Sy = A and Sy = {a} where k is the last level for a (a random variable).
The total number of comparisons is at most k - n, so it suffices to prove that the recursion depth k
is at most 32Inn with high probability.

Call a “lucky” at level ¢ if the pivot chosen at that level is an “approximate median” for 5;,
meaning |S;41| < 2|5;|. The probability of a lucky split is at least 1/2 (a pivot in the middle half
of the sorted order of S; achieves this).

Lemma 4.18. Let n be sufficiently large and h = 32Inn. Consider h independent unbiased coin
tosses X1,...,Xn, and let A be the event that fewer than 4Inn are heads. Then Pr[A] < 1/nY.

Proof. Let Y = X; + -+ + X3,. Then E[Y] = h/2 =161lnn, and 4lnn = (1 — 3/4) - 161lnn. Using
the simplified Chernoff lower tail bound with § = 3/4:

PrY < 4lnn] = Pr[Y < (1 — )E[Y]] < e FEYI/2 = ¢~ (9/16)1610n)/2 _ o ~9Inn _ % O
Now, element a has recursion depth > h = 32Inn only if it has fewer than 4Inn lucky rounds
in the first h levels. (If it has at least 4Inn lucky rounds, the subarray size is reduced by a factor
of 3/4 at least 4Inn times, giving size at most n - (3/4)*™" < 1 for large n.) By Lemma 4.18,
Pr[k > 32Inn] < 1/n°.
By the union bound over all n elements:
1

n
Pr[depth > 321Inn] < 5= §

Since the number of comparisons at each level is at most n, we conclude Pr[Q(A) > 32nInn] < 1/n8.
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4.6.3 Random Walk (Revisited)
Using Hoeffding’s inequality for Y, = """ | X; where X; € {—1,1} and E[Y},] = 0:

2
Pr(|Yy| > tv/n] = Pr[|Y, — E[Ya]| > tv/n] < zexp(‘tz;) =2t

This is an exponential decay in t2, significantly stronger than the 1/t?> decay from Chebyshev’s
inequality.



Chapter 5

Applications of Chernoff-Hoeflding
Bounds

5.1 An Application to Routing for Congestion Minimization

A classical problem from both theory and practice.
Given G = (V, E) a directed graph with m = |E| edges. Let (s1,t1), (s2,t2),...,(sk, tx) be k
source-sink pairs.

5.1.1 The Edge-Disjoint Paths (EDP) Problem

The Edge-Disjoint Paths (EDP) problem asks the following: can we find paths Pi, Py, ..., Py such
that

(i) P; is an s;—t; path for each i € [k], and
(ii) Pi,..., Py are edge-disjoint?

This is a fundamental but difficult problem. We will consider a relazation: given G and the
pairs, find paths Py, ..., P such that no edge is used in too many paths. The maximum number
of paths using any single edge is called the congestion.

5.1.2 LP Relaxation

Let P; be the set of all s; — t; paths—an exponentially large set. We write a path-based LP
relaxation:

min A
s.t. Z:cpzl Vi€ [k
PEP;
k
Z T, <A Vee kB
i=1
pEP;, pe
Tp = 0 pE U'PZ'
i

We will not discuss how to solve this LP, but it can be done via the Ellipsoid method or by
writing a different edge-flow based formulation. In the edge-flow formulation, x(e,i) denotes the
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flow on edge e for pair :

min A
s.t. Z x(e,i) — Z z(e,i) =1 Vie k]
e€dt(s;) e€d(si)
Yo oalei)— Y a(ei)=0 Vové{st}, Vie k]
ecét(v) e€d—(v)
k
Zw(e,i)g)\ Vee E
i=1
z(e,i) >0 e€E, i€ [k]

Let A* be the optimum value of the LP relaxation. Note that A* can be smaller than 1, so the
true lower bound on congestion is max{A*, 1}.
Can we convert the fractional solution to an integral solution with small congestion?

5.1.3 Randomized Rounding

The rounding algorithm is simple:
1. Solve the LP relaxation to obtain an optimal fractional solution z.

2. For each pair (s;,t;) independently, pick a random path P; € P; where path p is chosen with
probability ).

Raghavan and Thompson were the first to analyze this rounding scheme via Chernoff bounds,
in 1987.

Theorem 5.1 (Raghavan—-Thompson). The algorithm outputs a set of random paths Py, ..., Py
such that Vi € [k], P; is an s;—t; path. Moreover, with probability at least 1 — ik the load on

1
poly(m
every edge is at most
1
of —2™m_ max{\", 1}.
loglogm

Proof sketch. Consider any fixed edge e. Let Y; be the indicator random variable for the event that
P;, the path chosen for pair (s;,t;), uses edge e. Let Y = Zle Y; be the total load on e.
We have

Prly; =1] = Z Tp = z(e, 1),

pEP;
poe
the total flow on e for commodity 3.
Since the paths for different pairs are chosen independently, Y1, ...,Y; are independent random
variables. Therefore i
k

E[Y] = ZE[YZ-] = Zx(e,i) <\

=1 =1

By the Chernoff bound (using the form for 1 < 1, since \* < 1 is possible), for sufficiently large
constants ¢ and ¢/,

Pr[Yzc logm} < 1
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We apply the union bound over all m edges:

1 1 1
Pr loadonanyedge>c-ﬂ <m-—=——.
log log m m¢  mc-1
Choosing ¢ large enough (say ¢ > 2) gives the desired high-probability bound. O

Exercise 5.2. You can use Chernoff bounds to prove two refined bounds for the routing problem
above.

i ow that there exist constants ¢, ¢’ suc at for any € € (0,1),
i) Show that th ist tant ’ such that f 0,1

7.

Pr[Y > (14" + dogm} <!

€2 me

Thus when \* = Q(logm), we get a (1 + €)-approximation to the fractional congestion plus a
lower-order additive term—a very good approximation.

(ii) Show that when A\* > clogm,

1

m¢

Pr[Y >\ + /clogm - )\*} <

Note that the preceding bound has mo multiplicative factor on A*; the deviation is only

O(V/A*logm).

5.2 Additive Chernoff Bound (Hoeffding’s Inequality)

To motivate this bound, consider again the random walk on the line. We had Y = """ ;| X; where
X; € {—1,1} and E[X;] = 0, and hence E[Y] = 0. In this setting the mean is zero, so we cannot
expect a multiplicative Chernoff bound (which gives tail bounds relative to the mean). We need an
additive bound instead.

5.2.1 Hoeffding’s Bound

Theorem 5.3 (Hoeffding’s inequality). Let X =>"" | X; where
(i) Xi,...,X, are independent,
(i1) X; € [a;, b;] for all i € [n],

(i1i) E[X;] =0 for alli € [n].

Then for any n > 0,

Pr[X > 1] < eXP(‘ZM)

and

Pr[X < -] < eXP(‘Z;‘Zl(QIZZ—aZ-)?) '
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Comments.

(i) Suppose X; € [—1,1] for all i. Then > (b; — a;)* = 4n, and the bound becomes Pr[X >

(ii) Why do we assume E[X;] = 0?7 We can always replace X; by Y; = X; — E[X;]; then E[Y;] = 0.
If X; € [a;,b;], then Y; € [a; — E[X;], b — E[X;]], and the width b; — a; does not change.

Without assuming E[X;] = 0, the standard form of Hoeffding’s inequality is:

2
Pr[X — E[X] > ] < exp<—M) |

5.2.2 Proof of Hoeffding’s Inequality

Proof sketch. As with the multiplicative Chernoff bound, we use the exponential moment method.
For a parameter t > 0,

E [etX]
etn

Pr[X > 7] = Prlet* > €] < (by Markov’s inequality).
So it boils down to upper bounding E[e!*] = [, E[e!*i] (by independence) and choosing the
best t.

Bounding E[e¢!Xi]. We sketch the key argument. The function e®¥ is convex on the interval [a;, b;]
(indeed on the entire real line). We know E[X;] = 0 and X; € [a;, b;]. What distribution on [a;, b;]
with mean zero maximizes E[e!*Xi], since that is what gives the weakest bound?

Due to convexity, it turns out we should put all the probability mass on the extremes of the
interval [a;, b;]. That is, the worst case is when X; € {a;, b;} subject to E[X;] = 0 (note a; < 0 and
b; > 0). Concretely, X; = b; with probability p = b:féi and X; = a; with probability 1 —p = biliiai‘
One can prove this rigorously by convexity.

Assuming this worst case,

Ele'] < pef + (1 — p) e'®.

By calculus (not completely obvious!) one can show that

petbi + (1 _ p) etai S etQ(bi—ai)2/8.

Combining and optimizing. Assuming the bound above, we have

n

tX71 __ tX; o 2 bi,aiZS_ t2 § . N2
Ele ]_HE[e ]SHe (bi—ai)?/ _exp<82(bz—az)>-

=1 =1 =1

Thus

n

E etX t2
Pr[X >n] < Eg”] ] <exp (8 Z;(bi —a;)’ — “7) :

Minimizing over ¢: taking the derivative and setting it to zero,

n

t 4n
— (bi—ai)2:n — = .
4 ZZ; Zz‘:l(bi - ai)2
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Plugging in, the exponent becomes

t*? . 167> 4n?
8 (b —ai)* =t = ! 2y bTI 5
i S(Zi(bi —a;) ) Z@( i — a;)
_ w2
2ilbi —ai)?  32(bi —ai)? > i (bi — ai)*
Thus
Pr[X > 5] < ( 2° )
r exp|l ——=—7—- | -
=TS L by
The lower tail bound Pr[X < —pn] follows by applying the same argument to —X. O

5.2.3 Application: Random Walk on the Line

Let X = > | X; where X; € {—1,1} with E[X;] = 0. Here b; = 1 and a; = —1,s0 Y 1, (b;—a;)? =
4n. By Hoeffding’s inequality,

PI‘[X > t\/ﬁ] < 6—2t2n/(4n) _ e—t2/2

and similarly .
Pr[X < —ty/n] <e */2,

This confirms that the random walk on the line is concentrated within O(y/n) of the origin, with
exponentially decaying tails.
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Chapter 6

Johnson-Lindenstrauss Lemma and
Hashing

6.1 Johnson-Lindenstrauss Lemma and Dimensionality Reduction

A fundamental yet simple result from convex geometry that has found many applications in data
analysis and algorithms.

Let U1, D9, ...,T, be n vectors (points) in R? where d is very large. The lemma says that one
can project these vectors to a lower dimensional space R¥ to create new vectors @y, s, . . . , Uy, such
that for all 4,5 € [n]:

(1 =i —=vjl2 < [[wi —ujll2 < (1 +€)l[v; —vjl2

i.e. the pairwise Euclidean distance is approximately preserved. And:

k=0 (log2 n>
€
Note that d does not show up.
Clearly this is useful only if d was originally larger than k.
Further the projection is via a linear map R**? that is randomized and oblivious to the data.
The core of the result is about a single vector and we then use a union bound.

6.1.1 Distributional JL Lemma

Fix a vector T € R?. Let II be a k x d matrix where IL; ; is chosen independently from a standard
Gaussian distribution N (0, 1).
Ifk=0Q (E% log %) then with probability > 1 — 4:

< (14 o)zl

1
(1= el < | o1
VEk 2

Assuming the DJL the dimensionality reduction is easy.
Choose k = Q(}2 logn). Then for i # j look at vector T = v; — v;. With probability 1 — %,

Hﬁ(m - H@)H2 is within (1 % ¢)[[7; — ;2. Let @ = —=117;.

N
. . . 1. n\ 1 1
So by union bound all pairs are preserved with probability 1 — (2)? >1—.
The projection is oblivious since II was chosen without considering the data vy,...,v,. This

implies it can be used for ”future” data.

47
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6.1.2 Proof of the DJL Lemma

The proof relies on some nice properties of the Gaussian distribution. One can use other distribu-
tions, and there are some advantages to do so, but the analysis is more involved.

Sum of Independent Normally Distributed Random Variables

Recall N(u,0?) is the normal distribution with mean p and variance o

function is:

. Its probability density

1 _ew?
@) = —=e "
2ro

Lemma 6.1. If Zy ~ N(u1,0?) and Zy ~ N(ua,03) and Z1,Zy are independent, then Z1 + Zo ~
N(p1 + p2, 03 + 03).

Corollary 6.2. Suppose Z = (z1,22,...,24) is a vector of independent N(0,1) random variables.
Let T € R? be a unit vector, i.e., |T||o = 1. Then Z?:l x;z; s distributed as N(0,1).

Proof. The sum is a sum of independent Normal variables, as each z;z; ~ N(0,z7). The mean is
S Elzizi) = 4 2E[z] = 0. The variance is >0, Var(z;z;) = S0, 2?Var(z;) = 3.4 22 = 1,
since 7 is a unit vector. O

Proof of Lemma (via Moment Generating Functions)

We will consider the moment generating function (MGF) of X ~ N(u,0?), which is E[e!X].

_(e-p)?

(&} 202

o0
E[e!X] = e’

r  ____dx
—c0 V2mo?

This evaluates to:
0'2t2

E[etX] — eut—f— 5

Suppose we have k independent random variables Xy, Xo, ..., X;. If Mi(t),..., My(t) are their
respective MGF's, then the MGF of their sum X =) Xj is:

M(t) = My (t)Ma(t) ... My(t)
This is because E[e!X] = E[e!2>Xi] = E [Hle etXi] = Hle E[e!Xi] by independence. If X; ~
N(pi,0?), then the MGF for the sum is:

M(t) = Hemt+% — (i pi)t+
i=1

(T 02)t?
2

This is the MGF of N(} i, > 02).

Main Proof of DJL
Let IT be a k x d Gaussian matrix and let T be a unit vector (wlog). Let y = Iz = (Y1, Yo, ..., Y%).
From the corollary, each Y; = Z?:l IL;jz; is distributed as Y; ~ N(0,1), and the Y; are independent.

We are interested in the squared norm ||g||3 = Zle Y;2. The expectation is E[|[]|3] = Zle E[Y?] =
k, since E[Y?] = Var(V;) + (E[Yi])? = 1 + 0 = 1. This suggests that ﬁHHEHQ should be close to 1.
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Our goal is to prove that ¥ = Zle Yi2 is concentrated around its mean. The distribution of
the sum of squares of ¢ independent N(0,1) random variables is called the x? distribution with
parameter ¢, denoted x2(t).

Lemma 6.3 (Concentration for x?). Let Yi,...,Y} be independent N(0,1) random variables and
let Y = Y% | Y2, Then for e € (0,1/2):
Pr[(1— €2k <Y < (1+€)2k] >1— 2k
where ¢ is an absolute constant.
This concentration lemma implies the DJL lemma. By choosing k = O(% In }), we get Pr[(1 —
R

Proof of the Concentration Lemma

We use the exponential moment method (Chernoff bound). For ¢t > 0:

E tY
Pr[Y > a] = Pr[e!Y > ] < ]

ela
The MGF for Y ~ x?(k) has a closed form for ¢ < 1/2:
E[e?Y] = (1 —2t)7%/?2

Plugging this in, we get Pr[Y > o] < (1 — 2t)7%/2e~* as long as t € (0,1/2).
We choose t = (1 — g) % (which is in (0,1/2) when o > k). Then:

PrlY > o] < () e~(amk)/2
a

For the upper tail, set a = (1 + €)%k:

—k 7(1+6)2_1—1n 14€
Prly > (14 €)%kl < (1+¢)7F. e H+?-1/2 — ¢ 2 (+9

Now using In(1 + ¢) :e—§+§—~-- < e, we get:
1 2 1 2
(_{—62)—111(1—1—6)2624—6—6:62
Therefore Pr[Y > (1 + €)2k] < e *¢*/2. The lower tail is similar.

The difficult part is understanding E[e?"]. How do we get the closed form? Recall Y = Zle Y2
where the Y; are independent and each Y; ~ N(0,1). The MGF of Y7? is:

o0 _112/2 o0 1 2
M. ty=E etYZQ — / 6ty2 e duy — / e—%(l—?t)d
Y?( ) [ ] - \/% Y - 7271- Y

[\

Rewriting:

,L 1 1
2 T/(1—2t) dy =

\/1—2 / /271' 1 12t

since the integral is that of a N (0, 1= 2t) density and equals 1. This is defined for ¢ < 1/2. Since the
YZ-2 are independent and identically distributed, the MGF of their sum Y = ZYf is the product
of the individual MGFs:

= (1—2t)"/?

k

Ee™]=]J(1-20)7"2 = (1—2t)7%?

=1
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6.2 New Topic: Hashing

This topic requires some background in pseudo-randomness and derandomization. How do we

convert randomized algorithms into deterministic algorithms? Is it always possible? We will discuss

some of these questions later, but our goal today is to introduce the notion of limited independence.
Two key observations motivate the study of pairwise independence:

e Pairwise independence suffices in some applications.

e One can generate many pairwise independent random bits from a small number of independent
random bits.

Definition 6.4. A set of random variables Xi,..., X,, are pairwise independent (or 2-wise inde-
pendent) if X; and X; are independent for any i # j.

Example 6.5. Let X1, X2 € {0,1} be independent random bits. Let X3 = X; & X5 (XOR). Then
X1, X, X3 are pairwise independent but not fully (mutually) independent.

Lemma 6.6. One can construct n = 2¥ — 1 pairwise independent random variables X1, ..., X,
(where each X; € {0,1}) from just k truly random bits Y1, ..., Y.

Construction: Let S be any non-empty subset of {1,2,...,k}. Define Xg = @, qY;. For
any two distinct non-empty subsets S and T', the variables Xg and X7 are independent.

Proof. 1f S # T then either S — T # () or T — S # () (or both).

Case 1: S—T #(. Let : € S—T. For any choice of the bits in T', the value of Xg = EBjeS Y,
depends on Y; (which is not in T'). Since Y; is a uniformly random bit independent of all other bits,
Xg is equally likely to be 0 or 1 regardless of the value of X7. Hence Xg and Xt are independent.

Case 2: T — S # (). Same argument with the roles of S and T reversed. O

6.2.1 Application: Derandomizing the Max-Cut algorithm

Recall the simple randomized algorithm for Max-Cut on a graph G = (V, E): start with S = 0,
and for each vertex v € V', add v to S with probability 1/2.

Recall the analysis. Let X, be the indicator for v € S, and let Y, be the indicator for edge e
being in the cut 6(S). For an edge e = (u,v), we have Pr[Y, = 1] = 1/2 — this only requires X,
and X, to be independent. Let Y = 3", Y,. By linearity of expectation, E[Y] = }|E|.

So if X, v € V, are only pairwise independent, we still have E[Y] = %|E |.

We can derandomize this as follows:

e We need n = |V| pairwise independent random bits. We can generate these from a ”seed” of
k = [logy(n + 1)] true random bits using the construction above.

e The number of possible seeds is 2%, which is O(n).

e A deterministic algorithm can iterate through all O(n) possible seeds. For each seed, it
generates the n bits, defines the corresponding cut, and computes its size.

e The algorithm then outputs the largest cut found. Since the expected size is |F|/2, at least
one of these deterministic outcomes must produce a cut of size at least |E|/2. This yields a
deterministic polynomial-time approximation algorithm.
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K-wise Independence and Hash Tables

7.1 K-wise Independence and Hashing

Recall we defined pairwise independence and showed how to construct n pairwise independent
bits {0, 1} from O(logn) truly random bits. We will initially focus on pairwise independent set-
ting and now think about generating a pairwise independent random variables but from the large
{0,1,2,...,m — 1} instead of just bits.

Definition 7.1. X, Xs,..., X, € {0,1,...,m — 1} are pairwise independent if:
(i) X; is uniformly distributed over {0,1,...,m — 1} for all 7 € [n]
(ii) For i # j, Pr[X; =7 and X; =s] = -1 for all 7, s € {0,1,...,m — 1}

Suppose m = 2. Then we can use previous bit scheme for each of the h bits. This would require
O(hlogn) = O(logmlogn) bits and is not that efficient. We will see a way to get O(logn + logm)
bits.

We consider the setting n < m and achieve a good scheme when m is a prime power p* where
p is a prime number. We recall some facts about prime numbers.

Lemma 7.2. Z, = {0,1,2,...,p — 1} under + and x mod p is a field.

Corollary 7.3. Suppose i,j € Z, with i # j. Then for any r,s € Z,, there exists a unique pair
(a,b) that satisfy the equations:

ai+b=r (mod p) (7.1)
aj+b=s (mod p)

Proof. We solve these equations for a,b as we do over reals since Z, is a field:

a(i—j)=r—s (mod p) (7.3)
a=(r—s)(i—j)"' (mod p)

Since i # j and Z, is a field, (i — j)~! exists and is unique in Z,. Then b = r — ai (mod p) or
b=s—aj (mod p). O

o1
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7.1.1 Constructing pairwise independent random variables X, X;,..., X, ; with
range {0,1,2...,p—1}

1. Pick a,b € Z, independently
2. For each 7, set X; = ai 4+ b mod p

Claim 7.4. X; is uniformly distributed over Ziy.

Proof. Fix i. Then ai is fixed. Since b is uniformly random in Z,, ai + b will be uniformly random
in Zy,. O
Claim 7.5. Fori# j, X; and X; are pairwise independent, i.e., Pr[X; =r and X; = s] = 1%.
Proof. There exists a unique (a,b) € Z3 such that:

ai+b=r (mod p) (7.5)
aj+b=s (mod p) (7.6)
Therefore Pr[X; = r and X; = s] = . O

p

Amount of randomness required is 2logp = O(logn).
If one notices in the preceding construction, we only used the fact that Z, is a field. Thus we
could have done the same construction over any finite field. An important result in algebra is:

Theorem 7.6. IfF is a finite field, then |F| = p* for some prime p and integer k > 1. Moreover,
for every prime p and integer k, there is a finite field of order p*, and all finite fields of the same
order are isomorphic.

Note that + and x in a finite field of order p* need to be defined, and one needs to handle the
computational aspects. For our purposes, we will treat them as O(1) time operations.

The advantage of using fields of size p” is that we can use p = 2 and any integer k. Powers of
2 are natural for CS.

Thus we can obtain n pairwise independent random variables over {0,1,...,2¥—1} when n < 2.

Suppose we want n < m. Say m is also a power of 2, m = 2" Then we can generate n r.v.s
over {0,1,...,2" — 1} and drop the first £ — h bits. It is an easy exercise to argue that this works.

n > m is easy. Since we can generate n r.v.s and just use m of them.

7.2 K-wise Independence

Definition 7.7. X1, Xo,..., X, € {0,1,...,m — 1} are k-wise independent if:
(i) X; for all ¢ € [n] are uniformly distributed over {0,1,...,m — 1}
(ii) Any k of the given random variables are independent

One can generalize the construction for k£ = 2 to larger k£ via polynomials.

Let F be a finite field of order m. Pick ag,a1,as,...,ar_1 € F uniformly and independently
from F.

Consider polynomial:

p(z) = ag + a1z + agx® +--- + ap_qoF 1

Now set each X; = p(i).
So we need to pick k coefficients, so total of O(klogm) bits.
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7.2.1 Why does the construction work?

Suppose i1, 19, ..., are distinct elements of the field. Let ji, jo,...,jr be arbitrary elements of
the field. We claim p(i1) = ji,p(i2) = j2,...,p(ix) = ji is satisfied by a unique degree < k — 1
polynomial.

First, there exists a degree < k — 1 polynomial by Lagrange interpolation. Consider the poly-

nomial:
Z]e H (z — in)

i — 1
—1 h#é 'h)

which satisfies the & constraints:
p(Zl) = j17p(i2) = j2> e 7p(lk) = .]k

Suppose we have two such polynomials p and q. Then consider p — ¢. This has k& non-trivial
roots, which is not possible for a non-zero polynomial of degree < k.

7.3 Hashing and Hash Tables

Dictionary data structure is perhaps the most basic and important data structure in programming.
We want to store and retrieve a bunch of key-value pairs where keys are assumed to be distinct
and come from some large universe U of objects. Say |U| =

However, at any time we only have a small subset n << N of keys in our data structure.

7.3.1 Operations

e insert(x): add z to stored set
e find(x): is x in set?

e delete(x): remove z from set if it is there

Since everything in a computer can be represented as a string, we can assume WLOG that U is
ordered. Typically we deal with U being numbers, but in practice U can be complex objects such
as images, tuples of strings, etc.

Dictionaries over an ordered universe U can be implemented via pointer-based tree data struc-
tures: O(logn) comparisons of unwieldy objects. Pointer-based data structures can be bad for
cache access for many applications.

7.3.2 Hashing

Use array/tables so memory access is better. Hash functions allow mapping from unwieldy objects
to small integers. Can get O(1) on average.

If U is a finite universe of size N, h : U — [k] is a hash function. Let Hyy be the set of all hash
functions from U to [k].

H C Hgyy is a family of hash functions.
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7.3.3 Hashing

1. Fix some family of "nice” hash functions H C Hy
2. Pick a random h € H
3. Let S CU where |S| =n

4. Map each = € S to h(x)

Assumption: we have an array of size k where location i maps to location h(x). Goal is to store
x in location h(z). But what if h(z) = h(y) for some x # y? Collision!
Hashing data structures differ in how they handle collisions. We will see two ideas.

7.4 Hash tables with chaining

U is universe with N elements. We will assume that we want to store a set S C U where |S| =n
and we know n. Hence we can allocate space roughly O(n). If we don’t know n, we can guess and
double and rebuild.

Given knowledge of n, it is common to set up table size k to be cn for some small constant c,
and then pick a hash family #H of functions that map U to [k], where [k] = {0,1,...,k —1}.

In chaining, all elements hashed to a bucket index i € [k] are stored in a linked list associated
with 4.

We hope that the hash function spreads the items nicely and that the lists at each bucket are
small on average.

Operation: each of the operations insert (x), find(x), delete(x) take time proportional to
1+ ¢(z) where ¢(x) is the length of the list of elements stored at h(z).

7.4.1 What is a good hash function?

Suppose we have S of n elements and a hash table of size k = n. Then if we choose H,; as our
family and pick h € Hyy at random, then it is like balls and bins: h(zx) for any x will be uniformly
distributed, and for z,y € S with « # y, h(z) and h(y) will be independent.

We will call Hyy an ideal hash family and a random h from it as an ideal hash function.

The problem is that Hyy is a very large and complex family, and a random h has no structure,
so computing h(z) is not efficient.

