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Abstract. The increasing importance and ubiquity of distributed and mobile ob-
ject systems makes it very desirable to develop rigorous semantic models and
formal reasoning techniques to ensure their correctness. The concurrency model
of rewriting logic has been extensively used by a number of authors to specify,
execute, and validate concurrent object systems. This model is a true concurrency
model, associating an algebra of proof terms T o

R to the rewrite theory R speci-
fying the desired system. The elements of T o

R are concurrent computations de-
scribed as proofs modulo an equational theory of proof/computation equivalence.
This paper builds a very intuitive alternate model ER, also of a true concurrency
nature, but based instead on the notion of concurrent events and a causality par-
tial order between such events. The main result of the paper is the equivalence
of these two models expressed as an isomorphism. Both models have straight-
forward extensions to similar models of infinite computations. The models are
very general and can express both synchronous and asynchronous object compu-
tations. In the asynchronouscase the Baker-Hewitt event model for actors appears
as a special case of our model.

1 Introduction

The increasing importance and ubiquity of distributed and mobile object systems makes
it very desirable to develop rigorous semantic models well-suited to object systems, and
to use logically-based techniques to reason about their correctness. In the past few years,
a number of authors have used rewriting logic [20,23] to axiomatize concurrent object
systems and have exploited its associated model of concurrency in a variety of ways
(see for example [19,21,22,26,18,29,31,30,16,17,32,28,11] and other references in the
survey paper [25]).

A concurrent object system axiomatized by a rewrite theory R has an associated
semantic model T o

R whose elements are abstract concurrent computations correspond-
ing to equivalence classes of proofs in the logic. Therefore, a computation is possible in
the model if and only if it is provable in the logic. The model T o

R provides an algebraic
abstract model of “true concurrency”, in which equivalent descriptions of the same con-
current computation are identified. The purpose of this paper is to develop a different
semantic model for concurrent object systems ER based on the notion of events having
a partial order causality relationship between them. This second model is very natural
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and intuitive, and yields as special cases other known models such as the event diagram
model for Actors [1,4]. The main result of this paper is that both models coincide, in the
strong sense of being in fact isomorphic. This validates from an independent perspective
the intuitive adequacy of the algebraic model proposed by rewriting logic, and provides
a precise semantic bridge between different representations of concurrent object-based
computations that, as we discuss further in the paper, can each be more useful in dif-
ferent kinds of applications. In particular, this equivalence of models yields an efficient
decision procedure for proof equivalence.

Our model equivalence result for concurrent object systems should be placed within
the broader context of related results for other kinds of concurrent systems showing se-
mantic connections between the initial model TR of a rewrite theory R axiomatizing
a concurrent system of a given kind, and well-known models of true concurrency. For
example, Degano, Meseguer and Montanari [7] showed that, for a place/transition Petri
net axiomatized by R, the model TR is isomorphic to the commutative process model of
Best and Devillers [2]. Similarly, for R a rewrite theory without additional equational
axioms, Corradini, Gadducci and Montanari [5] showed that the computations in TR
starting at a term t form, under natural assumptions, a prime algebraic domain. Another
result by Laneve and Montanari [15] showed that for R the rewrite theory of the lambda
calculus, the traditional model of parallel lambda calculus computation coincides with
a quotient model TR/E modulo a few natural equations E. Yet another result by Cara-
betta, Degano and Gadducci [3] shows that, for R the rewrite theory of CCS, a quotient
model TR/E under a few natural equations is equivalent to the proved transition causal
model of Degano and Priami [9]. Therefore, our result should be seen as a further piece
of evidence—involving an important class of concurrent systems—towards the longer-
term research project of exploring the naturalness and expressiveness of rewriting logic
as a semantic framework for concurrency (see references in [23,25]).

To better motivate the paper and make it more accessible, the rest of this intro-
duction recapitulates in an informal style the main ideas of how rewriting logic ax-
iomatizes concurrent object systems and yields a semantic model TR for a system so
axiomatized—that for the case of object systems is further refined in this paper to the
model T o

R; we then sketch the basic ideas about the new isomorphic model based on a
partial order of events.

1.1 Concurrent Objects in Rewriting Logic

We explain how concurrent object systems are axiomatized in rewriting logic, and how
concurrent object-based computations correspond to proofs in the logic and yield an
algebraic model of “true concurrency”. In general, a rewrite theory is a pair R =
((Ω, Γ ), R), with (Ω, Γ ) an equational specification with signature of operations Ω
and a set of equational axioms Γ ; and withR a collection of labelled rewrite rules. The
equational specification describes the static structure of the system’s state space as an
algebraic data type. The dynamics of the system are described by the rules in R that
specify local concurrent transitions that can occur in the system axiomatized by R, and
that can be applied modulo the equations Γ .

