Homework 4 Assignment - Spring 2009
1. Consider the following elliptic PDE

~V-(p(#)Vu) = q(F) for FeQCR?
u(¥) =0 when &€ 0Q,
with p (&) > m > 0.

(a) Write the weak formulation of this problem in
the form,

Find u € V, such that
a(u,v) =G (v), forallv e V.

What is a(-,-)? What is G (-)? What is V? Why
are u and v in the same space? Is a (-, ) symmetric?

(b) Define the energy functional,

1
J () = ()~ G (w),
and show that the weak formulation above is equiv-
alent to finding the “critical” or “stationary” point
of J, by computing

d
EJ(U +TU)|T:O =0.

What is the second directional-derivative of J?

2

@J(U + TU)|7_

=0

What can we conclude about the stationary point if
a(+,-) is symmetric and coercive (assuming continu-
ity of a (-, -) and G (-) has already been established)?
You do not need to prove that a (-, -) is coercive.

(¢) Suppose the domain is a disjoint union of M tri-

angles, Fq, Fo, -+, Epr, with shared vertices. Fur-

ther suppose that there are a total of N vertices with

Z = (x,y) coordinates given by &1, Zs, -, Zn. The

figure below is an example of triangulated domain.
X1 X,

Show that the bilinear ar

form, a(-,-), and linear E9
functional, G (v), derived &

in the previous part can E7

be written as a sum of in- x6  E10
tegrals over each triangle E6

(element). s V), ES
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x3 X7

(d) Consider approximating the solution to the
weak formulation by restricting the solution space
to a subspace spanned by N basis functions,
{¢1, -+ ,on}. Write the (approximate) solution as
a linear combination of these basis functions,

N
w(E) = uidi,
i=1

where ¢; € V and span (¢1, - ,¢n) C V. Show
that the minimizer of the energy, J (u), over the

subspace span (¢1,- -, dn), solves
N
> wja(dy ) =G (4), Vi=1...N.
j=1

(e) Show that this approximation of u and v reduces
the problem of solving the weak formulation to solv-
ing a linear system of equations of the form Au = b
where @ contains the unknown coefficients. What
are the entries of A and b in terms of a(-,-) and
G (+)? Show that each entry of A and b can be writ-
ten as a sum of integrals over triangles, if the domain
is triangulated as described before.

(f) Suppose we modified the PDE to include non-
homogeneous Dirichlet boundary conditions,

~V - (p(&)Vu) = q(&) for FeQCR?

uw(Z) =g (¥) when e 09Q,

with p (Z) > m > 0. Show this yields the problem,
a(t,v) =G ) forallveV,

with & € V and u := v° + @ and G (v) := G (v) —
a (u®,v). Here, u°, is a known fixed function which
satisfies the boundary conditions.

In this problem we will 2
derive the analytical for-
mulae necessary for im-
plemenation of the fi-
nite element method us-
ing piecewise linear finite
elements on a triangu- (1,0)
lated domain.
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(a) Suppose A (a, B) is the piecewise linear nodal
basis function on the standard element (triangle),
with A1 (0,0) = 1 and A\; (1,0) = A1 (0,1) = 0. Show
that when restricted to the standard triangle with
vertices (0,0),(1,0),(0,1) € R?, this basis function
can be written as

AM(a,B)=1—a-p

and conclude that the gradient of A is

wl_[j]

Derive a similar result for Ao which satisfies
A2 (1,0) = 1 and Az (0,0) = X2 (0,1) = 0. Derive
a similar result for Az which satisfies A3 (0,1) = 1
and )\3 (0, 0) = /\3 (].,0) =0.
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(b) Given three vertices of a general triangle,
T, T, T3 € R2, write down an affine transforma-
tion, 7', that maps the vertices of the “standard
triangle” (0,0), (1,0), (0,1) € R? to the “general tri-
angle”. Show that the Jacobian (derivative) of this
transformation is

JT = [ ([Z"Q —fl) (fg —1’1) ] R2X2

where 7 = (z,y).