So what we want are hash function families that have the following features:

1. For every h € ‘H, h must be efficiently computable
2. Sampling a random h from H should be efficient
3. A random h from H should behave as closely as possible to an ideal hash function

Definition 7.8. A hash family H from U to [k] is strongly 2-universal if the following properties
hold for a random h chosen from H:

(i) For all x € U, h(z) is uniformly distributed over [k]

(ii) For all z,y € U with = # y, h(x) and h(y) are independent, i.e., Pr[h(z) =i and h(y) = j] =
1

k2
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‘We now define a weaker version:

Definition 7.9. A hash family H is 2-universal if for all z,y € U with x # y:

1
Pr{h(z) = h(y)] < 7

Observation: A strongly 2-universal hash family is also 2-universal.
Suppose we had a 2-universal hash family:

Lemma 7.10. Let S C U with |S| =n. Fiz x € S. Suppose h is chosen from a 2-universal hash
family H : U — [k]. Let S, be the random set {y € S : h(z) = h(y)}. Then E[|S,|] <1+ 21,

Proof. Fix y € S with y # z. Let I, be the indicator that h(y) = h(x). Then:

Sel =14 > I,

yeS,y#x
—1
E|S.]=1+ Y E[L]=1+ Y Prlh(y)=h(z)] <1+
yeESy#£T yES, y#x

O]

Corollary 7.11. For any sequence of n operations starting from an empty set, the expected cost
of the operations is O(n(1 + %)). If k = cn for constant ¢ > 0, then expected cost is O(n).

7.4.2 How do we construct strongly 2-universal and 2-universal hash families?

We already did this when constructing pairwise independent random variables!

Say we create Xo, X1, ..., X,—1 pairwise independent r.v.s with range [k]. Then we think of X;
as h(i).

To repeat: Let N = 2¢ for some ¢ and k = 2" for some h < ¢. Consider field F of size 2.
Associate U with N = 2°¢.

H = {hap: a,bc F}
hap(i) = ai + b
For i # j, if a,b chosen independently and uniformly at random, hgq (i) and hqp(j) are inde-

pendent and identically distributed over F. We can then truncate the bits to get distribution over

[K]-

7.5 2-Universal Family

Although the preceding construction works, there is a simpler family that yields a 2-universal
family.

Let p be a prime > N. Define:

H="_{hep:aec{l,2,...,p—1},be Z,}
hap(2) = (ai + b mod p) mod k

Claim 7.12. H is a 2-universal hash family.

Note the difference with strongly 2-universal family: We did not allow a to be 0. This avoids
the not-so-good/interesting hash function hg which maps all elements to 0. Second, by taking a

simple modk, we lose the uniformity property. Nevertheless, the family is 2-universal and is quite
simple to describe and implement. Can use standard arithmetic on Z,,.
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7.5.1 Sketch of universality
Lemma 7.13. Fizi# j and r # s € Z,. Ezactly one pair (a,b) with a # 0 and a,b € Z, satisfies:

at+b=r (mod p) (7.7)
aj+b=s (mod p) (7.8)

Proof. a(i—j)=r—s (mod p),soa = (r—s)(i—j)~' (mod p). Ifi # j, then ai+b = aj+bmod p
iff @ = 0, so no collisions before folding. O

Think of h, (i) as a two-step process:

1. r=ai+bmodp

2. h=7rmod k

If i # j, r # s, but r can be equal to s after modk.

Lemma 7.14. The number of pairs (r,s) € Zy X Ly, with r # s such that r mod k = s mod k is at
most %.

Proof. For any fixed r, the number of s € Z, such that » mod k = s mod k is at most [p/k], but
this includes s = r, so the number with s # r is at most [p/k] —1 < (p — 1)/k. Summing over all
r € Zp, the total is at most p - % = p(pik_l). O

Fixing i # j, random a # 0 and b € Z,, creates a random pair (7, s) € Zy, x Z, with r # s. There
are p(p — 1) such pairs in total. The number of pairs (r,s) with r # s that collide after folding is

at most p(plgl).

Hence Pr[hg (i) = hap(j)] < fﬁ;_li) =

=

7.6 Hash Tables: Linear Probing

Chaining is simple and easy to analyze. In terms of practice, using linked lists and dynamic memory
allocation is not so great. There are other hashing techniques such as linear probing and cuckoo
hashing that try to take advantage of arrays.

Linear probing is a technique that handles collisions by scanning along the array. If h(zx) is
occupied, see Kent’s notes for description.



Chapter 8

Hash Tables with Linear Probing

8.1 Hash Tables with Linear Probing

We saw hashing with chaining. Using universal hashing we get expected O(1) time per operation.
One disadvantage is that chaining requires a list data structure at each bucket. Today we will discuss
another popular technique called linear probing. We will mostly be following Kent Quanrud’s thesis,
which has nice figures and more detailed explanations, including historical notes. For this reason,
we will be high-level in our description.

8.1.1 Linear Probing

Let the universe be U, with |U| = u. The size of the hash table is A[0...m —1]. We pick a random
hash function h from a hash family H.

Algorithm 1 insert(x)
i< h(z)
while A[i] is not empty do
i< (i+1) (mod m)
All] +

Algorithm 2 find(x)
i+ h(z)
while A[i] is not empty do
if Ai] = x then
return Yes
i< (i+1) (mod m)

return No

The delete(x) operation is more complicated. There are different strategies, but we want to
maintain the correctness of insert and find. To delete x, we first find it. Say x is in A[i]. If
h(xz) = ¢ then we set A[i] = empty and we are done. Otherwise we have inserted x into a location
“after” h(x) due to collisions. If we remove = from A[i] we create a “hole.” We try to fill it by
scanning from i to the right to see if we encounter another element y such that A[j] = y but
h(y) # j, and move it to the hole. We repeat this process.
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Algorithm 3 delete(x)
i « find(zx) > assume z is in A
Ali] + empty
repeat
j (i+1) (mod m)
while A[j] is not empty and h(A[j]) = j do
j (G+1) (modm)
if A[j] is empty then
break
else
Ali] < Alj]
i< j

until true

8.2 Analysis

Let’s assume ”ideal” hash functions (each key is mapped to a slot uniformly and independently).
How can we upper bound the cost of the operations? Suppose we perform n operations. Let S be
the set of elements that were ever inserted. We will assume m > 2en. We will consider the state of
the hash table as if we had inserted all the elements in S.

The hash table A will be broken into “runs”, where a run is a maximal contiguous interval
of occupied cells. The key observation is the following: The cost of insert(x), find(x), and
delete(x) are all upper-bounded by the length of the run that contains the slot h(z). Let’s call
this run R(x).

Our goal is to analyze the expected length of this run. What is E[|R(x)|]?

Lemma 8.1. If m > 2en, under the ideal hashing assumption, then for any x, E[|R(x)|] = O(1).
This lemma implies that the total expected cost for n operations is O(n).

Proof. Let R denote the run R(z), and let h(z) = i. The expected length of the run is:
E[|R|| =) 1-Pr|R| =1
=1

Consider an interval I of length [ that contains the slot i. There are [ such possible intervals. Let’s
fix one such interval, say I;. For the run containing ¢ to be exactly this interval I;, two conditions
must be met:

1. All [ slots in I; must be occupied by elements from S.
2. The two slots bordering I; must be empty.

By symmetry, the probability that the run R is equal to any specific valid interval of length [ is the
same. Thus, Pr[|R| =[] is related to [ - Pr[R = I;] for a fixed I;.

Let’s find an upper bound on the probability that a specific interval I; of length I contains the
run. For this to happen, at least [ elements from S must hash into I;. The probability of this is:

l l
Prlat least [ items of S hash to I;] < (?) ()

m
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Using the inequality ( ) (%)k, we get:

IR

Given our assumption that m > 2en, we have £* % Therefore, the probability is at most (%)

Now we can bound the expected run length.

e (1)
=1 =1

This sum 12, 22! converges for |z| < 1. For # = 1/2, the sum is a constant. Thus, E[|R|] =
O(1). O
8.2.1 Analysis with 5-Universal Hashing

The above analysis assumed ideal hashing. It turns out that a similar result can be obtained with
a weaker assumption: 5-universal hashing.

Lemma 8.2. Suppose H is a 5-strongly universal hash family from [u] — [m] and m > 8n. Then
the expected cost of each of the first n operations is O(1).

To prove this, we need a concentration inequality for 4-wise independent random variables,
which generalizes Chebyshev’s inequality.

Lemma 8.3 (Concentration Inequality). Suppose X1,...,X,, € {0,1} are 4-wise independent ran-
dom variables. Let X =" | X; and p = E[X]. Then for any > 0:
[+ 3

B4
Proof of O(1) cost using 5-universal hashing. Let’s assume the concentration lemma. We want to
bound E[|R|]. We can write:

PriX > pu+p] <

[log n]
E[|R|] = ZPr IR =11 < ) 2¢Pr[|R| > 287
=1 k=1

Let’s bound the probability Pr[|R| > 2¥71]. Let h(z) = i. Consider an interval I, of length 2++!
centered at 4. If the run R(x) has length greater than 2¥~1  then at least 2! elements must have
hashed into an interval of size at most 25*1 around i.
Let X, be the indicator random variable that element a € S\ {z} hashes into I. Let X =
Y e S\{z} Xg. Since our hash family is 5-strongly universal, conditioning on h(z) = i leaves the
hash values of other elements 4-wise independent. Thus, the variables X, are 4-wise independent.
The expected value of X is:

I 2k+1
M:E[X]: Z E[Xa]: Z Pr[h(a)elk] SRM:TL7
aeS\{z} acs\{z} m m
With m > 8n, we have:
k+1 9k+1
p<n —— = = k=2

8n 8
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The event |R| > 2¥~1 implies that X > 2¥~!. We use our concentration lemma to bound this
probability. Let g = 2F~1 — ;> 2k=1 _ 9k=2 — 9k=2,

Pr[X > 251 =Pr[X > p+ (2871 — )] < Pr[X > p+ 2872

Applying the lemma with 8 = 272 and u < 2¢2:
pA43p? 224 3(2F2)2 14.3.262 4. 2k2 4
< 34 < (2F—2)4 T (2F2)3 < (2F-2)3 ~ (2k-2)2
Now we plug this back into the sum for E[|R|]:
[logn] o} 00 00 k 00
4 64 -2 64
k k—1 k _ k _ _
E[R] < > 25 PrlR|> 2" <y 2k _22'2219—4_2 o2k _227:
k=1 k=1 k=1 k=1 k=1
This is a convergent geometric series, so E[|R|] = O(1). O
Proof of Concentration Lemma. We want to prove Pr[X > u+ 5] < “Ei“ . Using Markov’s in-
equality on the non-negative random variable (X — p)*:
E[(X —p)Y]
Pr[X —p > ] = Pr[(X _N)4 > 54] < T

Our task is to bound E[(X — u)*]. Let p; = E[X;], so p = >.p;. Let ¥; = X; — p;. Note that
E[Y;] =0. Then X —pu=>Y;.

E[(X — p)* (Z Y) =E Z VYV,
i,3,k,1€[n]
By linearity of expectation, this is ZZ Iy E[Y;Y;YY)]. Because the variables are 4-wise independent
and E[Y;] = 0, any term where an index appears only once will be zero. For example, IE[KY]?’] =
E[K]E[Yf’} = 0 for i # j. The only non-zero terms are of the form E[Y;*] and E[YZQYJz] for i # j.
The expansion of (3. Y;)* gives:

e Terms of type Y;*: There are n such terms. The term is >, E[Y/1].

e Terms of type Y2Y2' There are (}) pairs {4,;}, and the coefficient for each is ( ) = 6. The
term is 6 >, E[Y; ]E[YJQ]

So, E[(X — pu)* = Y1 | E[YA] + 6>,; E[Y?JE[Y}]. Let’s bound these expectations. Since XZ- €
{0,1}, XF = X, for k > 1. E[Y?] = E[(X; — pi)?] = E[X? — 2p; X; + p?] = pi — 2p? +p? = pi — p? =
pi(1=pi) < pi- EYH] = E[(X; —pi)*] = pi(1—pi)* + (1= pi) (—pi)* = pi(1 — pi)* + (1 — pi)p}. Since
(1 =pi) <1and p; <1, we have E[Y;'] < pi(1 —pi) +pi(1 = pi) < pi So, BV < Xpi =
And GZK] Y; ]IE[Yf] = GEiji(l —pi)pi(1 —pj) < GZijipj. We know that 22i<jpipj =
ipi)? =302 < (X pi)? = p? So, 6> ic;PiDj < 3u2. Putting it all together:

E[(X — )" < p+ 3
Finally, substituting this back into the Markov inequality expression gives the desired result:

p+ 3
164

PriX —pu>p] <



Chapter 9

Streaming Algorithms

9.1 Introduction to Streaming Algorithms

This lecture provides an introduction to streaming, sampling, and estimation algorithms.

9.1.1 Setting
We are given a set of objects or tokens that arrive one by one in a stream (online fashion):
€1,€2,...,Em
Examples of stream elements e¢;:
e A number from a set [n] = {1,...,n}.
e An edge (u,v) in a graph.
e A vector or point in R
e A row or column of a matrix.
e A matrix itself.

Assumption: The stream length m is very large and possibly unknown. We cannot afford to
store all elements e, ..., e, in memory. We have a limited memory space, say B units (where one
token takes one unit of space).

Question: What functions of the input stream can we compute? This depends on the available
space B. There are various trade-offs between efficiency, accuracy, etc.

9.1.2 Frequency Vectors

A simple but powerful setting is when each element e; is an integer from a large range, say [n] =
{0,1,...,n — 1}. For example, consider a stream: 5,3,2,2,10,5,90,... This stream implicitly
defines a frequency vector f € N that starts at all zeros. For each incoming element e;, we
effectively perform an update f., < fo, + 1. After the stream 5,3,2,2,10,5,90, the frequency
vector would have fo = 2, f3 =1, fs = 2, fio = 1, foo = 1, and all other entries would be zero.
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9.2 Frequency Moment Estimation

Given a stream ey, ..., en, let f; be the frequency of element i € [n] at the end of the stream. We
want to estimate or compute the k** frequency moment, denoted by Fj,.

n
=1

(Note: Sometimes this is defined as the Ly-norm of the frequency vector, i.e., (3 i, fl-k)l/k).

k=0: Fy =3, 1. Thisis the number of **distinct elements** in the stream.
e k=1: F} =) fi = m. This is the total length of the stream.

e k=2: I, =3 f?. This is related to the squared Euclidean norm (Lg norm) of the frequency
vector and is very important in many applications.

o k=o0: F, = max; f;. This is the frequency of the most frequent element, used in finding
"heavy hitters”.

If we can store the entire stream or the frequency vector f, these problems are trivial. The main
question is: can we compute or estimate these moments with memory B < n? The answer is yes,
often with B = O(l) (polylogarithmic space), but this requires randomization and approximation.
It can be shown that without one of these, it’s not feasible with sub-linear (o(n)) memory.

9.3 Reservoir Sampling

9.3.1 Sampling One Element

Given a stream ey, ..., e, where m is unknown, we want to pick one sample uniformly at random.

Algorithm 4 Reservoir Sampling (1 element)
m <+ 0
s < null
while stream has next element e do
m<+<m+1
With probability 1/m, set s < e.

output s

9.3.2 Sampling k Elements

To get k samples without replacement, we can extend the algorithm.
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Algorithm 5 Reservoir Sampling (k elements)
1: S« @
22 m<+0
3: while stream has next element e,, do
m<+—m+1
if m < k then
Add e, to S.
else
With probability k/m:
9: Replace a random element of S with e,,.
10: output S

Exercise 9.1. Prove the correctness of the k-element Reservoir Sampling algorithm.

9.4 Distinct Element Estimation (£})

The problem is to find the number of distinct elements in a stream e, ..., e, where each e; € [n].
e Example: In the stream 1,2,5,2,3,5,5,1, the distinct elements are {1,2,3,5}, so Fy = 4.

e Application: In a high-speed internet switch, packets are tuples of (source, destination,
content). Source and destination are IP addresses (e.g., 128-bit values, so n = 21%). A key
question is: how many distinct source addresses have sent packets?

An offline solution could use a hash table or dictionary to store distinct elements seen so far.
This would require ©(Fp) space, which can be very large and is not suitable for a streaming model
where Fj is unknown and potentially massive.

It can be shown that any deterministic algorithm that gives a (1 £ €) approximation requires
Q(n) space. However, with randomization, we can get a (1 4 ¢€) estimate with probability at least
(1-90)in O(Ei2 log % - polylog(n)) space.

9.4.1 Hashing-Based Algorithm (Flajolet-Martin)

Assume we have access to an ”ideal” hash function h : [n] — [0, 1] that maps each item to a
uniformly random real number.

Algorithm 6 Basic Distinct Elements Hashing
1: Pick a random hash function h : [n] — [0, 1].
2: Z < 00.

3: while stream has next element e; do

4

5

z < min(h(e;), z).
: output % — 1.

This algorithm uses memory for only one number, z.

Lemma 9.2. Suppose X1, Xo,..., X are independent random variables uniformly distributed in
[0,1]. Let Y =min;—y,_, X;. Then:

1. EY] = /¢
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k
2. Var(Y) = m

Proof Sketch. Let Fy(t) and fy(t) be the CDF and PDF of Y. For ¢ € (0,1):
Fy(t)=PY <t)=1-P(Y >t)=1-P(X; >t,...,Xp >t)=1—(1—1t)!

The PDF is the derivative:
fy(t) = k(1 =)k

The expectation is:

1

1 1
E[Y] :/0 t~fy(t)dt:/0 tk(l—t)k_ldt:m

Similarly, one can calculate E[Y?] = ma

which gives:
) 1
Varlr) = D)= )" = Gy~ G 1P~ G 0P D

O]

If Fy = k, our estimator Z is the minimum of k& uniform random variables. The algorithm’s

output - — 1 1S an unblased estimator 10r K, since 1| R e —1l = 577771 =K. owever, e
tput 5 —11 biased estimator for k, since E[; —1] & g —1= gy~ 1=k H th

variance is too high for a good approximation with a single estimate. Using Chebyshev’s inequality
shows that the probability of being close to the mean is not high enough.

9.4.2 Variance Reduction
Averaging
To reduce variance, we can average multiple independent estimators. Let Y7, ..., Y} bei.i.d. random
variables with mean p and variance 2. Let their average be Y = % Z?:l Y;. Then:
2

E[Y]=up and Var(Y)= %

The variance is reduced by a factor of h.
We apply this to our problem. We run the basic algorithm h times in parallel, each with an
independent hash function h;. This gives us h minimum values 21, ..., z,. Let Z = % Z;‘L:1 zj. Our

final output is Y = % -1
. 2= oy

_ Var(zj)
o Var(Z) = =57 < ey

Using Chebyshev’s inequality on Z:

Var(2)
Pr||Z —E|Z]| > 6§ - E|Z]]| € —==5
(12 ~B(Z]) > 6-ElZ]) < pr
For £ —1 to be within (14 €) of k, we need Z to be within O(e)/(k+ 1) of its true value 1/(k+1).
Specifically:

1 e Var(Z) hk+1)(k+2)  9k+1) _ 18

Pr||Z — < < = < —

r [ k+ 1‘ ~ 3k + 1)] S 2/0k+12) = @/Ok+1)2)  hk+2)& = he?
Thus if% < -, then with probability at least 9/10, Z € (1:&6/3),{%1, which implies - —1 € (1+e)k.

This requires h > 180/€2.
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Exercise 9.3. To get a (1 + €) approximation with probability at least (1 — §) via Chebyshev’s
inequality alone (without the median trick), argue that h = Q(}2 . %) suffices. Note the worse
dependence on § compared to the median trick below.

Median Trick

To boost the success probability from a constant to (1 — ), we can use the median trick. This
provides a better dependency on § than simple averaging.

1. Create a ”base estimator” that is a (1 £ €)-approximation with probability at least 3/4. We
can do this by averaging h = O(1/€?) basic estimators as described above.

2. Run this base estimator [ times independently to get estimates Y7, Ya,...,Y].

3. Output Y = median(Yy,...,Y)).

Figure 9.1: Illustration of the median trick from the lecture notes. The true value is k. The interval
[(1 —e€)k, (1 + €)k] contains most estimates (Y7, Ys, Ys, Ya, Y7). Outliers like Y3 and Y, are ignored
by taking the median, which is much more likely to fall within the desired interval.

Lemma 9.4. LetY; be independent estimators such that Pr[(1 —e)k <Y; < (1+¢€)k] > 3/4. If we
take | = O(log(1/6)), then the median Y is a (1 £ €) approxzimation of k with probability at least
1-96.

Proof Sketch using Chernoff Bounds. Let A; be the event that Y; is a ”good” estimate (within the
desired interval). P(A4;) > 3/4. For the median to be ”bad” (outside the interval), at least [/2 of the
estimators Y; must be "bad”. Let B; be an indicator variable for Y; being "bad”. P(B; = 1) < 1/4.
Let B=>_B;. E[B] <[/4. We want to bound the probability P(B > 1/2). By Chernoff bounds,
this probability is exponentially small in .

P(B>1/2) = P(B > 2E[B]) < e ¢!/*

By setting [ = O(log(1/4)), we can make this probability less than §. O
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9.4.3 Final Hashing Algorithm and Analysis

The full algorithm combines both techniques.

Algorithm 7 Full Distinct Elements Algorithm
1: Given ¢,6. Let h = O(1/€%) and | = O(log(1/4)).
2: fori=1tol do

3: Run h parallel instances of the basic hashing algorithm with independent hash functions
hit, ..., hip to get minimums 2;1,...,2; p.

4: X, + %Z?:l Zij-

5: Y, + XLZ — 1.

6: output median(Yy,...,Y]).

This algorithm uses O(h-1) = O(Ei2 log 5) space (for storing the minimums). It outputs a (1+e¢)
approximation with probability at least (1 — 9).
We abstract out the technique used above.

Definition 9.5. An (¢, ) randomized scheme for a non-negative quantity « is a randomized algo-
rithm that outputs a value X such that

Pril—e)a< X <(l4+¢a]>1-4.

Lemma 9.6. Suppose we have a randomized algorithm that outputs X > 0 with E[X]| = « and
Var(X) < B-a?. Then one can use O(gln %) independent runs of the algorithm to obtain an

(e,0)-scheme.
Practical considerations:

e The ”ideal” hash function to [0, 1] can be approximated by hashing to a large integer range.
We can discretize [0, 1] by {0, %, %, ..., 1}, so a hash function h : [n] — [n3] suffices.

e Pairwise independent hash functions are sufficient for the basic estimator.

e Some small tweaks to the algorithm are needed when using limited independence.

9.5 A Simpler Sampling-Based Algorithm

A more recent and surprisingly simple algorithm due to [CMV22] is based on sampling. Idea:
Suppose we sample each of the Fy distinct elements with a fixed probability p. If we end up with
a sample B, then E[|B|] = p- Fy. So, |B|/p is an unbiased estimator for Fp.

Challenges:

1. How do we sample from the set of *distinct* elements when the stream contains duplicates?

2. How do we choose p? If p is too small, | B| will be small and the estimate inaccurate. If p is
too large, the sample set B might be too large to store in memory.

Solution to (1): We can adapt the sampling procedure. Maintain a sample set B. For each
new element e,,:

1. If e, is already in B, remove it.
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2. Add e,, to B with probability p.

This procedure ensures that at the end of the stream, each distinct element is present in the final
set B with probability p.

Solution to (2): The key idea is to adapt the sampling probability p dynamically. Start with
p = 1 and decrease it whenever the sample set B grows too large.

Algorithm 8 Adaptive Distinct Element Sampling

1: Given e. Choose a threshold 7 = O(loe%").
2: p 1, B+ 0.

3: while stream has next element e,, do

4 B <« B\ {en} (remove if present)
5 With probability p, add e,, to B.
6 if |B| > 7 then

T: p < p/2.
8
9:

Subsample B: for each element in B, discard it with probability 1/2.
output |B|/p.

logn
2

5" ) words of memory and outputs an

Theorem 9.7. The adaptive sampling algorithm uses O(
estimate that is within (1 £ €)Fy with high probability.
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Chapter 10

Frequency Estimation in Streams

10.1 Lecture 10

10.1.1 AMS estimator and estimation F;

Recall we want to estimate frequency moment Fy. Let o = eq,..., e, € [n]™.

n

Fe=> (f:)F

i=1

We will consider a more abstract and general estimation problem. Let g; : Z>9 — R be a real
valued function with ¢;(0) = 0. Say we want to estimate

n
g9(0) =Y gi(f)
i=1
Note that we are allowing different functions for different i.
n
Fp = g(fi) where g(z) = 2*.
i=1
Alon-Matias-Szegedy (AMS) in their influential paper provided an unbiased estimator for comput-
ing g(o).
10.1.2 AMS-Estimator (g)
e Sample e; uniformly at random from stream. Say e; =i where i € [n].
e Let R=|{j|J<j<m,e; =i}|

e Output m - (¢;(R) — gi(R —1)).

10.1.3 Implementation via Reservoir Sampling

s < null

m <+ 0

R+0

while (stream is not empty)
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m<+m+1

em ¢ current item
If (s==ep) R+ R+1
with prob %

s en

R+ 1

end while
Output m - (g;(R)

—gi(R —1)) where s = 1.

10.1.4 Analysis

Lemma: Let Y be the output of the algorithm. Then E[Y]

Proof.

FREQUENCY ESTIMATION IN STREAMS

=g(o).

E[Y]=m>» E[Y|e; =i Prles = i]

i=1

_mz

_mzfz Zgz

= Zgi(m
=1

E[Y|es = 1]

%]*U

Thus we can use AMS estimator for F} as well. But we need to understand the variance of the

estimator.

k

Lemma: For g(z) = ", we have

Var(Y) S k‘Fngk_l S k:nl_

Proof. Var(Y) < E[Y?]

<Flzzklk L

=1 =1
n
<kFL Y N
=1

< kF1Fo,q

O

1
= 12
ka



10.1. LECTURE 10 71

FiFo1 = (S, f)(S0, 571 <nl i R
since Var(Y') < knl_%Fk2
and E[Y] = Fy.
Using median trick we can get an (e, d)-approximation in space O(ke%nk% log ). O

10.1.5 Fy / F, estimation

For k = 2, we get (e, d)-approx in O(glog%) space. Can we do better? For Fy, AMS showed
that polylog(n) suffices! For k > 2 the right bound is O(n'=2/*). For 0 < k < 2 we can get
O( log spolylog(n)).

10.1.6 AMS F; Estimation

Choose h: [n] — {—1,1} from a 4-wise independent hash family H.

o 2+ 0

while (stream is not empty)
em 1s current element
z < z+ h(en)

e end while
e Output 2.

