



































































































































Electrical Networks and Random Walks
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Ohms law V I R

voltage current times resistance

R Ru
Munn

u

effective
resistance is R R
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aww
Rv

effective resistance is






































































































































imagine
t.ir

Let Run be effective resistance

between u and v which is defined

as where inv is the current form

a tov if
voltage diff of 1 is applied

There an Car hunthu
2m Ruin

Corollary If avt E then

Cuv 2m

Proof Because Ryu
I






































































































































Ex Lollipop graph In

Kz
do q

Run

Can m
Either hu.vn
hu a O m

We saw previously that
a 01mn

01m

So light






































































































































Electricallow

Let G V E be an undirected

graph We will work with
electrical

flow Typically we work with

Standard flows in directed graphs

Bakandnegularflow
Suppose d V R is a demand

vector d v is demand at v

dlv co flow coming
into v

diul so flow leave

G V E is a directed graph






































































































































We have Σ f le Σ He d v

efflu ecs u

This requires Σ dlu 0

U

Special case
is when

d v 0 except at s t

Typically we have capacity

Constraints Cle ee E

and want 0 fle cles

We know that if 7 a feasible

flow then a flow that is

acyclic






































































































































Feasibility of flow can be written

as an LP

Σ fles Σ fles d us

et.fi v ets tos Hu CU

f e cle Hect

tle 70 te EE

We will now consider electrical

flows in undirectedgraphs

For this we orient each edge
e

arbitrarily We will fix this orientation






































































































































and let f e be positive or negative

If fle so fles amount of

flow is going along
the chosen

orientation otherwise fles flow

is going in the reverse direction

With this notation we have

Σ fluid
dlw Hue V

VEN u

where d v is the current injected
into W re or negative

Each edge e C E has a resistance

rle 0 Electrical flow mimizes

energy






































































































































Energy consumed by tles flowing

over rles is rle f e voltagx
current

Thus an electrical flow is one

that
min rles ties

Efluis dlutfu.eu
VENU

a.IE Ittixoimatn
for u we write

fled tley fleg dlu






































































































































Note that there are no capacity

constraints This is a constrained

optimization problem Objective

is convex quadratic and constraint

is a set of linear constraints






































































































































Abstractly we have a problem

of the form
min g x ̅

St
Ax b

where g is convex
and x ̅ E R
A is man

Theory be an opt solution

Then g x ̅ Ay for some JER

where g x ̅ is the derivative of

g To see this we let

Ker A x ̅ Ax ̅ 03

We claim that g x is orthogonal






































































































































to Ker A Suppose not Et Kala

such that g x 740 amine to

who

then EZ satisfies

A z Ax b

g x E g x g xt EE

c g x

a contradiction to optimality of

Geometrically if at at I am E R

are the row of A then Ker A is

the set of all vectors that are orthogonal

to the space spanned by at at ian

any vector orthogonal
to Ken A is

in the span ai ai aim






































































































































Such a vector is of the

form Eiyear Atg for home

JERM

A a aili.tn
am

Aty EmYiai

Therefore g x Atg for some JER






































































































































Applying this to our electrical

flow problem Suppose ftle e c E

is an optimum min every
electrical

How Then p V R such that

fluid they I

In other words voltages that

induce the current

Ohm's law

Thus for any demands potentials

that induce the electrical flow
that

meets the demands via Ohms law
Note shifting all potentials by Δ does not






































































































































thug 1
Change currents Hence can amine one is 0

Connecting Electrical Flaw and

Hitting times

Fix a vertex t EU Want to

find hat u E U Lt Recall

hut is the expected time to for
the random walk to hit 1 starting

at u We let hi 0

These values satisfy the following

equations

ha t I Σ hlu t
degla VEN u






































































































































We consider potentials on V

where plus hut with p
t 0

This induces flow

Huso 1 1,1
4 41

Kluyt h wit

We see that

Σ flu u Σ hlust
VEN uVENU
deglushuit

deglus

if U K

Cullent leaving u is dy u














































































By flow
conservation flow entering

t is Σ dylus 2m dy t

Utt

Thus hlu.lt values correspond
to

vertex potentials induced by

injecting deglul
current at each a It

and drainig
2m dy t units at t

Lema Let h IV
E be an

undirected graph and
S 1

hs c he s 2m Rs t where

Rsv is the effective resistance



1

between S and t

Prof we have seen that

hattovesponds to potentials

that route 2m dg t flow current
into

and deglu flow out
at each u

Similarly has corresponds to

potentials that drain 2m dyls

units of current at s and

deglus flow out from each
UFS

Ld plus hat and glut has

Consider plus glu
turn

This induces a subtraction of the

d be flow



two flows Let dlus be net flow at u

u 25,11 dlu o

dis degls 12m desls

2m

d f 2m des t des 1

2m

pls q s hs e has hs t

p t 9 1 1 he 1 has his

potential difference is 41s t
th tis

and this induces current 2m foms
to t

hls.tl hilt s 2m Reffls



Leaph Laplacian

Given an undirected graph we

can associate several matrices

with 4

Adjacency matrix
is the natural one

Aji Aig 1 if edge is 0

other wise Symmetric if
h is undin

For directed graphs
we set Aig is I

necessarily

if i j GE
Not symmetric

Edge vertex incident graph

mxn matrin
Been 1 it v te 0 otherwise

directed
Blum a

1 Plans u
1



In a directed graph the set

of flows that satisfy
a demand

vecta d can be conveniently

written as Bf d

Note that t is not restricted
to

be non negative

When working with electrical

flows we olient the edges

arbitrarily and use B for

the resulting edge vertex incident

matrix

Recall that when we solved the

electrical flow optimization problem



we write it as

mn Σ ele flesh

BF d

and opt solution f satisfies

2 R f Btp where

p is the set of potentials

We can directly write
a

linear system to find the potentials
that satisfy demands via 0hm law

What should we have

Σ f u v d u

VEN u



But fluid Pl
g

Let w e

w e Σ plus p v dius ueV

VEN u

Σ wlu.usplu Σ w un plus du

VENU V
An.EU

This is a linear System

La F I

where Ly is the Laplacian of 4

La kin is Σ wle is the
efflu



weighted degree of u

Lalu v Lalu u wluv

La is a symmetric diagonally

dominant matrix

i Diils Eildist
i

Can solve Lat at to compute

Rain and ha u values in

polynomial time Near linear time

algorithms are known



La is singular but for a connected

graph its rank is n 1

Computationaltonsiderations

hut Values can be computed

by solving Lat I

where dlu deg us a 1

and d 17 2m deg t s