(¢) Suppose ¢, is the piecewise linear nodal basis
function for a general triangulation with ¢, (%) =
1 and ¢, (Zs) = 0 if r # s. Using the results of
the prior two parts show that when restricted to
the “general triangle” that ¢, can be written as a
composition of A, and 771,

o (7) = A (T71(2))
and the gradient of ¢, is
Voér|z = Jr " VA

where V), is constant.
(d) Show that

// ) Vo, ()7 Voo (7) dE

— (7779A) T (J7TVA) | / /S p(T (@) da

// (@) b (7 dx—\JT|// (@) da

using the change of variables formula

Jh i [ e

Here 7 = (z,y) € R?, @ = (a,8) € R?, E is the
region defined by the general triangle, S is the re-
gion defined by the standard triangle, T is the affine
transformation defined above, and |Jr| is the deter-
minant of the Jacobian of the transformation. You
should use the results from the prior parts. Note
that in the case that p and ¢ are constants on F,
these integrals can be computed exactly.

|JT‘ dal

3. The problem will lead you through the steps of pro-
graming the Galerkin finite element method with

piecewise linear elements on a triangulation of the
unit square. We will consider the PDE

~V . (p(#)Vu) =q(7) for 7eQcCR?
u(Z) =g (f) when e 99,

for three test cases:

(i)p=0.1,¢=0, on Q =Q; Uy
(i) p=0.1,¢=0,0onQ; and p=0.1,¢g =40, on Qo
(iii) p=0.1,¢g =0, on @ and p=40,q =40, on Qs,

with

Az (1—2x) y =0,
g(x,y) = { 0 otherwise,

and unit square domain, Q@ = (0,1) x (0,1). The
subdomains, which are defined in the supplied data
files, are unions of triangular regions.

(a) Write a routine that reads the files “elems.dat”
and “points.dat” into two arrays. The “points” ar
ray is of dimension N x 2 where N is the number
of vertices in the triangulation. The “elems” ar-
ray is of dimension M x 4 where M is the number
of triangles. It contains the vertex numbers of each
triangle in the first three columns and the fourth col-
umn indicates the subdomain number used above.
In Matlab you can use the “load -ascii” command.

(b) Write a routine that takes as input three vertices
of a general triangle and value of p and ¢ on the
triangle and returns a 3 x 3 matrix and a 3 x1 vector.
The matrix should have as entries the bilinear form
restricted to the triangle for all combinations of the
three basis functions supported on that triangle:

// B)VeIVe.dZ rse{1,2,3}

The vector should have as entries the linear func-
tional restricted to the triangle for all three of the
basis functions supported on that triangle:

r_// ) ¢pd e {l,2,3}

Use the precomputed analytical calculation of

VA, and // Arda  and // 1da.
s s

together with the results from the prior exercise.

(c) Write a routine that loops over all triangles (el-
ements), calls the routine defined above, and adds
the contribution of each 3 x 3 matrix and 3x 1 vector
to a global stiffness matrix, A, and global right-hand
side, b. Do not worry about the boundary conditions
in this step, just assume all the vertices are interior
points (or at least non-Dirichlet points) and we will
enforce the boundary conditions in the next step.



(d) Write a routine that loops over all the vertices
and checks to see if the vertex is on the boundary.
If the vertex, Z;, is on the boundary, define the ith
entry of the “boundary” vector @ to be equal to
the boundary conditions, otherwise set it to zero.
In other words, @) = g (#;) at Dirichlet boundary
points, but zero otherwise.

(e) Modify the global right-hand side, b, to ac-
count for nonzero boundary function u°. Recall that
G (v) =G (v) —a(u’,v), solet b=b— A

(f) Modify the matrix A to account for the Dirich-
let boundary conditions. Write a routine that loops
over all the vertices and checks to see if the ver-
tex is on the boundary. If the vertex, 7, is on the
boundary replace the correponding row and column
of the matrix A with the row and column of the
identity matrix (i.e., first set to zeros then put one
on the diagonal). Similarly, replace the entry in the
right-hand side, l;, with zero.

(g) Solve the resulting sparse linear system of equa-
tions, At = b, using a linear algebra library or Mat-
lab’s backslash operator, & = A\b. Consider the
three cases listed above. Plot your results using
Matlab’s patch command, or another method for
plotting a solution on an unstructured mesh.

For your reference, the following plotting command
was used to produce these three solutions

for i=1:length(elems)
x = points(elems(i,1:3),1);
y = points(elems(i,1:3),2);
z = uhat(elems(i,1:3),1)
+ uzero(elems(i,1:3),1);
patch(x,y,z,sum(z)/3);
end

Plots may be initially flat, but if you turn on rota-
tion you can get the three dimensional view.