A 4-wise independent family can be stored via O(1) logn bit numbers.

10.1.7 Analysis

Let ¥i = h(2> E[Y’] =0, E[Yf] =1 Y e {_171}- Yi,...,Y, are 4-wise independent. Z =
>y fiYi. Output is 72,

n 2
B(7Y - (z fY> B | e Y v,
=1 7

i#]
=) FEN+ ) fifiEYY)]
i=1 i#j
= Z fzz =F
i=1
Var(Z?%) = E[Z4] — (E[Z?%])? = E[Z4] - F3.
EZN=E > Y Y ) fifi i iYY
i k1
Any term with only one occurrence of a term Y; becomes 0.

E(Z) =Y FEY+6> > FEENAY?I =) f1+6> ff;
=1

i=1 i=1 j=i+1 i<j
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n 2
Var(Z?) = meGZZfzfj (fo)
=1

i=1 j=1+1

—Zf4+6§jf ;- Zf4+2Zf 7

1<j 1<j

—aY pr<2(X ) =08

i<j

An (e, §)-approximation requires O(el2 log %) counters. We make an observation that non-negativity
of f; did not play a role in the proof. This will lead us to a generalization of the streaming model.
Recall we had e; € [n] for each time ¢. Now we have e; = (i¢, A;) where i; € [n] and A, is an update
to coordinate ;.

We use z € R” that starts at 0 and is updated as

Ti, = Xy, + D¢

after e;. Now Fy becomes ||z||3. We see that the AMS-F; estimator works in this model.

10.1.8 AMS F;, Estimation (Generalized)

Choose h : [n] = {—1,1} from a 4-wise independent hash family H

o 2+ 0

while (stream is not empty)
€t < (’it, At)
2 zZ+ Ath(lt)

e end while

e Output 2.

Exercise: Show E[Z2] = ||z||3 and Var(Z?) < 2||z|[3. ||=||3 is the length of the vector .
Should remind you of dimensionality reduction! Interpreting AMS-F5 estimator as a linear
sketch. We can view the streaming computation as

T

(+1 -1 41 . 1) D=

Tn

where the row vector is obtained from h.

Recall that in dimensionality reduction we picked a k x n matrix A where we chose 4;; as an
independent Gaussian. In F, estimation we are picking A where each row of A is obtained from a
4-wise independent hash function with entries in {—1,+1}. In dimensionality reduction we chose
k= @(}2 log 3) and showed that HﬁA.’EHQ is an (e, d)-approximation to ||z||2. But in F; estimation

we seem to be getting the same! @(}2 log %) rows suffice to get an e-approximation with probability
(1—0). But we are only using 4-wise independence in each row. Why not use this for dimensionality
reduction?
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The difference is the following. Ax with k = G)(Ei2 log §) has sufficient information to recover
a (1 & e)-approximation for ||z||2 but |[Ax||2 is itself not the way we compute the approximation.
We use a median estimator which is not a linear function. Nevertheless the information that the
algorithm computes is a linear sketch, Ax.

A sketch of a data stream o is some function C(o) that is a compact representation of o. We
want sketches to have comparability. Given o; and o9 and sketches C(o1) and C(02), we would
like to compute C(o; - 02) from C(o1) and C(02). A particularly nice sketch is a linear sketch,
where C(01 - 03) = C(01) 4+ C(02).

The F5 estimation can be seen as a linear sketch.

<—h1—> 1

— hg — T2
Az =

— hp — Tn,
Each row corresponds to a hash function. Note that the way we use the output of the sketch to

compute some information about the data can be some non-linear function of the sketch itself.
Linear sketches naturally allow for deletions.
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Chapter 11

Heavy Hitters and Sketch Algorithms

11.1 Introduction to Heavy Hitters

Fy is the most frequently occurring item in the stream. It is a brittle measure. In most applications
we want to know the heavy hitters: items that occur very frequently.

11.1.1 Definition

From a theoretical perspective, we call an index ¢ € [n] a heavy hitter if

m
(&

for some sufficiently large constant c.
Alternatively, fix F; > 7* for some integer k.

11.2 Misra-Gries Algorithm

A classical algorithm shows that one can identify items ¢ with F; > 7.

11.2.1 Algorithm Description

We have a data structure D that stores k items along with a counter for each. D is initialized to
the empty set.
Implicitly, it defines an estimate F; for each i:

e If i € D at the end, then F} is the counter value
e Otherwise, it is 0
Theorem 11.1. For alli € [n]:

m 5
i— T < fi < fi
4 k+1_f 4

In particular, fz never overestimates f;, and if i is a heavy hitter (i.e., f; > m/k), then i will be in
D. Space usage is O(k).

Although Misra-Gries is nice, it does not allow deletion and also does not provide a sketch.
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Algorithm 9 Misra-Gries-k
D+ 0
while stream is not empty do
e is current item
if e € D then
increment counter for e in D

else
if |D| < k then
add e to D with counter value 1
else
decrease counter value by 1 for all current elements
delete from D any element with counter set to 0

Output: values stored in D and the counter values

11.3 Count-Min Sketch

Count-Min and Count sketches use hashing to identify heavy hitters and they have led to many
applications.

11.3.1 Basic Idea

Suppose we use a hash function h : [n] — [ck] for some sufficiently large constant c. Then h spreads
the n items into ck buckets. Suppose the heavy hitters are iy, ...,i,. We expect that they will not
collide and we can use separate counts in each bucket.

We will use amplification as usual by considering multiple hash functions rather than a single
one.

11.3.2 Algorithm (Cormode-Muthukrishnan)

Let hy, ha,...,hq be d independent (pairwise independent) hash functions from [n] to [w].

Algorithm 10 Count-Min Sketch
Initialize C[¢][j] = 0 for all £ € [d],j € [w]
while stream is not empty do

let (7, A) be current item
for / =1toddo
Cle[he(@)] = CL][he(2)] + A
for i =1ton do
&; = ming_; C[()[he(i)]

where w is the width of the sketch and d is the number of independent hash functions we use.
We use w = £ anddzlog%.

Lemma 11.2. Consider the strict turnstile model (z > 0). Let d =log} and w = £. Then:
1. i’i > T

2. Pr[:i"l- —x; > €Hf3||1] <d
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Proof. Fix i. For ¢ € [d]:

Zy = ClO[he(d)] = 2 + > a
i1 he(i')=he(d)

Since T > 0, we have Z, > x;, which gives part (i). For the excess:

Zg — T = Z X

i ho(i')=he (i)

By pairwise independence, Pr{hy(i') = he(i)] = <, so:
E[Zg _xi} _ 12 :wz” < Hfi'Hl _ EH:EHl
w — T w e
i £
By Markov’s inequality:
1
Pr[Z; — x; > e||Z|1] < -

Since the d hash functions are independent:
1 d
Pr(i; — x; > e||z|1] = Pr[m}n(Zg —x;) > e||zlh] < <> <
e
Choosing d = [log H gives part (ii). Setting d = Q(logn), the bound holds simultaneously for all
i € [n] with high probability. O

Count-Min gives overestimates. Total space is O(dw) counters = O (% log % log n)
Advantages: Simple, handles dependencies.

Disadvantages: Only handles = > 0.

Exercise: Show that Count-Min is a linear sketch.

11.4 Count Sketch

Count Sketch is similar to Count-Min in using d independent hash functions but uses F> estimation
ideas and median estimator instead of min.

11.4.1 Algorithm (Charikar-Chen-Farach-Colton)

Let hy, ha, ..., hq be independent hash functions from [n] to [w].
Let g1, 92, ...,9q4 be independent functions from [n] to {—1,+1}.
Z; can be negative even if £ > 0. Cancellation can happen like in F5 estimation.

Lemma 11.3. Let d = O(log}) and w = O (E%) Then for any i € [n]:
1. E[.’i’l] = T;

2. Pr(|&; — x| > e||z|2] <6
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Algorithm 11 Count Sketch

Initialize C[¢][j] = 0 for all ¢, j
while stream is not empty do

let (i, A) be current item

for /=1toddo

Clhe(D)] <= Cle[Re(i)] + ge(2) - A

for i € [n] do

2; = mediang_ {ge(¢) - C[0)[he(i)]}

Proof. Fix 4. For £ € [d], to make analysis easier, let Yy = ¥y, ()=p,;) be the indicator for
he(i') = h(i).

Zy = go(i) - Cll[he(i)]
= go(i) - S @)Yy ay
i/:h(i")=h (i)

- ) Vo e

E[Z] = z; by pairwise independence of g,.
We note that E[Y;] = + and E[ge(i) - g¢(i')] = 0 for ¢’ # i by pairwise independence of hy.

Var(Ze) = E[Z]] — (E[Z])?

2
=B > g:(0) - ge(@') - Yir - | —af
i/
=E ZYZ»/-JJ?, — 7
i/
L2
<Ly
< L3

Hence, using Chebyshev’s inequality:

1

Pr(|Ze — i > el|z2] < —

we

Via Chernoff bounds:
Pr[median,Zy — x; > €||z||2] <9

11.5 Finding Heavy Hitters

Important: Sketches do not store directly the identity of the heavy hitters. Given i € [n], we can
estimate #; from the sketch. But outputting all ¢ such that Z; is high requires a linear scan through
[n]. Can maintain multiple data structures and use additional information to find the heavy hitters
in O(k) space and time.
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11.6 Sparse Recovery

One nice and powerful application of Count Sketch is for sparse recovery. Suppose T € R" is sparse
or close to sparse, meaning that only k of the coordinates are non-zero. Can we recover  without
knowing which of the coordinates are going to be important? Want to use only O(k) space.

11.6.1 Definition

Given T € R", let
errorg(x) = min ||T — Z||2
@ z:||zllo<k | |
That is, what is the best k-sparse approximation to z7
Offline, it is easy to compute:

. {xl if 7 is among the largest absolute value k coordinates of T
Z

0 otherwise

Can we find z* in the streaming setting?
There exists a Count Sketch with w = O (8%) and d = O(logn) that allows us to find a Z such
that ||z]lo < O(k) and with high probability

|z — z||2 < C - errorg(z)

In particular, if Z is k-sparse, then we get exact recovery.

11.7 Compressed Sensing and RIP Matrices

Count Sketch guarantees that we can recover any sparse  with high probability. Can we guarantee
probability 1 with a linear sketch? Yes!

There exist £ x n matrices M for £ = O(klog 7) such that given any k-sparse z € R", one can
recover T from MZ.

Note that Mz takes O(¢) space, and since £ = O(klogn), we are not storing much more than
what we want to recover.

Such matrices are called RIP matrices (Restricted Isometry Property).

It turns out that a random ¢ x n matrix with each entry chosen independently from a N (0,1)
Gaussian distribution satisfies the RIP. But we cannot easily verify that a given matrix is RIP.

This area is called Compressed Sensing and has several applications in signal processing.
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Chapter 12

DNF Counting and Network
Unreliability

12.1 Basic Estimation Framework

Suppose we have a finite universe U of N elements and S C U of n elements. We know N and can
sample uniformly at random from U. We want to estimate |S].

We also assume that given = € U, we can efficiently check if z € S.

Basic Algorithm: We can estimate |S| by taking a sample X € U and outputting N if X € S
and 0 otherwise. It is easy to see that this is an unbiased estimator for |S|, but the variance is
N2 18l ( _ ﬁ)

Ul Ul

Thus, using our standard tricks, we can obtain an (e, d)-approximation of |.S| using O (% . E% -In %)
samples.

Therefore, if n is not too large and we can sample from U uniformly, we can estimate |S]|.
The goal is to see two nice applications of this simple idea and also introduce briefly the counting
complexity class #P defined by Valiant in his influential work.

Note: We can apply the above estimator even in the continuous setting where we have a
probability measure p on U and we want to estimate p(.5).

12.2 #P and DNF Counting

A DNF formula over n boolean variables X1, Xo, ..., X, is a formula
dp=C1VvVCyV---V(Cpy

which is a disjunction (OR) of several clauses, each of which is a conjunction of a set of literals.
Example:

(Xl/\X3/\X5)\/(X2/\X4/\X1/\X6)

Clearly any DNF formula is satisfiable. We want to count the number of satisfying assignments
to ¢. We will denote it by |¢|. Exact counting is likely to be hard since it is Complete for the
counting class #P.

However, we can get an (¢, §) approximation in poly (m,n, %, log %) time.
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12.2.1 Naive Approach

Let U be the set of 2" possible Boolean assignments to the variables. Let S be those that satisfy ¢.
We can samFlle from U and it is easy to check if X € S. Hence we can apply the basic scheme.
S

Unfortunately, [ can be exponentially small. Hence this naive scheme does not work.

12.2.2 Refined Idea

Let S; be the set of all assignments that satisfy clause C;.

We know |.S;| and can also generate a uniform sample from S; easily.

How? If C; = X; A X2 A X5, then an assignment to the n variables satisfies C; iff X; = 1,
X5 =0, X5 = 1. Thus |S;| = 23, We can sample from S; uniformly as well.

We want to estimate |S| = |S; U Sy U---US,,|. A satisfying truth assignment may appear in
multiple sets.

To use our basic set up of U and S, we do the following;:

i. Let 8 € S be a satisfying truth assignment. We let

UB) ={(8,i): B € Si}.
In other words, we create a copy of g for each S; it belongs to.

ii. We map (3,7) to S if i is the smallest index such that g € S;.
Now |U| =), |S:| and |S| = |¢|, and thus

11 _ gl
ol 3218
|:Si]

Sampling from U: We pick ¢ € [m]| where probability of ¢ appearing is ik Once ¢ is picked,
we pick a uniformly random S from S;. It is easy to see that this process generates a uniform
element from U.

Checking membership in S: Given (3,1), we check if 7 is the smallest index such that 8 € S;.
If it is, then we output it as an element from S.

Thus we can estimate |¢| to within a (1 + €) factor with high probability using O (mle‘;g")
samples. Fach sample can be generated and checked in poly time.

1
> —.
m

12.2.3 A Natural Example

Given shapes, want to estimate area of their union. If shapes are well behaved, can do exact com-
putation but expensive. Can obtain fast approximation generically. Only need to have information
for each shape.

12.3 Unreliability of a Graph

Given undirected graph G = (V, E) and for each edge e € E a value p. € [0,1], where p. is the
probability that e fails.

Suppose each edge fails independently with probability p..

Let « be the probability that G is disconnected. This is the unreliability estimation prob-
lem.
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We can also be interested in estimating 1 — a = 3. Note that approximating « is not same as
approximating f.
We will discuss estimating a.

12.3.1 Two Regimes of Interest

(i) Easy Case: o > L for some constant c.

This is easy because we can run the Monte Carlo Simulation with O (é . }2 - log n) experiments.
We can estimate o to within 1 &+ ¢ with high probability.

(ii) Difficult Case: When o < --. This is when « is really small. Plain simulation will not
work since we will rarely if ever see G being disconnected.

We will address the above case in the rest of the lecture.

12.3.2 Analysis for Small «

For simplicity, we will assume p, = p for all e. One can reduce the general case to this but requires
some work.

Let K be the size of the min cut of G in terms of number of edges.

Let C1,C5,...,C) be the cuts of GG ordered in non-decreasing value. We treat each C; as a set
of edges.

Let A; be the event that cut C; fails. That is, all edges in C; fail: [] ccc; Xe where X, =1 with
prob p. Then Pr[A;] = pl©il.

G is disconnected iff |J; A;.

If h was small (polynomially bounded) we could use previous ideas, but there are an exponential
number of cuts.

Since p. = p for all e and K < |C;], we have Pr[4;] < Pr[A4;] if i < j.

12.3.3 Main Observation

We are in the setting that p is quite small (failure prob).
Also a = Pr[J; 4;] > Pr[4,] = p¥.
Consider any cut C; such that |C;| > 4K. Then

Pr(4;] = pll < p* = ()",

So large cuts are very unlikely to fail. But there are a lot of large cuts.

However, as we saw earlier, the number of -approximate cuts is only growing as n??.

Thus we can use union bound over all large cuts and still the total probability of them failing
will be tiny compared to Pr[A;]. So we can ignore all cuts j such that |C;| > 4K if we choose ¢
appropriately.

This implies we can focus on cuts j such that K < |C;| < 4K, but there are only O(n®) of those
cuts and we can run the basic estimation algorithm on these polynomially many cuts. Karger’s
algorithm can be used to enumerate all these cuts efficiently with high probability.

12.3.4 Formal Analysis

Lemma 12.1. Z Pr[A;] < 1&

00
3:|C5|>cK
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Proof. Consider all cuts j such that K < |C}| < c¢K for ¢ > 2. Let [; be the number of such cuts
with |Cj| =1.
By Karger’s theorem, I; < n
Also Pr[A;] = p' for such Cj.

2i/K

|E|
>, Pr{A]< Y Ly
J:|Cj|>cK t=cK

|E|

< Z n2i/K o
i=cK
|E| ;

=) (nwK . p)
i—cK
(nQ/K ,p)CK

IN
|

for sufficiently large c. ]

Thus we can ignore all large cuts and do the estimation with the polynomial number of small
cuts.
Note: The above analysis is quite loose. See cited notes for better calculations.
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Markov Chains and Random Walks

13.1 Introduction

A stochastic process is a time-evolving sequence of random variables: Xg, X1, X2,..., X, ...
where X; is the state of the system at time ¢ and X is the initial state (which can itself be a
random one). One can view it also as an evolving randomized algorithm. A Markovian process
or a Markov chain is a particular type of stochastic process where X; depends only on X; 1. To
formalize this, we assume that Xy, X7,... are random variables over some state space ).

Definition 13.1. A stochastic process is Markovian if:
PriXe =u | Xeo1 = wi1, Xp 2 =wp2,...,Xo = uo) = Pr[Xy = wy | Xy 1 = wy 1]

We will be mostly concerned with finite state Markov chains, although countable state chains are
also quite relevant. A finite state Markov chain is easy to visualize as a directed graph G = (V, E)
with non-negative edge-weights. Note that we allow self-loops.

e V represents the states. We usually use n for |V| and assume the states are numbered 1 to n.

e For state (vertex) i, the weighted outgoing edges from i represent the probability with which
state j is reached from state ¢ in one step. Thus the weight of the edge p(i,j) € [0,1]. If no
edge (i, ) is present, then the probability is implicitly 0.

e Self-loops are allowed since we want to allow the process to remain in the same state.

We associate an n X n probability transition matrix P with an n-state Markov chain:
Pij = PI“[Xt :j ’ Xt—l = Z]

Clearly we need:

Y Pj=1 Vie[n]

JE€M]

and })ij > 0.
The advantage of the graphical representation is that it allows us to understand the properties
of the chain via graph-theoretical aspects.
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Evolution of the Process: Suppose 7(0) is an initial probability distribution over the state
space V. How does the process evolve? This is the central question in Markov chains. We
represent probability distributions over the states by n-dimensional row vectors. We let m; denote
the probability of being in state i. Suppose we start with 7(0) as the starting distribution (can be
deterministic in that we have 7(0); = 1 for some fixed vertex 7). Then it is not difficult to see that
after one step the distribution is:

(1) = x(0)P
since Pr[X; = j] = ), Pr[Xo = i|P;; due to the Markovian property. After ¢ steps, we see by
induction that:

7(t) = w(0)P*

We want to understand properties of the chain as it evolves and in particular the long-term
behaviour of the chain. A central result in the theory is that the process converges to a stable
stationary distribution under reasonable conditions. These conditions are natural and relatively
easy to understand from a graph-theoretic viewpoint.

Transient states and irreducability: Suppose G is not strongly connected. Then it is not
hard to see that the process will get stuck in a sink component of the underlying meta-graph (i.e.,
the strongly connected component graph). There could be multiple such sink components and
the process will reach one of them and will not leave. Thus any state that is not in one of those
sink components is going to be transient. Thus, for understanding long-term behaviour it suffices
to focus on strongly connected chains (sometimes we simply say connected). This motivates the
following:

Definition 13.2. A Markov chain is irreducible if the underlying graph is strongly connected.

If a chain is irreducible then any state ¢ can reach any other state j with some probability € > 0
since there is an 7 to j path with non-zero probabilities on each of the edges. We can then prove
the following.

Lemma 13.3. Let h;; be the expected time to hit state j for the first time starting in state i; if
J =1 we think of the first time when i is revisited. Then h;; < oo.
Periodicity: A second issue that comes up is periodicity or oscillatory behaviour.

Definition 13.4 (Period). For a finite state Markov chain defined by a graph G = (V, E) and a
state i € V, period(i) is the largest non-negative integer d such that d divides the length of any
closed walk containing ¢:

period(i) = ged{|W|: W is a closed walk containing 7}
Lemma 13.5. Suppose G is strongly connected. Then period(i) = period(j) for alli,j € V.
Proof. Exercise. O
The preceding lemma implies that there is a period d for a strongly connected graph.

Lemma 13.6. Suppose period is d > 1. Then V can be partitioned into Vi, V1, ..., Vy_1 such that
(u,v) € E implies u € V; and v € Vi1 1) mod d-

Definition 13.7. An irreducible finite state Markov chain is aperiodic if period d = 1.

Definition 13.8. An irreducible and aperiodic Markov chain is called ergodic.
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Lazy Random Walk Suppose we have a Markov chain which is irreducible but periodic. We
can make it aperiodic by adding a self-loop to each ¢ and making ¢ stay in state ¢ with probability
p > 0 (say 1) and take the original transition with probability (1 — p). In other words, we are
changing the transition matrix from P to (1 — p)P + pI where I is the identity matrix. The new
walk is called a lazy version of the original walk and retains the essential properties.

An important and fundamental notion is the following.

Definition 13.9. A distribution 7 is a stationary distribution of a Markov chain with transition
matrix P if 7P = 7.

A stationary distribution is a stable distribution.

13.2 Fundamental Theorem of Markov Chains

Theorem 13.10. Suppose P corresponds to a finite state irreducible Markov chain. Then there
erists a unique stationary distribution 7 for it.

1. For any i, m; = hi” where h;; is the expected time for the chain to revisit i if started in i.

2. Let N;(t) be the number of times the chain visits i in t steps. Then lim;_, Nit(t) = 7.

Moreover if P is also aperiodic, and hence the chain is ergodic, for any starting distribution 7(0),
limy oo w(0) Pt = 7.

13.2.1 Proof via Perron-Frobenius Theorem

Connection to eigenvalues: 7P = 7 implies 7 is a left eigenvector of P with eigenvalue 1.
Thus, to prove existence of ™ we can try to do it via linear algebra. We are typically used to right
eigenvectors: If A is an n x n matrix, Ax = Az has a non-zero solution z iff X\ is an eigenvalue
and z is a corresponding eigenvector. det(A — AI) is the characteristic polynomial; its roots are
eigenvalues. In general, eigenvalues need not be real. There are two well-known situations when A
has real eigenvalues.

o If A is symmetric, then all eigenvalues are real.
e If A is a symmetric positive semi-definite matrix then all eigenvalues are > 0.

But P is not symmetric in the general case. However P is non-negative. Note that P1 = 1 since
P is a stochastic matrix and hence P has an eigenvalue of 1 and a right eigenvector which is the all
ones vector but we are looking for a left eigen vector. Note that for a matrix A the eigenvalues of
A and its transpose AT are the same (due to the characteristic polynomial characterization) and
the right eigenvectors of A are the left eigenvectors of AT

Theorem 13.11 (Perron). Let A be a non-negative matriz (i.e., A;j > 0 for alli,j). Then:

1. A has a real positive eigenvalue Ag > 0 and corresponding positive eigenvector v > 0 such
that any other eigenvalue \ (can be complex) satisfies |\| < Ao; hence Ao is the unique largest
etgenvalue.

2. v is the unique non-negative vector (up to scaling) such that Av = Agv.

3. FEwvery other eigenvector has at least one non-positive coordinate.
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Perron’s theorem requires A > 0 (strictly positive) while P for a Markov chain satisfies P > 0.
Although one can derive properties for non-negative matrices via Perron’s theorem from limits
of positive matrices, there are subtelties for general non-negative matrices. Frobenius generalized
Perron’s theorem to a class of matrices including ones relevant to us.

Definition 13.12. A is an n X n matrix with A > 0 (i.e., A;; > 0 for all ,5). We say A is
irreducible if the corresponding weighted directed graph is strongly connected.

Theorem 13.13 (Perron-Frobenius). Let A > 0 and irreducible. Then A has a positive eigenvalue
Ao > 0 and all other eigenvalues A satisfy |\| < X\g. There is a positive eigenvector v > 0 such that
Av = A\gv, and the following hold for Ay and v:

1. v is the unique eigenvector associated with Ag. That is, if Ax = Aoz, then x = av for some
scalar o« > 0.

2. v s the only eigenvector with strictly positive coordinates.

Corollary 13.14. The largest real eigenvalue of an irreducible matriz A > 0 has a positive left
eigenvector w. mw is unique up to scaling and is the only non-zero vector that satisfies TA = Ag7r.

Proof. Consider AT. AT > 0 and irreducible. AT has same eigenvalues as A.  is the right
eigenvector of AT, I

Now we can apply the preceding to Markov chains. Consider stochastic matrix P from an
irreducible Markov chain: We saw that A = 1 is a eigenvalue since P1 = 1. Since P is stochastic we
can see that Ax < x and hence 1 is the largest positive real eigenvalue. Thus the left eigenvector
m > 0 corresponding to the eigenvalue 1 is unique by the preceding theorem/corollary. If 7 > 0 we
can noramalize it to be a probability distribution. Uniqueness of 7 follows from the fact that the
eigenvector for A = 1 is unique up to scaling.

Periodic and aperiodic chains: We established existence of a stationary distribution via irre-
ducability. When we have aperiodicity we can prove a stronger property. For this we note that if
P is aperiodic and connected then for some sufficiently large ¢, P® > 0. This is because if the ged
of the walk lengths in G is 1 then there is some integer K such that for all t > K, there is a walk
of length ¢ from i to j for any 4,j. This implies that P® > 0. Such matrices are called primitive.
When P? is strictly positive we can use Perron’s theorem which is stronger and guarantees that all
eigen values are strictly smaller than Ay (they could be complex). One can then use this gap to
show that (0) P! converges to 7 as t — oo.

Perron’s theorem is classical and there are many sources. See Kents notes for one. It is not
that long.

13.2.2 A second proof

This is from the book by Blum, Hopcroft, Kannan.

Let m; be the distribution after ¢ steps starting with m(0). We have 7 (t) = m(0) P

Define a(t) = 1(7(0) + m(1) + - + m(t — 1)) be the time-averaged distribution. Note that this
is also a probability distribution.

