Homework 5 Assignment - Spring 2009

In this assignment, we will solve the PDE
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and square domain, Q = (—1,1) x (—=1,1) with a circular
hole in the middle. You will be solving this PDE on a
sequence of progressively refined meshes.

1. (a) Verify that the analytic solution to the PDE is
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if ¢ = u on the boundary.

(b) On the previous homework assignment, we
showed that
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where E is a general triangle, S is the standard tri-
angle, and T maps S to E. For this assignment,
p and ¢ are not piecewise constant, so we will ap-
proximate these integrals using midpoint quadra-
ture. Show that

(Tesye) = ([x1 + 22 + 23]/3, [Y1 + Y2 + Y3]/3)

is the midpoint of F and that the midpoint of S is
mapped to the midpoint of E.
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(c) Show that
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which implies that midpoint quadrature is equiv-
alent to assuming p is piecewise constant on each
triangle with value equal to p at the midpoint of
the triangle.

(d) Show that

1 g
5(] (l'cvyc) ac,ﬁc // xc;yc a) da

and (awﬁC) -

which implies that midpoint quadrature is equiv-
alent to assuming ¢ is piecewise constant on each
triangle with value equal to ¢ at the midpoint of
the triangle.

(e) Write a routine that reads the files “el-
ems#.dat”, “points#.dat”, and “bnd#.dat” into
three arrays. The “points” array is of dimension
N X 2 where N is the number of vertices in the
triangulation. The “elems” array is of dimension
M x 4 where M is the number of triangles. It con-
tains the vertex numbers of each triangle in the first
three columns and the fourth column indicates the
subdomain number. The boundary array is of di-
mension N, x 2 where N, is the number of vertices
on the boundary. It contains the vertex numbers
of the boundary points in the first column and the
boundary number in the second column. Note that
we are not using the domain or boundary numbers
in this assignment. In Matlab you can use the com-
mand elems = load([’elems’ num?2str(pnum) ’.dat’])
to load the element data where pnum is an integer
from one to four. Similar commands can be used to
load the points and boundary data.

(f) On the last assignment, we assumed that p and
q were piecewise constant. Modify your program
from last assignment to use the value of p and ¢
at the midpoint of each triangle in the assembly of
the element “stiffness matrix” and element “load
vector”.

(g) Modify your program from last assignment to
use the list of boundary vertices in the first column
of “bnd” to construct u”. Use the analytic solution
to set the value on the boundary. Make a similar
modification for the part where you modified the
global stiffness matrix and global load vector.

(h) Run your modified program and plot the solu-
tion on each of the four meshes.

(i) Plot the absolute value of the solution error for
each of the four meshes.

(j) Plot the maximum of the error on each mesh as
a function of Ay, on a log scale. For each mesh,
hmax 18 the maximum element radius. The radius of
a triangle is the radius of its circumcircle:
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where the #; are the vertices in R3. To use this
formula in R2, assume the third coordinate is zero.
What is the rate of convergence?