Theorem 13.15. Let G be an irreducible Markov chain. There is a unique probability distribution
7 such that 1P = w. Moreover, for any starting distribution, lim;_,~ a(t) ezists and equals 7.
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Lemma 13.16. Let P be the transition matriz of a connected Markov chain. The matrix A =
[P — I | 1] obtained by augmenting P — I by an all-ones column has rank n.

Proof. Note that A is a n X (n + 1) matrix. Suppose rank(A) < n. Then let S be the null space
of 4, ie., S={y€ R : Ay = 0}. Then dim(S) > 2. Each row of P sums to 1, so each row of
P — I sums to 0. Thus (1,0) € S. If dim(S) > 2, there exists a vector (z,«) € S orthogonal to
(1,0).

Orthogonality implies ), x; = 0. Since A - (z,a) = 0, we have (P — I)z = o1. This means
x; = ); Pjzj + a for each i € [n].

Let xj, have the max value among 1,2, ...,2,. Some £ # k has x;, < xj, since ), z; = 0 and
x # 0. By connectedness of G, there exists some ¢ such that (k, /) is an edge and xy < zj. But we
have z, = Y j Prjrj + o which implies that « > 0. Similarly, by considering the min value among
r1,%2,...,T, we can derive that o < 0. This is a contradiction. ]

Consider a(t)P — a(t).

a(t)P — alt) = %(W(O)P ()P 4.+ 7t = 1)P) — a(t)

= () +7Q) 44— 7

(1) — m(0))

Define b(t) = a(t)(P — I) = +(x(t) — 7(0)). Then [[b(t)||c < 2 — 0 as t — oo.

By the preceding lemma, A = [P — I | 1] has rank n. Since a(t)(P — I) = b(t), we have
a(t)[P — 1| 1] = [b(t) | 1]. Consider the n x n sub-matrix B of A obtained by ignoring the first
column of A; B has rank n. Let ¢(t) be obtained from b(¢) by removing the first entry. Then
a(t)B = [c(t, 1]. Since B is invertible, we have a(t) = [c(t), 1]B~!. Since b(t) — 0, we have ¢(t) — 0
and hence a(t) — [0,1]B~1.

Thus, limy_, o a(t) = 7 where m = [0, 1]B~ 1. 7 is unique because we showed that starting with
any distribution 7, a(t) converges to 7. If there existed another stationary distribution 7/, then
starting at 7’ we would have a(t) = 7’ for all t.

A useful lemma is the following.

(7(0) + ...+ 7(t—1))

Lemma 13.17. Suppose P corresponds to an irreducible chain. If we have a distribution ™ such
that m; P;; = w;jPj; for alli,j, then 1P = .

Proof. Exercise. O

13.2.3 Another Proof

This is from the Levin-Peres book.
For i € V, define:
i =min{t > 0: X; =i}

as the first hitting time for ¢, and
.t =min{t > 1: X, =i}

which is the first hitting time not counting the initial state.

When Xy =i, we call 7';“ the first return time. The expected value h;; = E; [7';] is the expected
time to reach j starting at Xg = 4. In the rest of this section we will be interested in various
quantities conditioned on Xg = i. We use F; and Pr; to denote these quantities.
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Lemma 13.18. For any states i,j of an irreducible chain, h;; = E; [T]ﬂ < 00.

Proof. Since the chain is strongly connected and P;; > 0 for (i,j) € E, there exists € > 0 and an
integer r such that for any two states u, v, Pr,[X; = v] > e. This is because we can take a path of
length at most n from v to v and multiply the probabilities along that path to see that it is some
non-zero value.
Thus, for any value of Xy, the probability of hitting state j between ¢ and t + r is at least e.
Hence, for k£ > 0, we have:
1:;1"[7']- > kr] < (1 —€)Pr[r; > (k—1)r]

)

Therefore:
Pr(rj > kr] < (1 —¢)*

Now, if Z is a non-negative random variable:
o
E[Z] =) Pr[Z > ]
t=0
We have Pr[r; > t] is a decreasing function of ¢. Hence:
oo
B[] = Zf?[ﬁ' > 1
t=0

oo
< ZrPZr[Tj > kr]
k=0
o

<ry (I-ef<oo
k=0

O]

Existence of a stationary distribution: This proof has the nice feature that we can construct
the stationary distribution somewhat explicitly, which also implies that m; = hi“ for each ¢ which
is intuitive.

Let k be an arbitrary state of the irreducible chain. For any ¢ € V, define:

Nk

7, = Ex[number of visits to i before returning to k] = l?gr[Xt =i,7 >

t

Il
=)

Note that 7, = 1 by the above definition.

Lemma 13.19. Let ©’ be defined as above. Then 7' satisfies ' P = 7' and 7' /hyy is a stationary
distribution.

In particular it shows that 7} /hir = 1/hg,. Note that the lemma applies for every k. It does
not directly prove that we get the same stationary distribution if we use different states k£ but if you
knew that the stationary distribution is unique then you would be able to conclude that m; = 1/hy;
for all 4.

Now we prove the lemma. For any 7 we have 7TZ/- < hgr < oo (which we have established
previously). We will check that 7’ is stationary. Fix state j. From definition of 77,



13.3. APPLICATION TO PAGERANK 91

We have
gﬁ’P"——ggPX——' tIP(i,
- 7 (Zaj) - kr[ t ZuTk >] (Zaj)

it

Since the event {7,” >t + 1} = {r;” >t} is determined by Xj,..., X,

lir[Xt =i, X =4, >t+1]= f;r[Xt =i, >t+1P(i, )

Reversing the order of summation in the first equality and using the preceding identity we get

o [e9)
>_miP(ij) = ;lzr[Xm =jrf >t+1]= ;%r[Xt = jt > 1]
(3 = —

The expression Y .7, Pry[X; = 7, le > t] is very similar to the definition of 71';- and our goal is
to show that it is indeed the same which would verify the stationarity of 7.

o0 o0
— it _ — it it
;%T[Xt—j,ﬁc Zt]—ﬂ}—ir[Xo—j,Tk ZO}—}—;%r[Xt—j,Tk = {]
= 7T9 — il"[Xo = ]] + };;I“[XTI:— = j]
/

=T

<.

We want to justify the last inequality by considering two cases.

e j =k. Since Xy = k and X+ =k, the terms Pr;[Xo = j] and Prk[Xle = j] are 1 and cancel
out.

e j # k. Both terms are 0.

Finally, to get a probability measure we normalize by Y . 7} = E}, [7'};Ir | = higk. Thus m = 7 /hyy
is a stationary distribution.

13.3 Application to PageRank

The early approach of Google to rank web pages was based on using the link information that was
in the pages. This was done to avoid the deficiencies of previous approaches that were based on
manually classifying (Yahoo and AltaVista and others) and deficiencies of keyword search due to
spam and other reasons.

The web graph is a directed graph where each web page corresponds to a node in a graph (this
is a somewhat crude approximation) and a link in a page to another page creates a natural arc.
Links encode information that gives information on how important pages are. The goal is to create
a ranking of webpages globally; use ranking + query words later for personalized ranking.

How should one rank webpages in terms of importance? A simple approach is assign a score
based on how many other links point to a webpage. score(u) = Zv:(v,u) cp 1 This is easy to spam.
A better approach is to score based on the importance of incoming pages:

score(v)
score(u): Z Weg(v)
vi(v,u)€EE
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This is a recursive definition. Main question: Does score(v) exist? Can normalize scores (since
scaling does not violate the equation). Assume ) . 2, = 1, so z is a probability distribution.
This looks like the stationary distribution of a random walk on the web graph! But the web graph
may not be ergodic.

The Brin-Page trick is to create an ergodic chain by considering a new graph H which is a
convex combination of the webgraph and a complete bipartite graph. Thus, if P is the matrix
corresponding to G and @ is the matrix corresponding to the complete directed graph on V we let

P =(1-¢eP+eQ

This corresponding to a random walk where with probability €, jump to a random webpage;
with probability 1 — ¢, follow a random outgoing link of the web graph. P’ corresponds to an
ergodic chain, so there exists a unique stationary distribution 7 for any fixed € > 0. This 7 is the
ranking.

Computing PageRank: How to compute 7? Use the power method: w(0)P' — 7 for any
7(0). Start with 7(0) = 11. Graph is sparse (average out-degree is 8-10), hence computation
is not onerous. Mostly matrix-vector multiplication and numerical linear algebra and the process
converges after a few iterations to a reasonable vector - note that the goal is not to actually compute

a stationary distribution but only to find a ranking.
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Random Walks on Undirected Graphs

14.1 Random Walks in Undirected Graphs

A finite state Markov chain corresponds to a random walk in a weighted directed graph. Random
walks in undirected graphs have many nice properties and a number of applications. They are also
closely related to reversible Markov chains.

Suppose G = (V, E) is an undirected graph. We let G= (V, E) be the corresponding bidirected
graph.

We can consider weights on the edges, but for simplicity we assume all are 1 (we allow multi-
graphs).

14.1.1 Definition of Random Walk

A random walk on G is the following stochastic process: Start at some random vertex given by a
probability distribution mg on V. In each step, if we are at vertex v, pick a uniform random edge
in §(v) and go to the endpoint of v.

Note that if the edge is a self-loop, we stay at v.

We can think of this random walk as a Markov chain on V where each edge (v,u) is given

probability ﬁ.

Lemma 14.1. Suppose G is a loopless connected graph. Then G is aperiodic iff G is not bipartite.

Proof. If G is bipartite, the underlying chain has period 2, since all cycles and closed walks have
even length.

If G is not bipartite, G has an odd length cycle. In G we have that each vertex is in a closed
walk of even length and one with odd length. By ged, the period is 1. O

We can either assume G is not bipartite or add self-loops on each vertex and make the walk
lazy. This will ensure the walk is aperiodic (ergodic).

Lemma 14.2. A random walk on G converges to a stationary distribution m where m(v) = %.

Proof. Exercise: Verify that this satisfies 7P = 7 for the underlying Markov chain. O

14.1.2 Hitting Times and Commute Times

Let h, . be the expected time to reach state v when starting at u.
Hitting time is not necessarily symmetric.

93
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Example: Lollipop graph Ly: hy, = O(n?) and h,, = O(n?).
Also, L,, shows that adding edges can increase hy,, and Cy .
Commute time is Cyy, = hy,p + hy,u, Which is symmetric.

14.1.3 Basic Results

We will prove two basic results using elementary methods.
Lemma 14.3. For any edge uv € E: hyy + hyoy < 2m.

Proof. Consider: We can view the random walk on G as a random walk on E. That is, the state
space is E. Consider this claim.

Consider the transition matrix @) for this chain. It turns out to be doubly stochastic.

For a normal transition matrix, row sum is 1, but here column sum is also 1. Easy to verify:
(1,1,...,1)7 is a left eigenvector of ). By normalizing, the stationary distribution of @ is ﬁ, the
uniform distribution.

huw + by < 2m where h(y ) (u,0) 18 the expected time in the edge walk chain to start on edge
(u,v) and revisit (u,v). We can interpret such a walk as giving an upper bound on Ay, + hy .

Claim: hyy + hyu < 2m. If the original random walk traversed the edge (u,v), then the
expected time to traverse (u,v) again is 2m.

Note: Since the original walk is memoryless, once it reaches v, it shows that the expected time
to visit u and take edge (u,v) is at most 2m.

But this walk is only one way to start at v and reach u and back to v: hy 4 + by < 2m. ]

Caveat: Note the above holds only for u,v € E. We will later see a more refined version when
(u,v) is not necessarily an edge.

14.1.4 Cover Time

Definition 14.4. The cover time of a graph G = (V, E) is the max over all v € V' of the expected
time to visit all the vertices. C(v) is cover time starting at v. C(G) = max, C(v).

Theorem 14.5. C(G) < 2m(n —1).

Proof. Consider a spanning tree T' of G.
We can consider an Eulerian walk on T'. Say it is vy, ve,vs, ..., V2p—2, V1.
We can upper bound C(vy) by:

h’U17U2 + hv2,v3 +o Tt hv2n727U1 = Z (huﬂf + hvﬂt) < Qm(n - 1)'
weE(T)

One can prove another interesting upper bound on cover time:

Theorem 14.6. C(G) < H(n — 1) - maxy yev Ay, where Hin — 1) = Z?;ll% is the (n — 1)-th
harmonic number.
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14.2 Applications

14.2.1 s-t Connectivity in O(logn) Space

Suppose we are given an undirected graph written on read-only memory in adjacency list/matrix
format. We want to use very little extra memory to decide if some given s can reach t. We can
easily do this using O(n) space by using graph search (BFS/DFS).

Can we do this with O(logn) space? Note that writing s or ¢ takes O(logn) bits.

Yes, if we allow randomization!

How: Start a random walk at s. Because C(G) = O(mn), if we don’t see ¢ after O(mnlogn)
steps, we know w.h.p. that s is not connected to t.

Can implement random walk in O(logn) space.

G can be bipartite, so need to use lazy random walk. Doesn’t change details too much.

14.2.2 2-SAT

2-SAT: Given a Boolean formula ¢ = Cy ACy A - - - A C,,, where each clause has exactly 2 variables.
Can check if ¢ is satisfiable, e.g., ¢ = (x5 V z3) A (21 V T2) A (T3 V x7).

2-SAT is solvable in P. How? One nice way to see it is via random walks.

Algorithm:

1. Let a = (a1,aq,...,a,) € {0,1}" be an arbitrary assignment to z;.
2. While a does not satisfy ¢ do:

e Let C; be an arbitrary clause that is not satisfied by a.
e Pick a literal of C; uniformly at random.

e Flip the assignment for the chosen literal and update a.
Lemma 14.7. If ¢ is satisfiable, the algorithm terminates in O(n?) steps.

Proof. Suppose s is a fixed satisfying assignment. Let a’ be the assignment after t steps. Let
d; = dist(s,a') be the Hamming distance between s and a'. That is, the number of variables in
which a! differs from s.

If d; = 0 then algorithm terminates.

The algorithm can be viewed as doing a random walk on state space {0, 1,2,...,n} and starting
at position dist(s, a®).

Since only one variable is changed, distance changes by +1 or —1.

Since C; is picked as an unsatisfied clause, at least one literal is incorrect, and hence with
probability at least % we will reduce distance.

Thus we can view this as a walk on {0,1,2,...,n}. In the worst case, it starts at n on each
side. Can view it as a random walk on a finite line.
Cover time of line is O(n?); will visit 0 in O(n?) in expectation. O

14.3 Electrical Networks and Random Walks

Ohm'’s law: V = IR (voltage = current x resistance).
For resistors in series: effective resistance is R = Ry + Rs.
For resistors in parallel: effective resistance is R = RITEFR]%Q.

Let R, , be effective resistance between v and v.
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Theorem 14.8. Cy , = hyy + hyy =2m - Ry .

Corollary 14.9. If uv € E, then Cy, < 2m.



Chapter 15

Electrical Networks and Random
Walks

15.1 Ohm’s Law

Ohm’s Law: V = IR
where V' is voltage, I is current, and R is resistance.
For effective resistance:

Reries : R=R1+ Ry
RiRs

Roarallel: R=—"—"+
parallel R1+R2

Let Ry, be the effective resistance between vertices u and v, defined as the resistance between
u and v when a voltage difference of 1 is applied, with current ., flowing from u to v.

Corollary 15.1. If (u,v) € E, then Cy, < 2m.

Proof. Because Ry, < 1 when (u,v) € E (the direct edge has resistance 1, and parallel paths can
only reduce effective resistance). O
15.2 Example: Lollipop Graph

For a lollipop graph, we can compute the effective resistance using series and parallel resistance
formulas.

15.3 Electrical Flow

Let G = (V, E) be an undirected graph. We work with electrical flow, as opposed to standard flows
in directed graphs.

15.3.1 Standard Flow (Directed Graphs)

Basic Setup: Suppose d: V' — R is a demand vector, where d(v) represents the demand at v.

e d(v) > 0: flow coming into v

97
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e d(v) < 0: flow leaving v

For a directed graph G = (V, E), flow conservation requires:

Z Je — Z Je = d(u)
e out of u e into u
This requires ), .y d(u) = 0.
A special case is when d(v) = 0 except at source s and sink ¢.
Capacity Constraints: Typically we have capacity constraints C, for e € E and want 0 <
fe S Ce-
Note: If there exists a feasible flow, then there exists an acyclic feasible flow.
Feasibility as LP: Feasibility of flow can be written as a linear program:

> fe= D fe=du) YueV

e out of u e into u

0<fe<C, Veek

15.3.2 Electrical Flow (Undirected Graphs)

We now consider electrical flows in undirected graphs. For each edge e, we orient it arbitrarily and
fix this orientation. Let f. be positive or negative:

o If f. > 0: flow goes along the chosen orientation
o If f. < 0: flow goes in the reverse direction

Flow Conservation: With this notation:

Z fup=du) YueV

vEN (u)

where d(u) is the current injected into u (can be positive or negative).

Energy Minimization: Each edge e € F has a resistance r. > 0. An electrical flow minimizes
energy:

The energy consumed by flow f. over edge with resistance 7. is r.f2 (voltage x current).

Thus, an electrical flow minimizes:

E(f) = Zrefg

eck
Optimization Problem:
min Z Tef?
eck
st Y fup=d(u) YuevV
vEN (u)

where f. are unrestricted (no capacity constraints). The objective is convex quadratic and the
constraint is a set of linear constraints.
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15.4 Constrained Optimization and Lagrange Multipliers

Abstract Problem:
ming(z) s.t. Az =0

where g is convex and T € R", A is m X n.

Theorem 15.2. Let * be an optimal solution. Then Vg(z*) = ATy for some y € R™, where
Vg(z*) is the gradient of g.

Proof. Let Ker(A) ={z: Az = 0}.
We claim that Vg(z*) is orthogonal to Ker(A).
Suppose not. Then there exists z € Ker(A) such that Vg(z*) -z > 0.
For small € > 0, let £ = Z* + €z. Then:

o AT =A(T"+ez)=AT"+eAz=b+0=0
o g(7) = g(z" +€z) = g(T*) + eVg(z*) - 2 < g(z7)

This contradicts optimality of z*.

Geometrically: If aj,...,a,, € R™ are the rows of A, then Ker(A) is the set of all vectors
orthogonal to the space spanned by ay, ..., an.

Any vector orthogonal to Ker(A) is in the span of ay, ..., a;,, and is of the form:

m
Zyiai = ATy for some y € R™
i=1
Therefore, Vg(z*) = ATy for some y € R™. O

15.5 Application to Electrical Flow

Theorem: Suppose f* = (fJ)ecr is an optimum solution to the electrical flow problem. Then
there exists a potential function p : V' — R such that:

for each edge e = (u,v).

In other words, there exist voltages that induce the electrical current via Ohm’s law.

Note: Shifting all potentials by a constant A does not change currents. Hence, we can assume
p(t) = 0 for some vertex t.

15.6 Connecting Electrical Flow and Hitting Times

Fix a vertex t € V. We want to find h(u) for u € V, where h(u) is the expected time for a random
walk to hit ¢ starting at u. Let h(t) = 0.
These values satisfy the recurrence:
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Rearranging:

deg(u Z h(v) = deg(u)

vEN (u)

We consider potentials on V' where p(u) = h(u) with p(¢) = 0. This induces flow:

£ P () b k()

Tu,v 1

(setting edge resistances r, = 1).
The outflow from w is:

Z fuw =Y (h(u) = h(v)) = deg(u) - h(u) = > h(v)

VEN (u vEN (u) veN (u)

If w # t, this equals deg(u).
By flow conservation, the flow entering ¢ is:

Z d(u) = 2m — deg(t)

u#t
where d(u) = deg(u) for u # t and d(t) = —(2m — deg(t)).
Thus, h(u,t) values correspond to vertex potentials induced by:

e Injecting deg(u) current at each u

e Draining 2m — deg(t) units of current at ¢

15.7 Lemma: Hitting Times and Effective Resistance
Lemma 15.3. Let G = (V, E) be an undirected graph and s,t € V. Then:
h(s) — h(t) = 2m - Ry
where Ry is the effective resistance between s and t.

Proof. We have seen that h(t) corresponds to potentials that route 2m - d(t) flow current into ¢ and
deg(u) flow out at each w.

Similarly, h(s) corresponds to potentials that drain 2m - d(s) units of current at s and deg(u)
flow out from each u # s.

Let p(u) = h(u) and q(u) = h(s). Consider p(u) — q(u).

The net flow at u is:

d(u) = d(u)|s — d(u)l:
= deg(u) — (2m — deg(t)) — [deg(u) — (2m — deg(s))]
= deg(s) — deg(t) +2m — 2m
=0 except at s,t
At s: d(s) = 2m — deg(s) — [—(2m — deg(s))] = 2m

At t: d(t) = —(2m — deg(t)) — 0 = —(2m — deg(?))
Actually: At s, d(s) = —2m + deg(s) + (2m — deg(s)) = 0... [recalculating]



15.8. LAPLACIAN MATRIX 101

More directly: The potential difference is:

This induces current 2m flowing from s to t:

h(s) — h(t) = 2m - Reg(s,t)

15.8 Laplacian Matrix

Given an undirected graph G = (V, E), we associate the Laplacian matrix L.

15.8.1 Adjacency Matrix

The adjacency matrix is:

1 ifedge (i,j) € E
Aij = .
0 otherwise

For undirected graphs, A is symmetric.
For directed graphs, we set A;; to indicate presence of edge (i,j), and A is not necessarily
symmetric.

15.8.2 Edge-Vertex Incidence Matrix

The edge-vertex incidence matrix B is an m X n matrix (where m = |E|, n = |V]):

B — 1 if vertex ¢ is incident to edge e
“ 10 otherwise

In a directed graph:

—1 if e enters u

1 if e leaves u
Bei = {

The set of flows satisfying a demand vector d can be written as:
Bf=d

Note that f is not restricted to be non-negative.
When working with electrical flows in undirected graphs, we orient the edges arbitrarily and
use B for the resulting edge-vertex incidence matrix.

15.8.3 Laplacian Definition

Recall that when solving the electrical flow optimization problem:

minzzrefe2 st. Bf=d

the optimal solution f* satisfies:
o2rf* = BTp
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where p is the set of potentials.

We can directly write a linear system to find the potentials that satisfy demands via Ohm’s
law.

Flow Conservation:

> fuw = d(u)

vEN (u)
But f, , — P=p()
Let w(u,v) = 77"6 be the conductance. Then:
Y wlu,v)lp(u) - p(v)] = d(u)
vEN (u)

Expanding:

Y wluop(u) = Y wlu,v)p(v) = d(u)

vEN (u) vEN (u)

This is a linear system:
Lep=d

where L¢ is the Laplacian of GG, defined as:
La(u,u) = Z w(u,v) (weighted degree of u)
vEN (u)

Lg(u,v) = —w(u,v) foru#wv, (u,v) € E

La(u,v) =0 for u# v, (u,v) ¢ E

15.8.4 Properties of the Laplacian
Lg is a symmetric, diagonally dominant matrix:
|Lisl = 1Ll
i#j
We can solve Lgp = d to compute effective resistance and h(u) values in polynomial time.
Near-linear time algorithms are known.

L is singular, but for a connected graph, its rank is n — 1 (the null space is spanned by the
all-ones vector).

15.9 Computational Considerations

The h(u) values can be computed by solving:
Lgh=1b

where:
b(u) = deg(u) for u #t
b(t) = —(2m — deg(t))

for a target vertex t.



Chapter 16

Convergence and Mixing Times

16.1 Introduction

Let G = (V,E) be a connected graph. We have seen various properties of random walks on
connected graphs:

1. The stationary distribution depends only on degrees: m; = d%(f).

2. Cover time is < 2m(n — 1).

w

- b+ by = 2m - RSE.
4. Connection to electrical networks.

We are interested in the convergence of the random walk to its stationary distribution. In order
to make this formal, we define the following.

Definition 16.1. Given two distributions 7 and 7’ on V', their total variational distance is
/ ]' /
I =7l = 5 > Iww) =7 ().
v

We say that a Markov chain converges to its stationary distribution if |7t —7||7y — 0 ast — oo,
where 7 is the stationary distribution.

We will be interested in the rate of convergence: starting from some arbitrary 7°, how long
does it take to get e-close to w7

Note: A random walk may be periodic, in which case it does not converge. We will then work
with the lazy walk.

16.2 Random Walks and Spectral Analysis

We will focus on random walks in undirected graphs and spectral analysis based convergence. And
then relate spectral analysis with combinatorial properties of a graph.
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16.2.1 Setting up the Matrices

So far we have been working with distributions over states as row vectors. Since we will work
with eigenvalues and eigenvectors a lot, it is useful to switch to p(@, pM ., ... p® as column vectors.
Recall P was the probability transition matrix of the chain. In order to work with column vectors
we will use PT. Thus p(tt) = PTp®) where p(*) is the distribution of the chain at time step .
Consider a random walk on an undirected graph G = (V, E) with V' = [n]. Let A be the
adjacency matrix of G. Let D be the n x n diagonal matrix with D;; = deg(i). Then D~! will be

the matrix with Dj;' = e
Recall the transition matrix was defined as FP;; = degl(i) for (i,7) € E, so P = D~'A. Hence
Pg = ﬁ? and we can see that PT = AD™!,
g(J)

We call W = AD™! the walk matrix.

For the lazy random walk, the walk matrix is W = (I + AD™1).

Suppose G is d-regular. Then W = AD™! = éA is symmetric. Symmetric matrices have
substantial structure and there is a beautiful and powerful spectral theory for them with many

applications.

16.3 Review of Linear Algebra

16.3.1 Eigenvalues and Eigenvectors

For an n x n matrix A € R™*", a vector v € R™ is an eigenvector of A if there exists A € R such
that Ao = Ao, where A is an eigenvalue.

Eigenvalues are solutions to the polynomial det(A — AI) = 0. In general this polynomial may
not have real roots and hence A may not have real eigenvalues/eigenvectors. However, if A is
viewed as a C™*" matrix, then we have complex eigenvalues/eigenvectors since every univariate
polynomial over C can be factorized.

Symmetric matrices are however special and have substantial structure. This is captured by
the Spectral Theorem which has many applications.

16.3.2 Spectral Theorem

Theorem 16.2 (Spectral Theorem). Let A € R™*™ be a symmetric matriz. Then A has n real

eigenvalues \1 < Ay < --- < A\, and corresponding eigenvectors X1, . .., Ty which form an orthonor-
mal basis of R™. Moreover, A= VT DV where D is diagonal with Dy = X\; and V = [Z1 - Ty).

16.3.3 Rayleigh Quotient

A useful characterization of the eigenvalues is obtained via the Rayleigh quotient. Given A and
z € R", consider 27 Az which is the quadratic form induced by A. Note that

.%'TAJJ = E Aijxixj.
1<i,j<n

When A is a symmetric matrix we get Y, Ajix? + 2 ZKJ- Ajjzix;.

Consider the problem of max / min =1 27 Az, which is the same as max / mingo
If A is symmetric then

2T Ax
2l *

A = min vT Av, )\, = max v’ Av.
vER™ vER™
lIo]l=1 oll=1
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In fact one can characterize all eigenvalues:

. 2T Ax
Ar = minmax T
Vi z€Vi, xlw
740

where V} is a k-dimensional subspace of R".

One can derive this characterization from the spectral theorem or directly. Suppose Z1, Zo, ..., T,
are orthonormal eigenvectors of A and let Ay < Ag < --- < \,,. Let v € R" with ||o]| = 1 be any
unit vector. Then v = Y.  d;z; where Y1 d? = 1. We have vTAv = > I, \id?. Hence
max| (=1 vl Av = )\, and similarly min|g)|—1 vl Av = .

16.3.4 Positive Semidefinite Matrices

Definition 16.3. A real symmetric matrix A is positive semidefinite (PSD), written A > 0, if
9T Av > 0 for all o € R™.

Theorem 16.4. A symmetric matrix A is PSD if and only if one of the following equivalent
conditions holds:

1. 9T A% > 0 for all v € R".

2. All eigenvalues of A are non-negative: 0 < A < Ao < --- < Ay,

3. A=WTW for some W € R™",

Proof. (3) = (1): vTAv = vT"WTWwv = u"u > 0 where u = Wo.

(1) = (2): Recall for symmetric A, \; = minz—; v’ Av. Hence A; > 0.

(2) = (3): A is symmetric, so A = VI DV where Dy = \;. If A\; > 0 for all 4, then D =
(DY2)T DY where D}/* = /A;. Hence A= VT (DY2)T D2y = WTW. O
16.4 Convergence Analysis for Regular Graphs
We will first consider d-regular graphs. W = AD~! = %A is symmetric. Note that W is doubly
stochastic. By the spectral theorem all eigenvalues are real. Let a; > ag > --- > «, be the
eigenvalues of W.

Claim 16.5. o1 =1 and «,, > —1.

Proof. Exercise. O

Exercise 16.6. Show that a,, = —1 implies G is bipartite. Otherwise |ay,| < 1.

For the lazy walk W = (I + %A), the eigenvalues are of = % fori=1,...,n. Soaf =1
and o), = H% > 0 (since oy, > —1 for connected non-bipartite graphs, and «,, > —1 always).
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16.4.1 Spectral Decomposition and Convergence

By the spectral theorem,

n

T

W = g o4 V;V;
=1

where vy, ..., v, are the orthonormal eigenvectors of W and ® denotes the outer product.

We want to know Wp(©® where p(® is the starting distribution. Since vy, ..., v, are orthonormal,
we can write p(®) = Yo, civ; where ¢; = (P, v;).

Then

n
th(o) = Z ciaﬁvi.
i=1

Recall o3 =1 and v1 = %I (since we normalize to unit vectors).
Spectral gap. Define 5 = min(1 — ag, 1 — |ay,]). Note 0 < 5 < 1.
Suppose 3 > 0. Then az < 1 and |ay,| < 1, so |a;| < 1 for all i > 2. Thus af — 0 as t — oo for
1> 2, and
th(O) — C1V1.

Now ¢; = (p@,vy) = (p@, 1) = ﬁ since Zipgo) = 1. Hence cjv; = 11, which is the

uniform distribution—and the stationary distribution for a regular graph.

16.4.2 Rate of Convergence

Claim 16.7. For d-regular graphs, the mizing time is O(ln%)

Proof. We have

n
th(o) =7+ Z ciaﬁvi.
i=2

Hence

dry (Wip, 7) = [Wipl®) — 7| = <+n

1

n n
t t
CiQ; Vg Ci; Vg
=2 =2

2

by Cauchy—Schwarz (||al|1 < /n|a|l2).
Since v; are orthonormal:

2 n n
- e < (1- Y

9 =2 i=2

n

E Ciafvi

1=2

Now Yoiyf < Yoy f = [p@I3 < Ip @) = 1.

(A
Hence

dry (W, ) < (1= 8)'V/n.
We want (1—3)t/n < 1. Taking logarithms: ¢In(1—8) < —In(4y/n), which gives ¢ > %.

Since —1In(1 — 3) > 3, it suffices to take t = Q(lnT") O
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16.4.3 Lazy Random Walk

For the lazy walk W = %(I + %A), recall the eigenvalues are of = % The spectral gap becomes
1—
B=min(l —ah,1—al)=1—ah= 2a2
since o, = H% >0 and of, = 1+2a2 is the second largest eigenvalue.

16.5 Example: Cycle Graph

Let G = C,, (the n-cycle). What are the eigenvalues of AD™! = %A? One can show they are
2m(i — 1
Q; :cos<7r(z)>7 1=1,...,n.
n

If n is even, o, = —1, so the spectral gap is 0. Hence we need to use the lazy walk.

What about as? We have ag = cos(%’r). Using cosx ~ 1 — '%2 as x — 0:

1 272
oy~ 11— —.
n2

So 5 < #, giving convergence time Q(n?). Not surprising.

16.6 General Non-Regular Graphs

For graphs that are not necessarily regular, the lazy walk matrix is W = %(I + AD™1). W is not
symmetric, so we cannot use the spectral theorem directly.

16.6.1 Normalized Adjacency Matrix

1

1/2
deg(i)4/deg()

Consider the normalized adjacency matrix A = D™1/24D~1/2_ which has entries /Nlij =

for (i,7) € E. This is symmetric.
We can write

W = D1/2 <1(I+D_1/2AD_1/2>> D_1/2.
2
So W is similar to the symmetric matrix 3 (I + A).

16.6.2 Similar Matrices

Definition 16.8. Two n x n matrices X and Y are similar if there exists a non-singular matrix
B such that X = BY B!,

The action of X can be understood via the action of Y.
Claim 16.9. Similar matrices have the same eigenvalues. Figenvectors may be different.
Proof. Suppose Y7 = A\v. Let @ = Bv, so B~ = . Then
Xa = (BYB Y4 = B(Yt) = B(A\0) = \a.
So A is an eigenvalue of X. O

Corollary 16.10. If a matriz X is similar to a symmetric matriz, then all its eigenvalues are real.
Its eigenvectors span R™, even though they may not be orthonormal.
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16.6.3 Eigenvalues and Eigenvectors of W

Now back to W. We have W = D'/2 (31+ %D‘1/2AD_1/2) D~1/2. So W is similar to I+ A),
which is symmetric (the~ “normalized adjacency matrix” part A = D~Y24D~1/2 ig symmetric).
The eigenvalues of A are 1 = a3 > as > --- > «a,, > —1. Hence the eigenvalues of W are

1+o; .
a;: 2 Looi=1,...,n.
If 1,9, ..., v, are orthonormal eigenvectors of %(I + A), then the eigenvectors of W are DYy,
for i =1,...,n. Note that @1, ..., 0, are orthonormal, so D'/25,,..., D/25, are linearly indepen-

dent and span R™ (but are not orthonormal in general).

16.6.4 Convergence for General Graphs

Now we want to understand Wpy where pg is the starting distribution. Since the eigenvectors of
W span R™:

n
Po=Y _ aD'?y
i=1

for some cq,...,cp.
Therefore

n n t
_ _ 14 o4 _
tho = ZCth(D1/2UZ') = Zci (22) DI/ZUi.
i=1 i=1
Recall 1 = a3 > ag > -+ > o, > —1 (for a connected graph). So o) =1 and |o}| < 1 for i > 2.
If B9 < 1, then

n
W'po = c1D'?01 + Y e;8{D?p,
=2
where 8; = 1% Since || < 1 for i > 2:

Wtﬁo — chl/zz_)l as t — oo.

This converges to the stationary distribution. What is c1DY25,7?
Computing v1: The first eigenvector of %(I + A) with eigenvalue 1 is

DY?1 1 -
U1 = — = D'/?1
|DYV21]|  v2m
since || DY/21(2 = 3, deg(i) = 2m.

Computing ¢;: Recall pp = D/? > ¢, SO D~ 12p, = >, v Since vp,...,0, are
orthonormal: . .
c1 = (D725, 5) = <D_1/2‘ ,D1/21> = —
1= Po, V1) Po o o
since ), po(i) = 1.
Therefore
deg(1)
1 1 _ 1 - 1 |deg(2)
Wtpy — e1DV?p) = —— . DY? [ —D'V?1) = —DI = —
Po C1 U1 By s om om
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Hence the lazy walk converges to the stationary distribution 7 = %DI whatever the starting
distribution, provided G is connected (since 83 < 1 when G is connected).

16.6.5 Mixing Time for General Graphs

We want to know how long before ||, — 7|1 < 1.

1—ao

Theorem 16.11 (Mixing Time Bound). For a connected graph with spectral gap f = 1—ay = >
and minimum degree dyin,

— — dmax
Ipe — Tllry < -(1-p8)%

dmin

To achieve ||py — 7||rv < i, it suffices to take t = O(% log —dma").

dmin

Proof. We have

Multiplying by D172,

n t

—1/2/ - I+a; )" _
D™YV2(p, — ) = cl-< 5 z) ;.
=2

(2

By Cauchy—Schwarz, ||a||; < v/n||alj2. Also, for any vector z:

2
: 1
D3 =Y T > z|l3-

Since v1,...,U, are orthonormal:

Now Yy c? < Sy e = [[D7V250|3 = X2, 5eldly < 7 (since po(i) < 1 and 32, po(i) = 1, s0

() i=1"1 dmin

>oipo(i)? <1).

Combining;:
1, Y (1-p)*
lpe = 713 < D720y — 1) < ~———.
dmax dmin
Hence ||py — 7|2 < ‘fl’"#(l — B)t, and since || - |7y < | - ||2, the result follows. O

16.7 Next Lecture

We will investigate which graphs have constant spectral gap f = €(1). This ensures that random
walks converge in O(logn) steps.
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Chapter 17

Expander Graphs

17.1 Expander Graphs

Expander graphs are almost magical graphs that have many applications in mathematics and
computer science.

Definition 17.1. A multigraph G = (V, E) is an a-edge expander if
|E(S,S)| = alS]

for all § C V with |S| < Y.
A related concept is vertex expansion.

Definition 17.2. A graph G = (V, E) is a c-vertex expander if for all S C V with |S] < ‘%', the
set of neighbors N(S) (excluding S itself) satisfies

IN(S)\ S| = ¢S]
The surprising fact is that random d-regular graphs are good expanders with high probability.

Theorem 17.3 (Bollobés). Let d > 3 be an integer and € € (0,1). If n is sufficiently large
(depending on € and d), then a random d-regular graph on n vertices has edge expansion > % —€

with high probability.

Corollary 17.4. Asn — oo, a random d-regular graph has expansion — d%dz with high probability.
In particular, for d = 3 we can obtain expansion — %

The proof is via the probabilistic method and not very difficult, though somewhat technical.
Simpler proofs often give weaker expansion bounds.

17.1.1 Explicit Constructions

Although random regular graphs are expanders, it is hard to compute (or prove) the expansion
of a specific randomly generated graph. Therefore, there have been several works that construct
expanders explicitly. Many of these are based on group theoretic constructions.
One of the early explicit constructions is given by Margulis and analyzed by Gabber and Galil.
Construction: Fix integer m and let n = 2m?. We construct a 5-regular bipartite graph on n
vertices. The parts are A and B, with |A| = |B| = m?.

111
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We can identify the vertices in each part with Z,, X Z,.

A=Zp X Ly,
B=7Z, XZn

For each vertex (z,y) € A, we add 5 edges to the following vertices in B:

(z,y), (r,xz+4+y), (z,xz+y+1), (+yy), @+y+ly)

27\/5_

Here, all addition is done mod m. It can be shown that this graph has expansion “=;

17.1.2 Conductance

A notion related to expansion is conductance.
Definition 17.5. The conductance ¢ of a graph is

min |E(S, S
S:Vol(5)< Yol Vol(S)

b=

where Vol(S) = >°, cgdeg(u) is the volume of the set S.

Note that if G is d-regular then Vol(S) = d|S| and Vol(V') = d|V|. Hence for d-regular graphs,
6=4.

17.2 Cheeger’s Inequality

Cheeger’s inequality is a fundamental result that connects the combinatorial expansion property of
a graph (its conductance) to its algebraic properties (the eigenvalues of its Laplacian matrix).
Recall that we did a spectral analysis of the convergence of a random walk in undirected graphs.
Let A be the adjacency matrix of G. Let D be the diagonal matrix of degrees, D;; = d;. The random
walk matrix is
W =AD™!

The lazy random walk matrix is (I + AD™!).
If G is d-regular then W = A, which is symmetric. Otherwise, W is not symmetric. We
instead consider the normalized adjacency matrix

A=D124p"1/?

which is symmetric. W is similar to A since W = D~'A = D=1/24DV/2,

Let Ay > Ay > -+ > A, be the real eigenvalues of A. It is known that 1 = Ay > Ay > --- >
An > —1. If G is connected, we have Aoy < 1.

The rate of convergence of a random walk to its stationary distribution is governed by the
spectral gap. For the lazy random walk, the convergence rate is determined by 1 — Aa. (The lazy
walk is used to handle bipartite graphs, where \,, = —1).

How do we know when 1 — \g is large? Cheeger’s inequality relates this gap to the conductance
o.

We use another important matrix, the normalized Laplacian:
L=]—-A

(The unnormalized Laplacian is L = D — A). L is positive semi-definite.
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Observation 17.6. Let 0 = v} < 9 < - < 7y, be the eigenvalues of L. Since £ = I — A, we have
v =1—X; where Ay > Ao > --- > )\, are the eigenvalues of A. Thus vy =1—X1 =0, 72 =1 — )\,
and so on.

The spectral gap 9 = 1 — A2 is the smallest non-zero eigenvalue of the normalized Laplacian.

Theorem 17.7 (Cheeger’s Inequality). For any graph G, let ¢ be its conductance and o be the
second smallest eigenvalue of its normalized Laplacian L. Then

2
%S72§2¢

This theorem is powerful because it means a graph has good expansion (constant ¢) if and only
if it has a large spectral gap (constant 7s).

Corollary 17.8. Suppose G is d-reqular. Let 1 = a3 > ag > -+ > ay be eigenvalues of W =
AD™! = éA. Then 1 — ag = v2, and

g1 _20‘2 < a(@) < dv2(1 — as).

Proof. For d-regular graphs, ¢(G) = a(G)/d and 1 — ag = 2. The result follows from Cheeger’s
inequality. O

Thus if we have a constant-degree expander, 1 — as > (a(G)/d)?, and a(G) = Q(1) implies
1 — g = Q(1). This large spectral gap implies that the (lazy) random walk on G mixes rapidly, in
O(logn) steps.

17.3 Randomized Complexity Classes

Recall P is the set of decision problems that have a deterministic poly-time algorithm.

17.3.1 RP (Randomized Polynomial Time)

L € RP if there exists a poly-time randomized algorithm A such that for all inputs x € X*:
(i) If z ¢ L, A(x) always says No.
(ii) If z € L, A(z) says YES with probability > 3.

This is called one-sided error.

17.3.2 co-RP
co-RP is the set of languages L such that L € RP. (One-sided error for = ¢ L).

17.3.3 BPP (Bounded-Error Probabilistic Polynomial Time)

BPP is the set of languages that admit poly-time randomized algorithms that can make 2-sided
errors. L € BPP if there exists a randomized poly-time algorithm A such that for all x € ¥*:

(i) If x € L, A(z) outputs YES with probability >

e L SN [SY]

(ii) If z ¢ L, A(z) outputs YES with probability <

RP and BPP algorithms are called Monte Carlo algorithms: they are always fast (poly-time)
but can make a mistake.
It is clear that P C RP C BPP.
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17.3.4 ZPP (Zero-Error Probabilistic Polynomial Time)

ZPP is the set of problems for which there is a randomized algorithm A such that for all z:
(i) If x € L, A(z) returns YES.
(ii) If z ¢ L, A(z) returns No.
(iii) The expected run time of A on z is p(|x|) for some fixed polynomial p.

These are called Las Vegas algorithms: they are always correct, but their runtime is a random
variable (though polynomial on average).

Claim 17.9. ZPP = RPN co-RP

Proof Sketch. (C) If L € ZPP, the ZPP algorithm itself works as an RP (and co-RP) algorithm,
as it’s always correct.
(D) Suppose L € RP (with algorithm Arp) and L € co-RP (with algorithm Acorp).
Consider the following ZPP algorithm Azpp:

1. Run Agp(z). If it outputs YES, we know = € L. Return YES.
2. Run Aopp(x). If it outputs NO, we know x ¢ L. Return NO.

3. If neither of the above happened (i.e., Agp said NO and A.,gp said YES), repeat from step
1.

This algorithm never errs. If x € L, Agp says YES with p > 1/2. If ¢ L, A.ogp says NO with
p > 1/2. In either case, the loop terminates in any given iteration with probability > 1/2. Thus,
the expected number of iterations is < 2, and the expected runtime is polynomial. O

17.4 FError Reduction in Randomized Algorithms
For both RP and BPP, we can reduce the error probability exponentially by repetition.

Lemma 17.10. Suppose L € RP with algorithm A. By running A k times independently, we
can reduce the error probability to < 27F. (If x € L, the probability that all k runs output NO is

< (1/2)%).

Lemma 17.11. Suppose L € BPP with algorithm A. By running A k times independently and
taking the majority vote, the error probability is reduced to 2~ K) (This is a standard application
of Chernoff bounds).

This standard repetition requires k - n random bits if one run of A uses n random bits. Can we
do better? Yes, by using expander graphs. It turns out that one can reduce the error to 27% by
using only O(n + k) random bits.
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17.4.1 Setup

Let N = 2™ We view the set of all n-bit random strings as the IV vertices of a graph. We will
assume that we can implicitly construct a constant-degree expander G = (V, E) on these N vertices.
Let G have degree d and expansion o. We assume d = O(1) and a = Q(1).

Each vertex v € V corresponds to an n-bit binary string r,. We assume that given a vertex
v, we can find its d neighbors in poly(n) time. (This is true for explicit constructions like the
Margulis-Gabber-Galil expander).

We can implement a random walk on G for ¢ steps in poly(¢,n) time. The number of random
bits required is only O(tlogd) = O(t), since d is constant.

17.4.2 Algorithm for Amplification
For both RP and BPP amplification, we do the following:

1. Pick a uniformly random starting vertex v; € V. (This requires n random bits).
2. Perform a random walk for ¢ steps: vy, ve,...,v:. (This requires O(t) additional random bits).
3. Let r1,7r9,...,7 be the n-bit random strings associated with vq,...,vs.

4. Let b; = A(x,r;) be the output of A on input = with random string r;.

ot

. Aggregate the results by, ..., b; (details below).

The total number of random bits used is n + O(t). If we set t = O(k), the total is O(n + k).
The correctness relies on the following key lemma.

Lemma 17.12. Let G = (V, E) be an undirected d-regular graph whose random walk matrix W =
AD™! = éA has spectral gap 5 = min(1 — ag, 1 — |ay]).
Consider a t-step mndonll 1|11alk v1,V2,...,0 € V where vy € V is chosen uniformly at random.
B

For any set BCV, let p = V-

Pr[{vy,v2,...,v} C B] < (u+ (1 - B)).

Proof. Let P be the |V| x |V| diagonal matrix with P, = 1 if v € B and 0 otherwise. For any
vector 7 € RIVI, PZ zeros out the coordinates outside B.

Since v, is chosen uniformly, p(®) = %I where n = |V|. The probability that vi,...,v; € B
equals ||[(PWP)tpO)];.

We need to bound the spectral norm of PW P. Since W is symmetric (for d-regular graphs),
PW P is also symmetric.

Claim: For any vector g, ||[PWPy|2 < (n+ (1 — 5))||yll2-

Proof of Claim. We can assume y; = 0 for ¢ ¢ B (since P projects onto B, this can only help),
gy >0,and ), y; =1 (by scaling). Write § = @ + Z where u = %i is the uniform distribution and
Z is orthogonal to @. Then:

PWPjj = PW (i + 2) = PWi+ PWz = P+ PWx.

By triangle inequality: ||PW Py|2 < || Pull2 + [[PWZ||2.
For the first term: ||Pulls = (/un - # = y/p/n. Since § has support at most un and 1 =
> vi < /Em||gllz by Cauchy-Schwarz, we get [|7]l2 > 1/,/umn. Hence ||Pilly < pl[7]2.
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For the second term: |[PWZ|ls < [[WZ|l2 < (1 —p)||Z|l2 < (1 — 5)]|7ll2, since Z is orthogonal to
the first eigenvector of W.
Thus ||[PW Pjlla < (u+ (1 — 8))]|7]l2, so the max eigenvalue of PWP is < u+ (1 — f). O

Now we prove the main lemma. We have:
I(PAP)" ally < Vall(PAP) a2 < Va(u+ (1= 8)|lal2 = Va(u+ (1 - 8))"- \/15 = (p+Q1-p)"
O

17.4.3 RP Amplification

Suppose L € RP. If = ¢ L, A always outputs No, so our expander walk algorithm will also always
output No.

Suppose x € L. Let B be the set of "bad” random strings r such that A(z,r) outputs No. By
the RP definition, p = |B|/|V| < 1/2. (We can first use standard repetition a few times to ensure

uw<1/4).
The algorithm is:

1. Run the t-step random walk as described, getting outputs by, ..., b.
2. Output YES if any b; is YES.
3. Otherwise, output NO.

The algorithm fails (outputs NO) only if vq,...,v; are all in the bad set B. By the lemma, the
failure probability is:

Pr[Output NO] = Pr[{vy,...,v} C B] < (p+ (1 - B))".

Since G is an expander, 3 is a fixed constant. By basic repetition (a constant number of times) we
can ensure that p < /2. Then p+1-8<1-3/2 < 1.

If we choose ¢ such that (1 — 3/2)% < 1/2*, we will have failure probability < 1/2*. Thus
t = O(k) suffices (the O(-) hides a 1/8 dependence, which is a fixed constant). The total random
bits used is O(n + k).

17.4.4 BPP Amplification

For BPP, we use the same t-step random walk but take a majority vote of the outputs by, ..., b;.
The analysis is more involved and relies on a Chernoff-like bound for random walks on expanders.

Theorem 17.13 (Expander Chernoff Bound). Let G = (V, E) be a d-regular graph with spectral
gap v2 = 1 — Ay > 0. Let vy,...,v be a t-step random walk starting from a uniform vy. Let
f:V —=[0,1] be any function, and let E[f] = ‘71| >, f(v). Then

pr[

For BPP, we define f(r) =1 if A(z,r) is correct, and 0 otherwise. By definition, E[f] > 2/3.
The theorem shows that the average correctness 13 f(v;) will be concentrated around E[f] with

LS fw) — Bl

t “
=1

high probability. This means the majority vote will be correct with probability 1 —2e~%®). Setting
t = O(k) gives error 2~%*) using only O(n + k) random bits.
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Negative Correlation and Applications

18.1 Introduction

We have seen Chernoff-Hoeffding bounds for sums of independent random variables. However,
there are several situations where we have dependent random variables and we need to reason
about them. In some situations, we can get concentration even with dependence.

18.1.1 Example: Balls and Bins

Suppose we throw n balls into n bins. Let X; be the indicator for bin ¢ to be empty. We see that:

Let X =31, X; be the number of empty bins, so E[X] = 2.

Note that X7, Xo,..., X, are not independent, so we cannot use the Chernoff bound directly.
However, it turns out that the Chernoff bound holds for the upper tail.

18.2 Negative Correlation

Definition 18.1. A collection X1, ..., X, of random variables is negatively correlated if:
E HX] < [[EX
€S €S
for all subsets S C {1,2,...,n}.
Claim 18.2. In the example we saw with balls and bins, X1, ..., X, are negatively correlated.
Proof. We have E[X;] = (1 —2)".

E [Hze g X ] is the probability that all bins in S are empty.

Let |S| = k. Then:
HX] (1 — k)

€S

One can check that (1 — %)n < (1 — %)kn = [(1 - l)n}k =

n

117
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18.3 Chernoff Bound for Negatively Correlated Variables

Theorem 18.3. Suppose Xi,...,X, are binary random variables and are negatively correlated.
Let X =51 | X; and pp = E[X]. Then:

66 :
PrX > (1+0)u] < <(1+5)<1+5>>

Note: The bound is exactly the same as for the standard upper tail in the multiplicative
Chernoff bound. The reason for that is that in a certain formal sense, the whole moment generating
function-based proof goes through.

18.3.1 Proof Sketch

Let X1,..., X, be independent binary random variables where E[X;] = E[X;].
Let X =" | X;, so E[X] = E[X] = p.
The MGF proof for Chernoff bound proceeds as follows:

PrX > (14 6)u] = Pr[etX > et1+0] < E[eX)
B o - = et(14+0)u

The key step where independence is used is in expanding:
— n —
etX — H etXZ'
i=1

After this step, we only work with bounds on E[e!¥?], etc.
Now consider X = Y X; where X; are negatively correlated and E[X;] = E[X;] for all i.
If we can show that: )
E[etX] < E[etX]
X3
J!

then we are done. For this, we expand e!X as Z;io and use Taylor series expansion to each

term with expectation outside:
n

N =T+ (" - 1)Xy)

=1

and similarly:
n

N =T+ (" - 1)Xy)
i=1
In the product, we have terms which are polynomials in ¢ and in the variables. Consider a term
X7 XE? - X and the corresponding term XX .. X’f;’“.
Since variables are binary, we can drop the exponents, so we have X;, X;, - -- X;, and X;, X, --- X, .
Now by negative correlation assumption:

E[Xi, Xi, - - X3, ] < E[X;, JE[Xy,] - E[Xy,] = E[Xy, Xy, - - - X3, ]

Thus, term by term, we have E[e!X] < E[etX ], and we can proceed with the rest of the proof
with X and X;.
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18.3.2 Lower Tail Bound

Sometimes people define binary random variables X1, ..., X,, to be negatively correlated if for all

SC{1,....,n}
E

H X;| < HE[X,]

€S €S

and:

[Ta-x)| <TI0 -EX]

1€S J €S

E

If both conditions are satisfied, then we also get the lower tail bound for X =) X;:
(52;1,

PriX <(1-d)u] <e 2

18.4 Application: Max Coverage Problem

Consider the Max Coverage problem, which is a problem related to Set Cover.

Problem: Given a universe U of n elements and m sets S1,...,S5,, C U, and an integer k,
pick k of the given sets to maximize the size of their union. In other words, pick k sets to cover as
many elements as possible.

A simple greedy algorithm gives a (1 —1/e) approximation. However, it does not give the same
ratio for a slightly more general constraint, so we will instead consider an LP relaxation-based
approach.

18.4.1 LP Relaxation

Variables:
e x; for set S; (chosen or not)

e z; for whether element j is covered

n
max Z Zj
j=1
m
s.t. Z.’EZ S k
i=1

Z x; > zj Vj€n]
ijeS;
z; <1 Vjen]
z; >0 Vie[m]

Suppose we solve the above LP relaxation. Let OPTpp be the value of the optimal fractional
solution (x*, z*).
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18.4.2 Randomized Rounding (Naive Approach)

A simple strategy is to pick each set S; independently with probability ;.
Let us evaluate the expected number of elements covered. Let Y; = 1 if element j is covered.

Py =1 =1 [] (1—a0)
1:JES;

Since 1 —z < e~ % for all x:

# _ * x 1
Prly; =1]>1- H I R D P <1 - e) z;
1:JES;

(Using the concavity of 1 —e™?: for z € [0,1], 1 —e™* > (1 — 1/e)z.)
Thus, by linearity of expectation, the expected number of elements covered is:

° 1 1
> 1—=)zf=(1-2)-0PT
2> (1-4) 5= (1-7) orm

Problem: We may not satisfy the constraint that we pick at most k sets.

18.5 Pipage Rounding

How can we ensure that we satisfy the constraint and still get a good approximation for covering
elements? We will discuss a rounding strategy called pipage rounding. This is a dependent
rounding strategy.

18.5.1 Algorithm
1. Solve LP to obtain fractional solution z € [0, 1]™
2. While z has fractional variables:
(a) Let x;,x; be such that 0 < z;,z; <1
(b) Let € = min{x;,1 — 25,1 — x4, 2;}
(c¢) Toss a coin. If heads:
® I x;+ €
® T x;—¢€
Else:
® I, < I; —€
® T Xy +e€

3. Output sets with z; =1
Claim 18.4. After the while loop terminates, T is integral and Y ", x; = k.
Lemma 18.5. Let X; be the value of x; at end of algorithm. Then E[X;] = z.

Proof. In each step, it is easy to see that E[z;] does not change. By induction on steps. O

Lemma 18.6. The algorithm terminates in T steps where E[T] < poly(m).

Proof. In each iteration with probability 1/2, at least one variable becomes 0 or 1. If a variable
is 0 or 1, it is not touched again. Initially, at most m fractional variables implies in expectation
T < 2m. Can also prove high probability bound using Chernoff bounds. O
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18.5.2 Main Technical Lemma
Lemma 18.7. Xi,..., X, are negatively correlated.

The proof relies on the fact that expectations are preserved and only two variables are modified
at each step. It is not difficult but we omit details.

18.5.3 Analysis

Thus, the rounding ensures that ) ", X; = k deterministically and Xi,...,X,, are negatively
correlated.
Now consider an element j. What is Pr[j is covered]?

Pr[j is covered] = 1 — H (1-X;)
1:jE€S;

By negative correlation:

[Ta-xp< [Ta-EXD= ] -2

1:JES; 1:JES; 1:JES;
Therefore:
Pr[j is covered] > 1 — H (1—2z)
:JES;
and hence we can use the same analysis as before: expected number of elements covered is
(1—-1/e)- OPTyLp.
Thus, we maintain the constraint and obtain a (1 — 1/e) approximation.

18.6 Generalization: Matroid Constraints

The above approach generalizes quite a bit to submodular function maximization subject to an
arbitrary matroid constraint. We will not go into details but consider the following extension of
Max K-Coverage.

As before, we have U and sets St, ..., S;,. Now the sets are colored. In other words, we partition
the sets into ¢ groups Ay, ..., Ay.

Each group h has a bound kj, and this implies that at most kj sets can be chosen from Ay,.

We can write a natural LP with this more complicated constraint:

n
max E Zj
j=1

st Y @<k, Vhe[]
i€Ap,
Z x>z Vj€En]
ijes;
zj <1 Vje€n]
z; >0 VYie[m]

Now, as before, we can see that if we randomly round by picking each set S; independently with
probability =}, we get expected coverage (1 —1/e) - OPTyp.
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It is not hard to generalize pipage rounding to this slightly more complex constraint. This yields
a (1 —1/e) approximation.
Note: The natural greedy algorithm yields only a 1/2 approximation for this generalization.



Chapter 19

Martingales and Concentration
Inequalities

19.1 Introduction and Background

We saw Chernoff-Hoeffding bounds for sum of independent random variables and applications. Last
lecture we saw concentration bounds also hold for negatively correlated random variables and saw
an application. However, there are other settings where we don’t have independence or negative
correlation and still concentration holds.

Martingales provide a powerful framework for such bounds and are also somewhat natural for
algorithms. We saw an example of a martingale type process in the last lecture on rounding a
fractional solution for the Max K-Cover problem.

19.1.1 Background on Conditional Probability

Suppose 2 is a probability space and X : £ — R is a real-valued random variable.
If A C Q is an event, then E[X|A] is a real value, which, in the setting when X is discrete, is

defined as: )

E[X|A] = BiTAl D Priw] X (w).

wEA

In the continuous setting it is:

1

where f is the probability density function (or similar function depending on the context).

Given random variables X and Y on (2, the random variable E[X|Y] is defined as follows. If
Z = E[X|Y], then Z(w) = E[X|Y = Y (w)] (this is in the discrete setting). The meaning is the
following: Y partitions 2 into parts where Y is constant in each part. Y = b for some fixed b
constitutes a part which can be alternatively thought as an event A, = {w|Y (w) = b}. E[X|Y]
assigns a value to each w equal to E[X|A].

Claim 19.1. E[E[X|Y]] = E[X].
Proof. Exercise. O

When we write E[X|Y1,Ys,...,Y,] where Y7, ..., Y, are several random variables, then we are
looking at the partition induced by Y7, ..., Y, taking on different values in a joint way. The events

123
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correspond to:
Apy by,..pn = {w € QYi(w) = bi}.

Lemma 19.2 (Tower Property). E[E[X|Y]|Z] = E[X|Z] (assuming Z is a “coarser” partition of
Q than Y, or more formally, o(Z) C o(Y)).

Proof. Exercise. O

Technically, a more formal way to describe this is via o-algebras and filtrations but that requires
more background.

19.2 Martingales
Definition 19.3. A sequence of random variables Xy, X1, Xo,... is a martingale sequence with
respect to another sequence of random variables Yy, Y7, ... if for n > O:

1. X, is determined by Yy,...,Y,.

2. E[|X,]|] < oo for all n.

3. E[X+1]Y0, ..., Yn] = X,

A sequence Xy, X1,... is a martingale if it is a martingale w.r.t. itself. That is:

1. E[|X,]] < co and

2. E[X, 41| X0, ..., X0 = X,

Example 19.4. Suppose a gambler starts with a random amount Xy of money on day 0 and goes
to the casino every day and plays some slot machine which is fair. Let Y; be the winnings on day
i (< 0 if he/she loses). Let X; be the total amount that player has at the end of the i-th game.
Because each game is fair, E[Y;11] = 0.

Xn+1 = Xn + Yn+1
E[Xn+1|Y1, . ,Yn] =X, + E[Yn—i-l‘yla ... ,Yn]
Since Y41 is independent of Y7,...,Y, and E[Y, ;1] = O:
E[Xpi1|Y1, ..., Vo] = X +E[Yo11] = X, + 0= X,,.

The main thing that martingales allow one to capture is that the choice of how much to bet
and which slot machine to bet on can be arbitrarily dependent on all the information/choices up
to the previous step.

19.2.1 Doob Martingale

Martingales allow one to capture a particular type of phenomenon where we are interested in a
function f : U — R for some object X, and we have a random variable X that takes values in U.
In other words, X is a random object chosen from U according to some process.
This process can be defined by a sequence of random variables Yy, Y1,...,Y,. And X is deter-
mined by Yp,...,Y,. Yo,...,Y; reveal partial information about X.
Let us define
X, = E[f(X)[Yp..... Yi].

We will assume that E[| f(X)|] < oo.
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Claim 19.5. Xj,..., X, is a martingale sequence with respect to Yy, ...,Y,.
Proof.
E[Xi1 Y., Yi| = E[E[f(X)Yo,..., Vi1V, Vi
(by definition of X;;1). Using the Tower Rule (E[E[A|B]|C] = E[A|C] if 0(C) C o(B)):
EE[f(X)[Yo, ..., Yiu][Yo,. ... Yi] = E[f(X)[Y0, ..., Y]] = X;
by definition. O

Remark 19.6. In some settings it is easier to view f(X) as another random variable Z and define
X; =E[Z|Y1,..., Y]]

Example 19.7 (Empty bins in balls and bins). We throw m balls into n bins independently. We
think of this as a sequential process where we place ball ¢ in the i-th step and Y; is the random
choice of the i-th ball (i.e., which bin it falls into). Let X be the number of empty bins after all m
balls are thrown. Then:

X, =EX|Y1,...,Y]

X, = E[X] :n<1—1>m

n

Example 19.8 (Chromatic number of G(n,p)). Let G(n,p) be a graph on n vertices where each
potential edge in the graph is chosen to be added independently with probability p. Let X be the
chromatic number of the random graph.

We can define a Doob martingale called the edge exposure martingale where Y1,Ys, ..., Y(n)
2

correspond to the binary random variables for picking the edges in some fixed order.

Xo = E{X(Gn,p)]

and X; = E[X|Y1,...,Y]].

We can define another Doob martingale called the vertex exposure martingale where
Vi,Va,...,V, is an ordering of vertices and Y; reveals information about the edges of vertex ¢
to vertices 1 to ¢ — 1 in the random process.

19.3 Azuma-Hoeffding Inequality

Recall the additive change Hoeffding inequality. Let X = """ | X; where:

1. X, are independent.

2. X; € [ai,bi].
Then:
a2
Pr[X —E[X] > )\ <e 2Xilbi—a)?
D
and Pr[X —E[X] < —A] <e 2Xiti—a)?,
A simpler form is when [a;, b;] = [—¢;, ¢, in which case we have:

—22

Pr[X — E[X] > )] < e2Zi=1 ¢

Similarly for the lower tail.
The Azuma-Hoeffding bound extends this to the martingale setting.
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Theorem 19.9 (Azuma-Hoeffding). Let X, X1, X2,... be a martingale sequence where
|)(Z - Xz?l’ S C; Vi Z 1.

Then:

—\2
Pr[X, — Xo > A\ < 2T

a2
The theorem also holds for the lower tail: Pr[X, — Xo < —A] < e?Xi1 et
19.3.1 Proof of Azuma-Hoeffding

We need an auxiliary lemma.

Lemma 19.10 (Hoeffding’s Lemma). Let X be a random variable in [—1,1] with E[X] = 0. Then
E[eaX] < ea2/2.

Proof. The function e®® is convex on [—1,1]. For any X € [—1,1], we can write X = X (+1) +
15X (—1). Hence by convexity (Jensen’s inequality):
1+ X 1-X e*+e ™ e*—e°

X < 5 e’ + 5 e 4= 5 + 5 X.

If X € [-1,1] with E[X] = 0, taking expectation on both sides:

a —a a__ ,—a a —a
E[e“X]ge +e e e E[X]:e +e
2 2 2
By Taylor expansion:
e’ +e @ a> at a?  (a?/2)? 2
— 1 <l .. a®/2
> LTI T A TR
O
a262
Corollary 19.11. IfE[X] =0 and X € [—c,c], then E[e®X] <e 2 .
Proof. Consider X' = % and apply the previous Lemma. O

Proof of Azuma-Hoeffding. Let t > 0 be a parameter to be chosen later. By Markov’s inequality:

E[et(Xn*XO)]

Pr[X,, — X > )] < Pr[etXn=X0) > o] < =
e

So it boils down to estimating E[e!(Xn=X0)],
Consider the differences Z; = X; — X;_1. Recall that |Z;| < ¢; and:

E[Zi‘Xo, Ce 7Xi—1] = IE[)(Z — Xi_l‘X(), Ce 7Xz'—1]

=E[X;[Xo,..., Xi1] - Xi1 = X1 — X;_1 =0.
Consider E[e!%!| X, ..., X;_1]. By the Corollary with a =t and ¢ = ¢;:

t2 C2

E[etzip{o, ey Xl',ﬂ <e T .
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Now:
E[et(X"_XO)} — E[et(zn‘f'znfl"!‘""‘!‘zl)} _ E[et(Znﬂ-‘r“'-l—Zl) . eth]

Using the property E[AB] = E[A - E[B|information about A]] and the fact that e/Zn-11+21) ig
determined by Xo,..., Xp—1:

E[e!(Xn=X0)] = Ele!(Zn-1t+20)  getZn| X, L X, 1]

Applying the bound:
2 2
< E[et(zn71+~-+zl)]e%

Repeating this recursively:

Thus:
E[et(X"_XO)] <e 2

Putting together with Markov’s inequality:

zef 2
E[et(anXo)} etz S tz(Z z)_t)\
=€

Pr[X, — Xo > A] < — <=5

e

A
>

2 2 2 2 2 2 2
2 <Z2ci>t)\:( A > A A A A

Choosing t = to minimize the exponent:

ZC?)Z 2 202_22012 ZC?_ ZZC?.

B G
Pr[X, — Xo > )\ <e 2T,

Corollary 19.12. If ¢; < C for alli and A = C - a/n, then:

o2

Pr[| X, — Xo| > C-ay/n] <2 7.

(The 2 comes from bounding both tails).

19.4 McDiarmid’s Inequality and Application

Chernoff-Hoeffding bound suggests that if X = X1+ Xo+---+X,, where X1, ..., X}, are independent
and in a bounded range, then X has concentration.

Now consider the setting where we have an arbitrary function f: Uy x Uy X --- x U, = R. In
other words f is a function of n “variables,” each of which has domain U;.

Definition 19.13. f:U; x Uy X --- x U,, = R is c-Lipschitz for some ¢ > 0 if:
|f(.1‘1, sy L1, Y, Tt 1y - - 'axn) - f(xla vy Li—15 Ry i1, - - axn)| S &

for any y, 2z € U;, and any fixed ;. In other words, changing one coordinate does not change the
value of the function by more than ¢ in absolute value.
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A more refined definition is that f is (ci,...,¢,)-Lipschitz if:

’f(xh ey Ti—1,Y, Tit1, - - '7x’rl) - f(wh ey Li—15 Ry L1,y - - .,.Tn)’ S Ci
for all 4, all y, z € U;, and all z;.

Theorem 19.14 (McDiarmid’s Inequality). Suppose f is (c1,. .., cn)-Lipschitz. Let X1, Xo,..., X,
be independent random wvariables where X; € U;. Then:

—A2

Prf(X1,.. ., Xn) — BLf(X1,. .., Xp)]| > A] < 22507

Note that independence is required. In some settings it can be relazed.

19.4.1 Proof Sketch (Reduction to Azuma’s Inequality)

We reduce this to Azuma’s inequality via the Doob martingale. The main thing to note is where
independence is used.

Let X denote (X1,...,X,) and Z; = E[f(X)|X1,..., X;]. Zo = E[f(X)].

Recall that Zy, ..., Z, is a Doob martingale sequence. We wish to apply Azuma’s inequality to
20, ..., Zyn. For this we need to bound Z; — Z;_;.

Zi — Zi1 = EIf(X)| X1, ..., Xi] = E[f(X)[X1,..., X;a].

Since X1, ..., X, are independent, X;i1,...,X, are independent of X;,..., X;.
It can be shown (using ¢;-Lipschitz property and independence):

|Zi_Zi—1| < sup ‘]E[f(ul)"'aui—l)ain+17"‘7Xn)]_E[f(ulv"')ui—17b7Xi+17"-)Xn)” <¢

ULyeeeyUi—1 o
where a,b € U;. (The intermediate step involves sup over X; = uq,...,X;-1 = u;j—1 of the
difference of conditional expectations, which is bounded by ¢; when applying the expectation over
Xi+1,...,Xpn). We used ¢;-Lipschitzness on f and independence of X;y1,..., X, from Xi,..., X.

Now we can apply Azuma’s inequality to Zy,..., Z, and conclude that

_?
Pr[Z, — Zo > A\ <e *Zc.

We have Zy = E[f(X)] and Z,, = f(X).

19.4.2 Application: Balls and Bins

We throw m balls into n bins independently. Let Xi,..., X,, be the random choices of the m
balls. X; € [n] for all i € [m]. Define f(Xi,Xo,...,Xm) to be the number of empty bins.
E[f(X1,...,Xm)] is easy to calculate and is equal to n (1 — %)m

We claim f is 1-Lipschitz (specifically, ¢; = 1 for all i). This is easy to verify. Changing the
assignment of one ball can change the number of empty bins by at most 1.

Thus we get concentration (using Y c? =Y 7", 12 = m):

1\ _

2

Hence if A = ay/m, the probability is < 2”7 .
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19.4.3 Application: Chromatic number of Random Graphs

Consider Random graph G(n,p). Let x(G) be the chromatic number. For instance, it is known
that E[x(G(n, 3))] & 5722—. What about concentration?

~ 2logyn
We consider the vertex exposure martingale. Fix an ordering of vertices and let Y; for vertex i
denote the random vector of edges to vertices 1 toi—1. Let f(Y7,...,Y,,) be the chromatic number
of G(n,p).

We claim f is 1-Lipschitz. Changing the edges incident to a single vertex can change the
chromatic number by at most 1. Why? If the chromatic number is k& with the original edges, then
after changing the edges of one vertex, we can still color all other vertices with &k colors and use
at most one additional color for the changed vertex, so the chromatic number is at most k + 1.
Similarly, the chromatic number can decrease by at most 1.

Thus the chromatic number of G(n,p) is concentrated around its mean.
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Chapter 20

Swap Rounding for Spanning Trees

20.1 Review: Pipage Rounding

We previously saw pipage rounding as a way to convert a fractional solution z1,xa, ..., z, € [0,1]"
such that ), x; = k into a random integer solution X1, X»,..., X, such that:

(i) X; € {0, 1} and E[Xz] =x;
(i) >, Xs =k

(iii) X1, Xo,..., X, are negatively correlated

20.1.1 Pipage Rounding Algorithm

1: while 7 is not fully integral do

2 Let z;,z; € (0,1) both fractional
3 Let € = min{z;, z;,1 — 23,1 — z;}
4 Toss a coin with probability %

5: if coin is heads then

6 Ti 4 T; +€

7 Tj<—T; —€

8 else

9: Ti< T; — €

10: Tj x5t €

11: Output

20.2 Swap Rounding

Today the goal is to show a related but different scheme called swap rounding that works for
fractional points in any matroid polytope. It is easier to see the combinatorics of this than the
pipage rounding. We will explain this via spanning trees since they are familiar.

Definition 20.1. Let G = (V, E) be a connected graph with m edges (can be a multigraph). Let

E={e,....,em}.
A vector T € [0,1]™ is a fractional spanning tree of G if there exist spanning trees 71, T5, ..., T}
of G and coefficients A1, A2, ..., A € [0, 1] such that:
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(i) S A =1, and
(ii) for each edge e: Z(e) = Z?:l i (e)

Remark 20.2. Note that T may correspond to different decompositions. Not necessarily unique.

20.2.1 Example

Consider a graph with edges forming a tree structure. Different spanning trees 77,75 can be
combined with coefficients to form a fractional spanning tree.

20.2.2 Rounding a Fractional Spanning Tree

Suppose we are given a fractional spanning tree Z along with a decomposition as Z?Zl T

We want to round z into a random spanning tree X1, Xo,..., X,,.

A basic property we want is that Vi : E[X;] = x;.

This is easy to accomplish: Simply pick a random tree from 77, ..., T, where the probability
that T; is picked is equal to A;.

However, X7, Xo,...,X,, can be very correlated. We will now describe a way to do this in
a different way. For this we will use a nice exchange property of spanning trees. This is more
generally true of bases of any matroid.

Lemma 20.3 (Exchange Property). Let T1 and Ty be two spanning trees of a graph G = (V, E).
Suppose E(Ty) # E(T»). Then for any edge e € E(T1) \ E(T3), there is an edge ¢’ € E(Ty) \ E(T1)
such that Ty U{e'} \ {e} and To U{e} \ {€’'} are both spanning trees.

Proof. Exercise. O

The idea in swap rounding is to use the exchange property to merge trees in a step-by-step way.

20.2.3 Merge Algorithm

1: function MERGE(A, T1, A2, T) where A1, A2 € [0, 1]

2 while FE (1) # E(T3) do

3 Let e € E(Tl) \E(Tg)

4 Find ¢’ € E(T,) \ E(T1) such that Th U{e'} \ {e} and To U {e} \ {¢'} are spanning trees
5: With probability AL
6

7

8

9

)\1+/\2:
T, < T1 U {e/} \ {6}

Else:
To + ThU{e}\{e}
Output 77 (= T»)

Properties:
e Merge finishes in n — 1 steps
e Easy to implement with tree data structures

Swap rounding uses Merge to iteratively merge the trees one step at a time.
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20.2.4 Swap Rounding Algorithm

1: function SWAPROUNDING (A1, 17, ..., A\n, Th)

2 if h =1 then

3 return 7}

4: else

5 T < MERGE(\1,T1, A2, 1)

6 return SWAPROUNDING (A1 + Ao, T, A3, T3, ..., An, Th)

The process can be visualized as:

h h—1
f:ZAiTi%Z)\;T{%---%T
i=1 i=1

It is easy to prove by induction that this forms a martingale sequence. If Z(*) is the vector after
t steps, then:

(i) E[f(tJFl) , j(t)] = z®
(ii) Only two coordinates of Z() change in each step
Using the above, one can show that if the final vector is Xi,...,X,,, then Xq,...,X,, are
negatively correlated.

20.2.5 Negative Correlation

Lemma 20.4 (Chawla-Mattheus-Vondrdk). Let 7 € N and let X' = (X14,...,Xnt) for t €
{0,...,7} be a non-negative vector-valued random process with initial distribution given by X; o = x;
with probability 1 Vi € [n|, and satisfying the following properties:

1. E[X441 | XY= Xt fort €{0,...,7} and i € [n].
2. X' and X'T' differ in at most two components fort € {0,...,7 —1}.

3. Fort e {0,...,7}, if two components i,j € [n] change between Xt and X'+, then their sum
1s preserved: X 11 + X1 = X + X4

Then for any t € {0,...,7}, the components of X! satisfy E [HiGS Xi,t} < [licg®i for all S C [n].

Proof. We are interested in the quantity Y; = [],cg Xi+. At the beginning of the process, we have
E[Yy] = [,cg «i- The main claim is that for each ¢, we have E[Y; | X'] <V,

Let us condition on a particular configuration of variables at time ¢, X* = (X1t Xnt). We
consider three cases:

e If no variable X;, i € S, is modified in step ¢, we have Yi 1 = [[;cg Xitr1 = [[;cq Xit = V2.

o [f exactly one variable X;, ¢ € S, is modified in step ¢, then by property 1 of the lemma:

E[Y;H—l | Xt] = E[Xi,t—l—l ‘ Xt] : H Xj,t = HXj,t = Yt
jes\{i} Jjes
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o If two variables X;, X;, ¢,j € S, are modified in step ¢, we use the property that their sum is
preserved: X ;i1 + Xj411 = X, + X This also implies that

E[(Xip1+ Xje1)? | X = (Xip + Xj4)%. (20.1)

On the other hand, the value of each variable is preserved in expectation. Applying this to
their difference, we get E[X; 141 — Xj 41 | X' = Xis — X4 Since E[Z?] > (E[Z])? holds for
any random variable, we get

E[(Xip+1 — Xjer1)® | X' > (Xig — Xj0)%. (20.2)
Combining (1) and (2), and using the formula XY = (X +Y)? — (X — Y)?), we get

E[X; 41X 41 | X' < XieXjip

Therefore,

EYii1 | X =EXip1 X1 | X7 [ Xee <[] Xie =Y
keS\{4,7} keS

as claimed.
By taking expectation over all configurations X! we obtain E[Y; 1] < E[Y;]. Consequently,

HXz',t

i€S

E = E[Y)] <E[Yin] < - <EY] = [[ o,

€S

as claimed by the lemma. O

20.3 Continuous Extensions of Set Functions

Suppose we have a set function f : 2V — R that is real valued. For each subset S C N, f(S) is the
value of S.
Many times it is useful to extend f to fractional values:

f(z1,...,2zy) where x; € [0,1], 7 € [n]

How should we define it? We know f(z1,...,z,) if z € {0,1}™.

20.3.1 Probability Distribution View

We can use a probability distribution view for interpolation. Given z € [0, 1]", there are multiple
ways of expressing T as a convex combination of the corners {0, 1}".
Let

P@) =qa:2V =5 [0,1]| Y agd¥s(i) =a;Vie N, > ag=1
SCN SCN

This is the space of all convex combinations of sets that can express Z. We can think of « as a
probability distribution (over subsets).
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20.3.2 Convex Closure

We obtain one extension, called the convex closure, by choosing the distribution that minimizes
the expected value of f:

Fr@=minq Y agf(S)[ D> as=1, > ag¥s(i)=z;Vic N, ag>0¥SC N
SCN SCN SCN

Claim: f~(Z) is a convex function for any set function f.

Proof. Exercise. O

20.3.3 Concave Closure

Similarly, we can define the concave closure f* if we change min to max in the above LP.

20.3.4 Other Extensions

Two other extensions are the:
e Multilinear extension

o Lovasz extension
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Chapter 21

Lovasz Local Lemma

21.1 Lovasz Local Lemma

LLL is a powerful tool in the probabilistic method and has found several highly non-trivial appli-
cations in algorithms.

In the probabilistic method we prove the existence of some object by running a probabilistic
experiment and arguing that the object property holds with non-zero probability.

21.1.1 First Moment Method

We use expectation analysis. As an example, we showed that in any graph G = (V, E) there exists

a max cut of value @ by picking a random cut whose expectation is |—§‘

21.1.2 Second Moment Method
Here we use variance analysis plus something like the Chebyshev bound.

Example 21.1. Let G(n,p) be a random graph on n vertices where each edge is chosen indepen-
dently with probability p. At what value of p will G(n,p) have a clique of size 47

Clearly when p = 0, the graph will be very sparse and there will not be a 4-clique. When p =1
there will be a 4-clique with high probability since the graph becomes dense.

Turns out that p = n=2/3 is the threshold.

To see one direction we use first moment method. Let X be the number of 4-cliques.

since if we fix a set of 4 vertices, it will be a clique iff all six edges are chosen.
If p < —7 for sufficiently small constant ¢, then E[X] <0.1.
For a non-negative integer random variable:

Pr[X > 1] < E[X]

So Pr[X =0] > 1—-E[X] > 0.9.

We would like to compute the variance of X. Note that X =) ¢ s X where S ranges over all
(!}) subsets of four vertices and Xg is an indicator for S being a clique. Pr[Xg = 1] = pS.

If S;, Sj € S, then Xg, and Xg; are independent if S; and S; do not share any edges. Otherwise
they are dependent.

137



138 CHAPTER 21. LOVASZ LOCAL LEMMA

To estimate Var(X) we write:

(ZS:XS>2 ZEXS+QZ [Xs - Xg]

S~S’

where S ~ S" means S and S’ are dependent and S 1 S’ means independent.
Suppose we pretend all S and S are independent. Then there are roughly n® such pairs and in

that case:
Var(X) = ) Var(Xg) = ( > 6(1 —p%)

Ses
Then by Chebyshev:
Var(X) ntpb 1

Pr{X = 0] < Pr(|X ~ EX]| > E[X]| < (i < piilis = oo

One can check that if p > HQ—% for sufficiently large C, then Pr[X = 0] < 0.1.
However, Xg and Xg are not independent for all S; and S; € S. But if we calculate Var(X)
more carefully we see that:

EX? =) EXZ]+ > E[XsXs)]

S; €S SiNSj
=) E[Xs]+ > E[XsE[Xg]
SesS S1S!

There are (2)2 = O(n®) total pairs. How many are not independent? S ~ S’ if they share at
least one edge. But the number of dependent pairs is O(n”) while the number of independent pairs
is ©(n®), which is close to all pairs. So Var(X) still behaves as if not all pairs are independent
and one can show that p > % for sufficiently large constant ensures G(n,p) has a 4-clique with
probability > 0.9.

21.1.3 Concentration plus Union Bound

We saw several examples of using concentration bounds plus union bound. The general strategy is
to show that for some events Ai, Ao, ..., Ay,:

S|

where A; is a bad event.
Then by the union bound:

PI‘[AlLJAQU---UAn]Sn

S|

Pr[A1NAsn---NA,] >0

Thus we have all good events happening with non-zero probability, and if we can express the
property we want in those terms then we are done.

Example 21.2 (Routing paths). We saw that we can convert fractional solution to integral solution
by randomized rounding. We get O(logn/loglogn) congestion by using Chernoff bounds on each
single edge and then union bound over all edges.
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21.1.4 Local Phenomena

There are many situations where we cannot use union bound because the individual bad event
probability is not that small.
If A; are independent this does not matter because we have:

P A 1N A = (- Pr{A)
=1

and hence all we need is Pr[4;] < 1.

However, independence is rarely possible in complex events.

LLL considers a local setting where the events A1,..., A, are not completely independent but
there is some limited dependence.

How can one capture such a scenario? For that we use a dependency graph on the events.
The vertices are the events and we have an edge (A;, A;) if A; and A; are dependent. No edge
means that A; and A; are conditionally independent. That is, Pr[A; | A;] = Pr[4;].

Note that A; is conditionally independent of all events that it has no edges to. We define it
formally:

Definition 21.3. An event A is conditionally independent with respect to By, Bo, ..., By if:

A|ﬂBi

€S

VS C{1,2,...,k}: Pr = Pr[A]

When can we easily identify conditional independence?

Claim 21.4. Suppose X1, Xo, ..., X, are independent random variables. Suppose event A; is com-
pletely determined by a subset S; € {X1,Xo,...,Xp}. If SiNS; =0 for j € {j1,j2,...,jk} then
A; is mutually independent of Aj,, Aj,, ..., Aj, .

With this in place we state the Symmetric version of the LLL:

Theorem 21.5 (Symmetric LLL). Suppose A1, As, ..., A, are events in an underlying probability
space and let d be the max degree of the dependency graph and Pr[A;] < p for alli. Then:

(i) If pd < %, then Pr [N, 4;] > (1—2p)" > 0.
(ii) I p(d+1) < L, then Pr, A > (1- 7)" > 0.
A more general version of the LLL called asymmetric or lopsided LLL is the following;:

Theorem 21.6 (LLL). Suppose Ai,..., A, are events in a probability space and let H be the

dependency graph. Suppose there exist numbers x1,xa, ..., xy, € (0,1) such that:
PriA] <z; [ (1-=))
JEN()
Then:

Pr

OE > H(l — x;)

=1

Here N (i) is the set of dependent neighbors of A;.
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21.1.5 Proof of Symmetric Version
The heart of the proof is the following lemma:

Lemma 21.7. For any S C {1,2,...,n} andi ¢ S:

Pr AllﬂfTJ <2p
jeSs

Assuming the lemma above, the symmetric LLL follows as below:

Pr[A; N Ay N---NA,] =Pr[Ay] - Pr[Ay | A] - Pr[A3 | AynAy]---
Pr[A, | A1nAyn - N A, ]
= (1= Pr[A1]) - (1 — Pr[Az | A1])
(1= Pr[Az [ A N Ag) -
> (1-2p)" >0
Now we prove the lemma by induction on |S].
Suppose |S| = 0. Then Pr[4;] < p < 2p.
Assume true for |S| = k. Consider |S| =k + 1, i ¢ S. Want to prove Pr[A4; | ﬂjeSAij] < 2p.
Let Sgep = S N N(i) be the set of events in S that A; is dependent on, and Sjpg = S\ Sgep-

Thus S = Sdep U Sind-
If |Sing| = k + 1 then Sy, = 0 and:

Thus we now consider |S;,q4| < k.
We now use conditional probability or Bayes theorem. For events X,Y:

Pr[X NY]
PriX|Y|=——
and for events X,Y, Z:
PrXNY | Z]
PriX|YNZ|l=————
X = vz
Applying with X = A;, Y = njesdep Ajand Z = ﬂjesm A;, we have:

Pr [Ai N (ﬂjegdep A7j> ‘ ﬂjesmd /TJ]
jes Pr [ﬂjesdepAij | ﬂjesind A73:|
Consider denominator. Via union bound:

bl 4N A=t | U4l NS

jesdep jesind jesdep jesind

ZI—ZPI‘ A]’ mAij

jGSdep jeSind
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By induction hypothesis, since |S;,q| < k:

Pr [A; | ﬂ Al <2p
LESind

and |Sdep] <d.
Hence:

__ 1 1

P . o >1 = >1-2. — = —

r ﬂ AJ|'||A] >1—-2pd>1 24 5
]ESdep ]esind

where we used pd < 1/4.
Numerator is:

JESdep JE€Sind J€Sind
= Pr[4;] <p

Hence:

- b
Pr Ai!ﬂAj S Toga S
JjeS

21.2 Application of LLL

21.2.1 k-SAT

Recall that a k-SAT formula is a Boolean formula in CNF form with each clause having exactly k
literals over distinct variables.

Theorem 21.8. Let © be a k-SAT formula in which each variable occurs in at most 2’%2 clauses.
Then ® is satisfiable.

Note that there is no limitation on number of variables or clauses.
Example 21.9. If £ = 10 then it is requiring each variable to be in at most % ~ 26 clauses.

The theorem may not be interesting from a SAT perspective but is mainly to showcase the
power of LLL and a setting in which it applies.
We prove this by considering a random assignment to the variables. Let A; be the event that
a clause Cj is not satisfiable (bad event), then Pr[A;] = 5.
2k

What does A; depend on? C; has k variables. Each variable that is in C; is in at most % -1

other clauses. So C; shares a variable with at most k - (Qkk_ - 1) < 282 other clauses.

If C; and C} do not share variables then A; and A; are mutually independent.
Thus we can apply symmetric LLL (condition (i)) with p = 2% and d < 2+-2,
Since pd < 2;—;2 = %:

Pr

(4i| >0

)

where m is the number of clauses.
Therefore Pr[® is satisfiable] > 0.
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21.2.2 Routing for Congestion Minimization

Recall that we saw the congestion minimization problem:
e G = (V,E) directed graph
o (s1,t1),...,(Sk,tx): k pairs that we want to connect by paths Py, P, ..., P
e Minimize max.cp |{i : ¢ € P;}| (congestion on e)

We used an LP relaxation and found a fractional routing that minimizes max fractional con-
gestion.

A fractional routing for a pair (s;,t;) is a probability distribution over paths p € P; where P;
is the set of all s;-t; paths. We let x,, p € P, be the amount of flow routed along p. We have
ZpePi Tp = L.

Suppose:

>, D> wm<l

i:pEP; pEP;e€p

i.e., the max fractional congestion is at most 1.
Randomized rounding picks a path for each i independently according to the distribution {z, :
pE Pz}

Then we used Chernoff bounds to show that Pr [ﬁe > clolgoﬁ)glm} is at most # for some suffi-

ciently large constant c. Here /. is the load on e (the number of paths that use e).

Then via the union bound we see that with high probability max.cg £, = O(lolgi glm)

Better bound when paths are short

Now we will prove a better bound when paths are short.

Suppose z, = 0 or |p| < h where h is some parameter. In many applications h is a small
constant independent of m,n. This implies locality because even if the graph is large, paths along
which flow is routed are short.

Theorem 21.10. There exists an integral routing where max congestion is O(lo?iﬁh)'

Note: the bound does not depend on graph size.

In order to apply LLL we do some preprocessing. By discretization tricks we will assume that
all z;,, values that are non-zero have same value % for some L. We may duplicate paths to achieve
this. Thus each pair now has exactly L paths.

Then we do randomized rounding as before but with the discretized paths. So we pick one of
the L paths for each pair.

How can we apply LLL here? Need to set up the events carefully.

Let C' be the threshold of congestion we want to avoid. For edge e, let S, be the set of all paths
that use e.

Define A, g for e € E, S C S, |S| = C to be the event that S is the set of paths chosen.

Claim 21.11. If S contains two paths from path collection of same pair, then Pr[A.g] = 0.

Otherwise it is equal to L%
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We use notation S = {(i1, j1), (i2, j2), ..., (ic,jo)} where iy € {1,2,..., K} indicates the pair
and jp € {1,2,...,L} to denote the index of the path in the L paths for the pair. We order the
paths in some fashion for each pair. We let P/ denote the j-th path for pair .

Dependencies: Fix two events A. g and A, g where S has paths from distinct pairs and
similarly S’.

Suppose S = {(ilajl)a (i27j2)a A (iChjC)} and §' = {(1/1’]1)? (Z/Qa]é)7 M) (Z/C'7]/C’)}

If {i1,d2,...,ic} N {i], 15, ... i} =0, i.e., the pairs don’t overlap, then A, g is independent of
AEI,SI .

We need to understand how many other events does A, g depend on. Suppose ¢’ € E, S' C S/,
and |§'| = C with {i1,ig,...,ic} N {i},ib, ... i} # 0. Say iy = i}.

How many choices of ¢, {i5,...,i} and {j1,j5,...,j¢} do we have?

L choices for ji. Fix one such ji.

Then we have path Pi]f and this path has at most h edges.

So ¢’ has h choices. For each such edge, at most L paths use the edge (since total flow on each
edge < 1). And we can choose any C' — 1 paths from those L.

Thus for fixed choice of j{ there are h - (CL_ ,) choices.

Hence total is L - h - (Cfl).

There are C' choices of pair overlap between S and 5.

Hence the neighborhood size of A, s in the dependency graph is at most C'- L - h - (0111)'

;0 apply LLL we have Pr[A. ] = L% =pandd<C-L-h- (CL_l) < %

ence:

d<i.0-h-LC_ Ch
PE=Te -1 T (©c -1

To ensure pd < i we need % < %. By Stirling-type estimates, C' = Q(log)i ]gl h) suffices.

Note that if no bad event A, g happens, then congestion is at most C' — 1.
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Chapter 22

VC Dimension and Geometric Range
Spaces

22.1 Set Systems and Range Spaces

Set systems arise in many applications. A set system consists of a pair (P, R) where P is a set and
R is a collection of subsets of P. When P is finite, we have a finite set system. Sometimes finite
set systems are thought of as hypergraphs with P as vertices and each r € R as a hyperedge.

Here we will be concerned with set systems that arise in geometric settings where P is typically
all of R? for some dimension d, or a finite subset of R?. We also consider R to be sets that are
induced by structured shapes that intersect with P.

22.1.1 Examples of Shapes

Examples of shapes include:

e Intervals

e Disks

e Half-spaces

e Convex polygons

In the geometric setting, (P, R) are often called range spaces and each r € R is called a range.
Typically we associate r with a shape such as an interval I, and then

r=INP

Geometric range spaces have additional properties that lead to a number of applications, and
the notion of VC dimension, e-sample theorem, e-net theorem and others have had striking influence
on many areas, in particular machine learning where the notion of VC dimension arose.

22.2 VC Dimension

VC dimension of a set system is one important measure of the complexity of a set system.

Definition 22.1. Let (P, R) be a range space. A finite subset @ C P is said to be shattered by
Rif {QNr:r € R} =29. In other words, R|g = 29, the powerset of Q.
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Example 22.2. Suppose P is the real line and R is the collection of all closed intervals.
It can be seen from the figure that @ = {a, b} can be shattered by the collection of intervals:

o ()

e {a}
o {0}
e {a,b}

Definition 22.3. The VC dimension of a set system (P, R) is the maximum cardinality of a
finite set @@ C P such that @ is shattered by R.

Example 22.4. Let P = R and R be the collection of intervals. Then VC-dim = 2.

Why? We saw that it is at least 2. Can it be > 37

Suppose @ = {a, b, c} where a < b < ¢. Can we get the set {a,c} as an intersection of {a,b, c}
and an interval? No.

Example 22.5. P = R? (the 2D plane) and R = {D : D is a closed disk in the plane}.
VC dimension is 3. Three points can be shattered but not 4.

Example 22.6. P =R% and R = set of half-spaces.
Recall: a half-space is defined by an inequality »_ a;z; < b for some a1, ag,...,aq,b € R.
Claim: VC-dim =d + 1.
It is easy to see that VC-dim > d + 1. Take the d + 1 points: (0,0,...,0) and (1,0,...,0),
(0,1,...,0), ..., (0,0,...,0,1).
This set can be shattered. Why?
However, d + 2 points cannot be shattered, and this follows from Radon’s theorem.

Theorem 22.7 (Radon’s Theorem). Let Q be a set of d + 2 points in R?. Then one can partition
Q into S1 and Sy such that

convex-hull(S1) N convex-hull(Sy) # 0

The preceding theorem shows @) cannot be shattered by half-spaces.

22.3 Sauer’s Lemma

Now that we have seen the definition of VC dimension, we state and prove a key technical lemma
about set systems with bounded VC dimension.

Theorem 22.8 (Sauer’s Lemma). Suppose a set system (P, R) has VC dimension at most d. Let
Q C P be a finite set of cardinality n. Then

d
n
IRlol <> (Z) < nf
1=0

Proof. By induction on n.

If n =0, it is trivial.

Let @ be a set of n points, n > 0. We can restrict attention to R|g = {rNQ : r € R}. Hence
we can work with a finite range space. Now all we need to do is count |R|g]|.
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Fix some p € Q.

Let Ry = {r \ {p} : 7 € R} be the set of all ranges obtained by removing p from the original
ranges.

Suppose r is such that p € r and also r \ {p} € R. Then both r and 7\ {p} project to the same
range in Ry. So to count |R|g| we create a separate range space.

Let Ry = {r\ {p}:rU{p} € Rand r\ {p} € R}.
From this explanation we have:

Claim 22.9.
|Rlql = |R1| + [ Rz

Now we consider the two range spaces (Q \ {p}, R1) and (Q \ {p}, R2).
Claim 22.10. VC-dim(Q \ {p}, R1) <d.
Proof. Removing a point does not increase VC-dim. 0
Claim 22.11. VC-dim of (Q \ {p}, Rs) < d — 1.

Proof. If Q' C Q\ {p} is shattered by Rg, then since every range r € Ry satisfies the property that
rU{p} and r \ {p} € R, we would have Q' U {p} is shattered by R. Thus |Q'| <d — 1. O

Now by induction:

and

Thus,

22.3.1 Shattering Dimension

In many settings, the only way VC-dim is used is via the bound given by Sauer’s lemma. So it
makes sense to define the following:

Definition 22.12. The shattering dimension of a range space (P, R) is d if VQ C P with
|Q| = n, the size of R|g < O(n9).

VC-dim(P, R) = d = shattering-dim(P, R) = d.
Converse is also true with weaker parameters:

Shattering-dim(P, R) = d = VC-dim(P, R) = O(dlogd).
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22.3.2 Closure Properties
One important aspect of VC-dim is a kind of closure when combining range spaces.

Theorem 22.13. Suppose (P, R1) and (P, Rg) are range spaces with VC-dim dy and da respectively.
Then:

e VC-dim of (P,R) where R={riNry:r € R1,r9 € Ry} is O(dy + da).
o Similarly for (P, R) where R={r1Ury: 11 € Ry,7m2 € Ra}.

22.4 e-Sample and e-Net Theorem

We now discuss two theorems about how a random sample of a set from a set system (P, R) can
approximate it.
For the following discussion, it is useful to think of P as a finite set. Some of the concepts can
be lifted to infinite sets with appropriate generalizations.
For a given system (P, R), let u(r) denote the measure of r, i.e., u(r) = “%‘.
Suppose we take a small random sample @ from P. Does () preserve the measure of all r € R?
For this, define ug(r) = ‘ﬁgﬁ?‘.
Clearly a small sample cannot touch all ranges, so we need to allow some additive error.

Definition 22.14. A subset @ C P is an e-sample for (P, R) if
Hg(r) — u(r)| <& Ve R
A related notion is the following:
Definition 22.15. @ is an e-net for (P, R) if |Q Nr| > 1 for all r € R where p(r) > ¢.
Note that an e-sample is automatically an e-net.

Theorem 22.16. Let (P, R) be a range space with VC' dimension d. Let { > 5 (dlogg + log %)
Then a random sample of £ points with repetition from P is an e-sample with probability > 1—4.

Note: The sample size does not depend on |P|. Could be infinite.

Note: The theorem relies only on the growth rate of the number of distinct ranges of a given
size that follows from Sauer’s lemma. Hence the proof is not so tied to VC dimension itself.

A stronger bound is known for e-nets:

Theorem 22.17. Let (P, R) be a range space with VC-dim < d. Let £ > ¢ (dlogg + log %)
Then a random sample of £ points with repetition from P is an e-net with probability > 1 — 9.

22.5 Proof of e-Sample Theorem

It is a clever argument using a double sample argument.
First we recall the additive Chernoff bound:

Theorem 22.18 (Chernoff Bound). Let Xi,Xs,...,X,, € {0,1} and independent. Let Y =
S Xi and = E[Y]. Then

212

PrllY — ] > ] < 2¢ %
Equivalently, Pr]|Y — p| > en] < 2e72"n,
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To see how to use the above theorem in our setting: Fix a range r with u(r) = p € [0,1].
Suppose we take an (-sample Q) with repetition. What is E[ug(r)]?

Let X; be indicator random variable for sample ¢ being in r.

Let Y = Zle X;. Then pg(r) = % and E[Y] = p(r) - £.

Hence Eljig(r)] = a(r).

Therefore, Pr[jug(r) — u(r)| > ] < 2e72°C,

22.5.1 Full Proof of e-Sample Theorem

It is a clever argument using a double sample argument.
Let @ be a sample of size £. Let Q" be an independent sample also of size £.
Let A be the event that 3 some range r such that |pug(r) — pu(r)| > €. Here pu(r) = % and

po(r) = |T|r2;‘2| for short.

Let B be the event that 3r such that |ug(r) — pg (r)| > /2.

Claim 22.19. Pr[A] < 2Pr[B].

Proof. Let D be the event that 3r such that |pug(r) — p(r)| > € and |ug/(r) — p(r)| <e/2.

We have Pr[B] > Pr[D] > Pr[D|A] - Pr[A].

We claim that Pr[D|A] > 3, which would imply that Pr[A] < 2Pr[B].

To see this, suppose event A happens: 3r such that |ug(r) — u(r)| > €. For this r, via the
additive Chernoff bound,

Pr{|pgy (r) — p(r)| > /2] < 2672/ <

| =

This is because r is fixed and the sample is big enough and @’ is independent of Q.
So with probability > 1/2, we have |ug/(r) — pu(r)| < e/2.
If [pg(r) — p(r)| > € and |pug/(r) — pu(r)| < €/2, then by triangle inequality:

Q(r) = por(r)] = |pQ(r) — u(r) = lpg: (r) — u(r)l
>e—¢g/2=¢/2

Thus event B occurs. Hence Pr[D|A] > O

1
5-
Thus we can focus on event B, which is Pr[3r : |ug(r) — g/ (r)| > €/2] for some range r. Within
factor of 2 we will get Pr[A].
To analyze B, we think of the process differently. Instead of picking @ and @’ independently
as two separate steps, we think of picking 2¢ elements ()¢ and then splitting @)y into two halves Q
and Q.

Pr[B] = ) Pr[Qo] - Pr[B|Qo]
Qo
< max Pr[B|Go]

What is maxg, Pr[B|Qo]?

We think of Q¢ as an arbitrary multiset of 2¢ points and @ and @’ are obtained by evenly
splitting of Q) into £ points each.

What is the advantage of this? If we fix Qp, then R|g, has < (2¢)? ranges.
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Thus we need to only worry about a small number of ranges.
For any fixed range in R|q,, via the additive Chernoff bound:

Pr|pg(r) — g, (r)] > £/4] < 2~ 2/%
Pr{lgy () — gy (r)] > /4] < 2e7 2/
Since |pq(r) — po (1) < lo(r) — pao (M) + 1oy (r) — o (r)|:
Prilug(r) — pg(r)] > /2] < de 2/ — 4e=<>/3
By the union bound over all (2¢)? ranges:

Pr[B|Qo] < (20)% - de=<*/8 < g

for £ > 5 (dlogg + log %) with appropriate constant ¢.
Therefore Pr[B] < §/2 and Pr[A] < 2Pr[B] <4, so Pr[A] > 1—4.
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PAC Learning

23.1 PAC Learning

How do we generalize machine learning? Broadly speaking, Supervised Learning is about coming
up with an algorithm or suite of algorithms that, given some initial training (labeled data), outputs
a ”prediction algorithm” that does well on future data that is unlabeled. The most basic but still
very useful and important problem is binary classification (Yes or No).

23.1.1 Set Up

1. Data is formalized as vectors x € X.
2. Labeled data: pairs (x1,¥1),- -, (Xn, Yn) where y; is the correct label for data x;.

3. Want to obtain a prediction algorithm (could be randomized) A(x) that, given a future
data point x, outputs a label.

Since arbitrary algorithms are complicated and hard to reason about and interpret and optimize
over, traditionally the set of prediction algorithms (or hypotheses #H) were simple. The term
concept class C is used to indicate that we are only interested in finding a ”prediction” algorithm
from this class.

23.1.2 The PAC Model

The PAC (Probably Approximately Correct) model, introduced by Valiant, is a nice theoretical
model that addresses the issues of generalization, sample complexity, and efficiency of learning.

4. In the full consistency model we will assume that 3 some ¢* : X — {0, 1} which gives the true
label for each example. This ¢ is called a concept.

5. The examples are drawn from a distribution D.

Given a hypothesis h € H, we define its error with respect to ¢* and D as:

errp(h) = Pr [h(x) # ¢*(x)]

x~D

151
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PAC Learnability Definition

Definition 23.1. A pair (C,H) is PAC-Learnable if 3 a learning algorithm that, given m =
poly(1/e,1/9) random samples from D, outputs (efficiently) a hypothesis h such that Prglerrp(h) >
€] < 0.

(i) The algorithm is allowed to output an imperfect hypothesis even when there exists a perfect
concept.

(ii) The algorithm is allowed to fail with some small probability J.

23.1.3 Consistency and Generalization Bounds for Finite H
Consistency

Definition 23.2. Given a set of correctly labeled examples S = {(x1,y1),..., (Xn,yn)} (where
y; = c*(x;)), a hypothesis h : X — {0, 1} is consistent if h(x;) = y; for all i.

Theorem for Finite Hypothesis Classes (Consistent Case)
Theorem 23.3. Let H be a finite hypothesis class and let €, € (0,1). Suppose the sample size is:

1 1
n>- (ln|7—[|—|—ln)
€ )

Then, if h is consistent with S, then errp(h) < e with probability 1 — 0.

Proof sketch. Say hypothesis h is bad if errp(h) > €. Let hy, ha, ..., h; be the bad hypotheses. The
probability that h; is consistent with S is at most (1 — €)”. By the Union Bound, if I(1 — €)" < 4,
then no bad hypothesis will be consistent, so the output of the algorithm will be a good hypothesis.
This condition is satisfied by the required n since [ < |H|. O

Theorem for Finite Hypothesis Classes (Agnostic Case)

We may only have a ”"good” hypothesis h* € H that makes a small error errp(h*). We find a
hypothesis h that makes the sample error errg(h) as small as possible.

Theorem 23.4. Let H be a finite hypothesis class and let €,5 € (0,1). Suppose the sample size is:

1 2

Then, with probability 1 — 6, for all h € H.:
lerrs(h) — errp(h)| < €
Proof. Needs additive Chernoff bound. O

23.1.4 VC-Dimension Based Bounds

Consider the setting where X C RY and H is the class of half-spaces in R%. Here, |#| is infinite.
Theorem 23.5. Let H be a family of hypotheses with VC-dimension dyc. Let €,6 € (0,1).

1. Ifn>¢ (dvc In d"TC + In %) for some constant c, then, with probability 1 — &, any consistent

hypothesis h has errp(h) < e.

2. Ifn>35 (dvc In d"TC +1In %) for some constant c, then Vh € H, |errp(h) — errs(h)| < e.



23.1. PAC LEARNING

23.1.5 Examples

Disjunctions

Let X = {0,1}". C is the class of disjunctions of Boolean literals (e.g., z1 + 25 + Z7). The size of

the concept class is |C| = 3™.

Claim 23.6. Given a set of examples S = {(x;,yi)}, there is an efficient algorithm that outputs

a disjunction c € C that is consistent with S if one exists.

Algorithm Outline:

1. Start with ¢ = (21 +721) + - + (2 + Zn).

2. Let Sy be examples with y; = 0 and S7 be examples with y; = 1.

3. Prune based on Sy (Negative Examples): For each i € Sy, remove literals from ¢ that

are satisfied by x;.

4. Check S; (Positive Examples): For each ¢ € Sj, check if at least one literal in ¢ is satisfied

by x;. If not, output "no consistent hypothesis”.

Figure 23.1: Example Data Table

Example | Data (x) | Label (y)
X1 (0,1,1,0,1) y1 =20
X2 (0,0,1,0,1) Yo =1
X3 (1,1,0,0,1) y3 =0
X4 (1,1,0,0,0) ys =1
X5 (1,1,1,0,0) ys =1

Half-Spaces in R¢

C is the class of half-spaces in R?. Finding a consistent hypothesis is equivalent to finding a
hyperplane a - x — b = 0 that separates positive examples (S7) from negative examples (.Sp).
This can be formulated as a Linear Program (LP) to find the coefficients aq, . .

e Constraints for ¢ € Sy (positive examples):

d
E AjT5 5 — b
J=1

e Constraints for i € Sy (negative examples):

d
E a,jacl-’j —-b
J=1

>0

<0

The LP is feasible if and only if a separating half-space exists.
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Chapter 24

Primality Testing

24.1 Primality Testing

Problem: Given an integer N, check if N is a prime number.
Note that the representation size is log N bits. So an efficient algorithm runs in poly(log N)
time.

e PRIMES = {z € {0,1}* : x interpreted as a binary integer is prime}

e COMPOSITE = {0,1}* \ PRIMES

It is easy to see that COMPOSITE is in NP since one can prove that N is COMPOSITE by
exhibiting z,y such that N =z - y.

Not obvious that PRIMES is in NP. Vaughn Pratt in 1975 showed that PRIMES is in NP.

Question: Is there a poly time algorithm to check if N is a prime?

It had to wait till 2002 for a deterministic poly time algorithm due to Agarwal, Kayal, and
Saxena.

However, a randomized poly time algorithm was known since 1977 due to Solovay and Strassen
and Miller and Rabin.
We need some number theoretic and group theoretic background.

24.2 Background

Claim 24.1. Given non-negative integers a,k,n, can compute a* mod n efficiently.

Proof. Exercise. O

24.2.1 Euclid’s Algorithm

Given integers a,b > 0, Euclid’s algorithm can be used to obtain the following:

Theorem 24.2. Given integers a,b > 0, 3 integers x,y such that ged(a,b) = ax + by. Moreover,
x,y can be computed in poly time.

155
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24.2.2 Groups

Let n > 0 be a positive integer. Z, = {0,1,2,...,n — 1} defines an additive abelian group under
the operation modn.

Let Z} ={a>0:a € Zy,gcd(a,n) = 1} be the set of numbers that are relatively prime to n
and in Z,,.

Claim 24.3. Z}, is a group under multiplication modn.

Proof. Recall Euclid’s ged algorithm. Given a,b, it returns ged(a,b) and can be implemented to
run in poly time. As a byproduct, it also returns x,y such that ax + by = ged(a, b).

Now consider a € Z; and b = n. Jz,y such that ax + yn = 1, thus ax =1 (mod n). x mod n
is a candidate for the inverse of a in Z}.

Cannot have z, 2’ such that xza = 1 and 2/a = 1 (mod n) because (x — 2')a = 0 (mod n) but
ged(a,n) =1=z =12 O

Corollary 24.4. Z; = {1,2,...,p — 1} is a group. Z, is a field.

Remark 24.5. Proof also shows that given a € Z7, one can find a~! efficiently.

24.2.3 Euler’s Totient Function

Definition 24.6 (Euler totient function). ¢(m) for integer m > 0 is |Z7,|.
Properties of ¢:

¢(1) =1

For prime p: ¢(p) =p—1

e For prime p and k > 0: ¢(p¥) = p¥ — pF~!

e For relatively prime n,m: ¢(nm) = ¢(n)op(m)
Via above properties:

Theorem 24.7. If n has prime factorization p’flpéC2 . -pf’/, then

b(n) = nlj1 (1 - ;)

24.2.4 Lagrange’s Theorem

Theorem 24.8 (Lagrange). Let G be a finite group and let H C G be a subgroup. Then |H| divides
Gl

Definition 24.9. A group G is cyclic if 3 an element g € G such that Va € G, 3 integer k such
that ¢* = a. g is called a generator for the group.

Definition 24.10. Given group G and a € G, ord(a) is smallest integer k such that a* = 1
(identity).

For any a € G, H(a) = {1,a,a?,...,a® %=1} forms a cyclic subgroup of G. Therefore we
have: ord(a) divides |G| for a € G.
This implies:
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Theorem 24.11 (Euler). For any a € Z,, a®™ =1 (mod m).

Corollary 24.12 (Fermat). For any prime p: a?~* =1 (mod p) or a? = a (mod p).
Another useful lemma:

Lemma 24.13. For anyn > 0: }_,, é(d) = n.

Proof. Consider integer d € {1,2,...,n}. Let Ay ={1 <z <n:ged(x,n) =d}. Ag=10if d is not
a divisor of n. {Ay : d|n} partition {1,2,...,n}. Hence ), |Aq4| = n.
Not difficult to see |A4| = ¢(n/d). Hence

Z¢(d) = Z¢(n/d) = Z |Agl =n

din dn dn

24.2.5 Cyclic Groups

It is easy to see that Z,, for any n is cyclic. However, Z» need not be cyclic in general.
However:

Theorem 24.14. Let p be prime. Then Z, is cyclic.

Proof. Recall |Zy| = p — 1. For k|(p — 1), let Oy = {a € Zy, : ord(a) = k} be the set of elements
with order k.

From previous lemma: -, 1) ¢(k) =p — 1.

We will show later that |O| = 0 or ¢(k).

Sl = Y ¢k)y=p-1
k

k|(p—1)
and |Og| = ¢(k) for k|(p — 1). Thus [Op—1| = ¢é(p — 1) > 1, so g € Z;, with order p — 1.
Claim 24.15. |O| =0 or ¢(k).

All elements in Oy, are roots of the polynomial X*¥ = 1 (mod p) over the field Z,. Suppose

|O| > 1. Then Ja root for the above polynomial, and further all the roots are {1,a,a?,...,a""1}.
Since these are distinct, ord(a) = k. Note that a’ € Oy if ged(i,k) = 1. Thus |Ox| = ¢(k) if
|0k # 0. O

A number theoretic theorem:

Theorem 24.16. Z}, is cyclic iff n € {1,2,4,p",2p*} for integer k and odd prime p.

24.2.6 Chinese Remainder Theorem

Theorem 24.17 (Chinese Remainder Theorem). In a ring where n = niny---ny are pairwise
coprime, i.e., gcd(ng,ng) = 1 for i # j. For any sequence r1,...,ry where r; € Zy,, there exists
a unique v € Ly s.t. r = 1r; (mod n;) fori =1 to k. Moreover, given {r;};, r can be computed
efficiently.
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Proof. First we consider showing one r exists. Since n/n; is coprime to n;, a multiplicative inverse
m; in Zy, to n/n; exists. Let m; be that inverse: (n/n;)-m; =1 (mod n;).

Also (n/n;) -m; =0 (mod n;) for j # 1.

Thus r = ), rim;(n/n;) mod n satisfies the desired congruences.

To see uniqueness, we do a counting argument. How many distinct (r1,...,7) are there?
ni-ng---ng. For each r € Z,,, but there are only n elements in Z,, and for a given r we have only
one (ri,...,7k). O

Ly, is isomorphic to Zy, X Zp, X -+ X Lp,

24.2.7 Quadratic Residues

Definition 24.18. A residue a € Z, is a quadratic residue if 3 a number x such that 2? = a
(mod m). In other words, a is a quadratic residue if it has a square root.

Lemma 24.19. Let p be a prime and consider generator g for Z,. Then g* is a quadratic residue
iff k is even.

Proof. Tt is easy to see that if k is even then g* = (91‘3/2)2 is a square root of ¢*. Suppose k is odd.
If g* is a quadratic residue then ¢g¥ = (a)? = ¢?" for some h since g is a generator. Thus k = 2h,
contradiction. O

Corollary 24.20 (Euler). For a € Zj, a is a quadratic residue iff a?P~1/2 =1 (mod p).

Proof. a = ¢¥ where ¢ is a generator, so g?~! = 1 gives ¢®1/2 = +1. For a generator g,
g?~V/2 = _1 (mod p). O

Definition 24.21 (Legendre symbol). For prime p and a € Zj, we define (%) where

p

(a) 1 if a is quadratic residue
—1 if a is not a quadratic residue

Equivalently, (%) = qP~1)/2 (mod p) where we interpret p — 1 as —1.

Now we consider a not necessarily prime odd number.

Definition 24.22 (Jacobi symbol). Let n be an odd number with prime factorization n = p’flpé€2 . -pft.

For a € Z;,:
n bi

=1

Note that (%) is the same as the Legendre symbol when n is an odd prime. It is also £1.

Even though the definition of the Jacobi symbol involves the prime factorization, given a,n one

can compute (%) in poly time.

Theorem 24.23. Given a,n where n is odd and ged(a,n) =1, there is a poly time alg to compute
(%)
n

One can derive the above from properties of the Jacobi symbol (see Motwani, Raghavan).
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Definition 24.24. For an odd number n, define

Ip = {a S/ (%) =" V2 (mod n)}

Note that |J,| = |Z}| when n is prime (by Euler’s criterion).
A key observation is:

Lemma 24.25. J, is a subgroup of Z} and is a proper subgroup if n is composite. Hence if n is

composite, |J,| < |Z7|/2.

24.3 Solovay-Strassen Algorithm

The preceding observation leads to first RP algorithm for COMPOSITE due to Solovay and
Strassen.
Algorithm: Input n > 2

1. If n is even, output Composite

2. Pick arandom a € {2,...,n — 1}
3. If ged(a,n) # 1, output Composite
4. Compute a® /2 mod n

5. Compute (%)
6. If a(—1)/2 £ (%) (mod n), then output Composite
7. Else output Prime

It is clear that algorithm outputs Prime for a prime, but for a composite it will err with prob
<1/2.

Theorem 24.26. COMPOSITE € RP.

By repeating we can reduce the error.

24.4 Miller-Rabin Test

We will assume n is odd and > 5.

Simplest randomized test is to pick a number a € {2,...,n — 2} and check if ged(a,n) # 1.
Test will succeed with prob > 1 — ¢(n)/n but we can have ¢(n) ~ n. For instance, n = pq where
p,q are prime, then ¢(n) = (p — 1)(¢ — 1). So we need some property.

24.4.1 Fermat Test

Pick a € {2,...,n — 2} randomly. If a®~! # 1 (mod n), output Composite; else Prime.

If n is prime then correctly says it is prime, and if it says it is composite then it is correct, but
it may say prime even when n is composite.

What is the probability?

Let F, ={a€Z;:a" 1 =1 (mod n)}.
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Claim 24.27. F), is a subgroup of Z},.
Proof. If a,b € F,, then ab € F,,. Also a~! is inverse of a and a~! € F,. O

Suppose F,, is a proper subgroup of Z!. Then |F,| < |Z!|/2 by Lagrange’s theorem, and
algorithm will have constant probability of success.

But what if F,, = Z}?7 Are there any such composite n?

Yes, they are called Carmichael numbers. There are infinitely many. Smallest is 561 = 3-11-17.

Thus we need a test that handles Carmichael numbers.

Another property of primes is that Z,, is a field, and 2% = 1 (mod p) has only two roots: z = 1
and z =p—1=—1 (mod p).

If n is composite then there can be non-trivial square roots. Ex: n = 91, then 1,27,64,90 are
all square roots of 1.

If we find a non-trivial square root of 1 mod n, then n is composite. If n = pq, then by CRT
only 4 non-trivial square roots.

24.4.2 Euler Test

Pick a € {2,...,n —2}. If a»1/2 = £1 (mod n), output Prime; else Composite.
At least as good as Fermat test. But why only a(1/2 and not (™ 1/4? First may not be
even, but if (n — 1)/2% is odd then we can try.

24.4.3 Rabin-Miller Test

n is odd. Write n — 1 = 2% - k where k is odd.
Algorithm:

1. Pickae{2,...,n—1}
2. If ged(a,n) # 1, output Composite
3. by = a* mod n
4. If bg = £1 (mod n), output Prime
5. Fori=1tou—1do:

e by =07 modn

o If b, = —1, output Prime

e If b; = 1, return Composite
6. Return Composite since either b, # 1 (mod n) or b, = 1 and b, # —1

Theorem 24.28. If n is prime, alg outputs Prime with prob 1. If n is composite, alg outputs
Prime with prob < 1/4.

Sketch of the analysis:

Fix a € Z;. Let by = a* mod n, by = a*? = ¢ mod n, by = ak? = ¢* mod Ny, ..., by =
ak?" ' mod n.

If b; becomes 1, then b;;1, ... are all 1. When do we find a non-trivial square root of 17 If b; = 1
and b;_1 # +1. This is precisely where the alg outputs Composite. Also if b, = a" ! # 1 (mod n).

Example: n =325 =52-13, n — 1 = 324 = 81 - 22,

= an_
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Definition 24.29. Let n > 3 be an odd composite. Let n — 1 = 2’" - q where ¢ is odd and k > 1.
A number a € Z7 is an RM witness for n if a? Z 1 (mod n) and a®>'¢ # —1 (mod n) for 0 < i < k.
If n is composite and a is not an RM witness for n, then a is an RM liar for n.

Lemma 24.30. If a is an RM witness for n, then n is composite.

24.4.4 Analysis

We will prove a weaker theorem:

Theorem 24.31. Let n > 3 be odd composite, and let L(n) be the set of RM liars for n. Then
[L(n)| < [Z3]/2.

The difficulty is that L(n) is not a subgroup of Z}. Thus to prove the theorem we identify a
proper subgroup S of Z} and argue that L(n) C S.

We consider two cases:

Case 1: n is not a Carmichael number. If ¢ is a RM liar then it is also a Fermat liar, and
we argued that |F},| <|Z;|/2 when n is not a Carmichael number.

Case 2: n is a Carmichael number.

However, this requires us to understand Carmichael numbers. We will state and not prove:

Theorem 24.32. Suppose n = plf1p§2 .- -pft where each p; is an odd prime.

(a) n is Carmichael iff gi)(pf’)\(n —1) fori=1 tot.

(b) If n is Carmichael, then n = pipa---pr and (p; — 1)|(n — 1) for i = 1 to t. In particular,
t > 3.

Our goal is to find a proper subgroup S of Z} s.t. L(n) C S. _

Let 79 be maximal 7 > 0 such that there is some RM liar ap with agloq = —1 (mod n). Since n
is odd composite, g > 1, so ig exists.

Since n is a Carmichael number, a” ! =1 (mod n) and hence 0 < ip < k.

Let B, = {a € Z} : a®°? = +1 (mod n)}.

Lemma 24.33.

(i) L(n) C By,

(ii) By, is a subgroup of 7,

(iii) 2\ Bo 0
Proof. (i) Let a € L(n). Case 1: a? =1 (mod n). Then a?°? =1 (mod n), hence a € B,,. Case
2: ‘anq = —1 (mod n) for some i. By defn of ig: 0 <1 <ig. If i =i then a € B,,. If i < ip, then
a?°? =1 (mod n) and hence a € B,,.

(ii) By, is a subgroup: 1 € B, trivially. If a,b € B,,, then ab € B,, (easy).

(iii) We know that n has at least 3 prime factors, hence n = niny where ni,no are odd and
ged(ng,ng) = 1. Recall ag is a RM liar with agloq = —1 (mod n). Let @ = ap mod ny. By CRT, 3
unique a € Z, s.t. a =a (mod n1) and a =1 (mod ng).

We claim a € Z} \ B,.

Computing modn;: since a = ag mod nq, a2i0? = —1 (mod ny).
Computing modns: since a =1 (mod ny), a*°? =1 (mod ny).
Thus a?°% = —1 (mod n;) and a?°? =1 (mod ns), so a & B,.

Further, a" ! = 1 (mod n;) and a" ! = 1 (mod ny). By CRT, ¢" ! = 1 (mod n), so
ged(a,n) =1 and a € Z7. O
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24.5 Alternate Proof (Keith Conrad)

The preceding proof used characterization of Carmichael numbers and is from Dietzfelbinger’s
book. We give an alternate proof from the notes of Keith Conrad that avoids the use of Carmichael
numbers.

We again consider 2 cases:

Case 1: n = p? for d > 2, p prime. We claim n is not Carmichael; we can use the fact that
Pl < 1Z;/2.

To see this, it suffices to exhibit some a € Z}, such that "' # 1 (mod n).

Consider a = 1 + p?~!. Note ged(a,n) = 1 since p{ 1. By Binomial expansion:

-1
(L+p™ ) =14+ (n—1p* '+ (” ) )p““”) +o

For d > 2, the terms with p(®1) and higher are divisible by p? (since 2(d ) d). Hence
(L+p" )" 1 =1+ (n— 1)p?! (mod p?). Since (n — 1)p?~ = (p? — 1)p*~L and p? f (p* — 1)p?"!
(because pf (p? — 1)), we get (1 +p?1)"~1 £ 1 (mod p?).

Case 2: n is not a prime power. Write n = p®ny where p does not divide no, so n = nine
where n1,n9 are odd and ni,no relatively prime. '

Let 49 be maximal in {0,...,u — 1} such that there is some a € Z} such that a®°? = —1
(mod n). Since (—1)? = 1 mod n, iy exists and a € Z,.

Let B, = {a € Z}, : a*°7 = £1 (mod n)}.

Lemma 24.34.

(i) L(n) C By,
(ii) By, is a subgroup of 7,
(iii) 73\ By # 0
Proof. (i) Let a € L(n). Case 1: a? =1 (mod n). Then a?°? =1 (mod n), hence a € B,,. Case
2: ‘azlq = —1 (mod n) for some i. By defn of ig: 0 <1 <ig. If i =i then a € B,,. If i < ip, then
a®°? =1 (mod n) and hence a € B,,.
(ii) By is a subgroup: 1 € B, trivially. If a,b € B, then ab € B,, (easy).
(iii) n = ning where n1,ny are odd and ged(ny, ne) = 1. Recall qg is a RM liar with a2 1=_1

(mod n). Let @ = ap mod n;. By CRT, 3 unique a € Z,, s.t. a =a (mod n;) and a =1 (mod n2).
We claim a € Z} \ B,,.

Computing modn;: since a = ag mod nq, anOQ = —1 (mod ny).

Computing modnsg: since a =1 (mod nz), a7 =129 =1 (mod na).

Thus a?°? = —1 (mod n1) and a®>°? =1 (mod ns), so a & B,,.

Further, "' = af~! (mod n1) and a”~' =1 (mod ny). By CRT, "' =1 (mod n) (need to
verify af ="' =1 (mod ny), which follows from Euler’s theorem), so ged(a,n) = 1 and a € Z5. O



Chapter 25

Online Algorithms and Yao’s
Min-Max Principle

25.1 Introduction: Stairs vs. Elevators Problem

Consider the ”Stairs vs. Elevators” problem. Let:
e S: Time to take stairs.
e [L: Time to take elevator.

e Assume S > L.

Problem: How long should one wait for the elevator? If one knows the distribution of the
arrival time of the elevator, then one can compute various quantities. We will work with the
worst-case model, which has merits and cons. The Adversary decides the arrival time.

25.2 Deterministic Strategy

Is there a good deterministic strategy? Let T'= S5 — L.
Let OPT(t) be the optimum total time if the elevator arrives at time t.

o If ¢t <T, then OPT(¢t) =t + L (Wait for elevator).
e If t > T, then OPT(t) = S (Take stairs immediately/early).

For an algorithm A, let A(t) be the total time if the elevator arrives at time ¢t. The Competitive
Ratio of algorithm A is:

C(A) =sup At)

" 55T (25.1)

25.2.1 Characterizing Deterministic Algorithms

Any deterministic algorithm for this problem can be characterized by a single parameter a: the
time it will wait before taking the stairs. (It will take the elevator if it comes before a).

Let Wait, be the algorithm. What is its competitive ratio?

Case Waitg: This strategy is to always take the stairs. If t = 0% (elevator arrives immediately),
then Waity takes S time, while OPT(0") = L. The competitive ratio is %, which can be arbitrarily
large.

163
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General Wait,: One can see that the worst case for Wait, is if the elevator comes at time
a + € (just after we give up and take the stairs). In this case, the competitive ratio is:

a—+ S

min(a + L, S) (25:2)

It is not hard to see that a = S — L = T is the minimizing value (intuitively, it does not make
sense to wait longer than 7). Substituting a = S — L:

S—L+S L
7:2_7 2.
5 5 (25.3)

Competitive Ratio =

Theorem: The optimum competitive ratio for the deterministic problem is 2 — %

25.3 Randomized Algorithms

What if we allow randomization in the algorithm? Can we improve the ratio?

25.3.1 The Model

Need to be careful about the model. We will consider an Oblivious Adversary that cannot see
the randomness of the algorithm.

Alternatively, we let the adversary know the algorithm, pick the worst-case input ¢, and then
we allow the algorithm to randomize. We define the competitive ratio as:

E[A(0)]
max OPT(0) (25.4)

Note that A(o) is a random variable.

25.3.2 Optimal Randomized Strategy

For the elevator problem, we view a randomized algorithm as picking the waiting time according
to a distribution. What distribution? It turns out the optimal distribution is to pick w € [0,T]
according to the density function:

p(t) = (e_ll)Tet/ T (25.5)

Note that fOTp(t)dt =1. And p(t) =0 for t > T.
Theorem: The competitive ratio of the randomized algorithm that picks waiting time according
to p(t) is &5 ~ 1.58.

25.3.3 Proof Sketch

Fix any arrival time a € [0,T]. Suppose the elevator arrives at time a. Then OPT(a) =a + L.
What about the algorithm? Its total time is:

e a + L if the waiting time picked is > a.

e ¢+ S if the waiting time picked is t < a.
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Thus, the expected cost is:

E[A(a)] = /O "(S+ Op(t)dt + ( / ! p(t)dt> la+ 1) (25.6)

The worst case happens when a = T' (as in the deterministic case). Then we have:
T
E[A(T)] =S +/ tp(t)dt
0

Tt t/T
=5 +/0 me dt

Using integration by parts:

1 T
— S |:Tt t/T _ T2 t/T
Te—nr e “ o
1
= —T
S+ p—
While OPT(T') = S.
Hence, the competitive ratio is:
S+ 45T Ss+3L 1 L
= =1 — 25.7
S S + e—1 Se—1) (25.7)

If we let L/S — 0, the ratio tends to:

1 e—1+1 e
1+ = =

= 25.
e—1 e—1 e—1 (25.8)

25.4 Lower Bounds: Yao’s Min-Max Principle

How do we prove that the above ratio is optimal? In general, how do we prove lower bounds on
randomized algorithms?

Typically, we use what is called Yao’s Lemma. Yao recognized early on that one can use the
Von-Neumann Min-Max characterization of two-player games to prove lower bounds.

25.4.1 The Principle

Instead of explaining the general setup, we illustrate it in the context of this discrete problem.
To prove a lower bound on randomized algorithms, we focus on a lower bound on deterministic
algorithms against inputs drawn from a distribution.

The game is as follows:

1. Come up with a probability distribution on inputs, say D.
2. Now, given knowledge of D, what is the best deterministic algorithm?
3. Suppose no deterministic algorithm can do better than C' (even with knowledge of D).

4. Then C is a lower bound on randomized algorithms.
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25.4.2 Application to Elevator Problem

For our problem, we design/pick a distribution on the arrival time of the elevator. Suppose we pick
the distribution e~ for the elevator arrival time. Note that we are allowing arbitrarily large times,
but that is ok. To simplify analysis we assume S =1,L = 0.

What is the expected value of OPT?

0 1 oo
E[OPT] = / min(1,)p(t)dt = / te~tdt +/ le7tdt =1—¢! (25.9)
0 0 1

Fix any deterministic algorithm. It is a threshold algorithm with parameter a. Its expected
cost is:

E[A(a)] :/Oatetdt—l—/oo(a—l—l)etdt:l (25.10)

(Result doesn’t depend on the threshold a!).
Thus, the competitive ratio is:

> = (25.11)

25.5 Ski Rental Problem

A closely related problem, but in some sense a discrete problem. More well known. Setup: Costs
$B to buy skis and $1 to rent for 1 day (B > 1). Every day one has to decide whether to rent or
buy if not already bought. Adversary decides when to break one’s leg and finish the ski season.
What is the best strategy to minimize total cost?

Deterministic: Rent for | B| days and then buy. One can show 2-competitive and optimum for
deterministic. Can obtain (1— %)*1 for randomized. Somewhat more technical than elevator /stairs
problem because of discrete days.

25.6 Yao’s Min-Max Principle (Formal View)

Consider a discrete setting where we enumerate all inputs of a particular size and all deterministic
algorithms. Say m algorithms (A;) and n inputs (I;).

L. I
./41 C11 e Cln
-Am Cml .- Cmn

Let p be a distribution over inputs. Let g be a distribution over algorithms.
Let ¢* be an optimal randomized algorithm. This corresponds to choosing ¢* to minimize:

L GAL) _ (25.12)

max

I; OPT(I])
By Min-Max Theorem (swapping min and max over distributions):

min max E[cost] = max min E[cost]
a p P g

e A)
- Iﬁlin;pj OPT(I;)
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25.7 Probabilistic Tree Embedding

Let G = (V, E) be a graph. Want to approximate distances in G by a tree. Why? Trees are simple.
Can one approximate distances by a single spanning tree?

Consider an n-cycle. For any spanning tree T', there is an edge e = uv removed. Then dp(u,v) =
n — 1, while dg(u,v) = 1. This is a large distortion.

Can we use randomization to improve this? Yes!

Theorem: There exists a probability distribution p over spanning trees ST (G) such that for
all u,v:

Erpldr(u,v)] < O(lognloglogn) - dg(u,v) (25.13)

Moreover, one can sample a tree from p efficiently.

Many applications to algorithms. The bound O(lognloglogn) can be improved to O(logn)
if G is a complete graph that corresponds to a metric space. This suffices in many applications.
Lower bound is (logn) even for planar graphs (or general graphs as per context).
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