Let us then begin explaining how the state space of a concurrent object system
can be axiomatized as the initial algebra of an equational theory (Ω, Γ ). That is, we
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explain the key state-building operations inΩ and the equations Γ that they satisfy. The
concurrent state of an object-oriented system, often called a configuration, has typically
the structure of a multiset made up of objects and messages. Therefore, we can view
configurations as built up by a binary multiset union operator which we can represent
with empty syntax (i.e. juxtaposition) as _ _ : Conf × Conf −→ Conf . (Following
the conventions of mix-fix notation, we use _s to indicate argument positions.) The
operator _ _ is declared to satisfy the structural laws of associativity and commutativity
and to have identity ∅. Objects and messages are singleton multiset configurations, and
belong to subsorts Object,Msg < Conf , so that more complex configurations are
generated out of them by multiset union.

An object in a given state is represented as a term 〈O : C | a1 : v1, . . . , an : vn〉,
where O is the object’s name or identifier, C is its class, the ai’s are the names of the
object’s attribute identifiers, and the vi’s are the corresponding values. The set of all the
attribute-value pairs of an object state is formed by repeated application of the binary
union operator _ ,_ which also obeys structural laws of associativity, commutativity,
and identity; i.e., the order of the attribute-value pairs of an object is immaterial. This
finishes the description of some of the sorts, operators, and equations in the theory
(Ω, Γ ) axiomatizing the states of a concurrent object system. Particular systems will
have additional operations and equations, specifying, for example, the data operations
on attribute values. But the top level structure of the concurrent object system is always
given by the multiset union operator.

The associativity and commutativity of a configuration’s multiset structure make it
very fluid. We can think of it as “soup” in which objects and messages float, so that
any objects and messages can at any time come together and participate in a concurrent
transition corresponding to a communication event of some kind. In general, the rewrite
rules inR describing the dynamics of an object-oriented system can have the form

r(x̄) : M1 . . .Mn 〈O1 : F1 | atts1〉 . . . 〈Om : Fm | attsm〉

−→ 〈Oi1 : F ′
i1
| atts ′i1〉 . . . 〈Oik : F ′

ik
| atts ′ik

〉
〈Q1 : D1 | atts ′′1〉 . . . 〈Qp : Dp | atts ′′p 〉
M ′

1 . . .M
′
q

if C

where r is the label, x̄ is a list of the variables occurring in the rule, the Ms are mes-
sage expressions, i1, . . . , ik are different numbers among the original 1, . . . , m, and C
is the rule’s condition. That is, a number of objects and messages can come together
and participate in a transition in which some new objects may be created, others may
be destroyed, and others can change their state, and where some new messages may
be created. If two or more objects appear in the left-hand side, we call the rule syn-
chronous, because it forces those objects to jointly participate in the transition. If there
is only one object in the left-hand side, we call the rule asynchronous. For example, we
can consider three classes of objects, Buffer, Sender, and Receiver. The buffer
stores a list of numbers in its q attribute. Lists of numbers are built using an associative
list concatenation operator, _ ._ with identity nil, and numbers are regarded as lists of
length one. The name of the object reading from the buffer is stored in its reader at-
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tribute. The sender and receiver objects store a number in a cell attribute that can also
be empty (mt) and have also a counter (cnt) attribute. The sender stores also the name
of the receiver in an additional attribute. The counter attribute is used to ensure that
messages are received by the receiver in the same order as they are sent by the sender
even though communication between the two parties is asynchronous. Each time the
sender gets a new message from the buffer, it increments its counter. It uses the current
value of the counter to tag the message sent to the receiver. The receiver only accepts a
message whose tag is its current counter. It then increments its counter indicating that
it is ready for the next message. Three typical rewrite rules for objects in these classes
(where E and N range over natural numbers, L over lists of numbers, L . E is a list with
last element E, and (to Z : E from (Y,N)) is a message) are

read(X,Y,L,E,N) : < X : Buffer | q: L . E, reader: Y >
< Y : Sender | cell: mt, cnt: N >

=> < X : Buffer | q: L, reader: Y >
< Y : Sender | cell: E, cnt: N + 1 >

send(Y,Z,E,N) : < Y : Sender | cell: E, cnt: N, receiver: Z >
=> < Y : Sender | cell: mt, cnt: N > (to Z : E from (Y,N))

receive(Z,Y,E,N) : < Z : Receiver | cell: mt, cnt: N >
(to Z : E from (Y,N))

=> < Z : Receiver | cell: E, cnt: N + 1 >

where the read rule is synchronous and the send and receive rules asynchronous.
These rules are applied modulo the associativity and commutativity of the multiset
union operator, and therefore allow both object synchronization and message sending
and receiving events anywhere in the configuration, regardless of the position of the
objects and messages. We can then consider the rewrite theory R = ((Ω, Γ ), R) ax-
iomatizing the object system with these three classes and with R the three rules above
(and perhaps other rules, such as one for the receiver to write its contents into another
buffer object, that we omit).

Rewriting logic then gives an inference system to deduce, for a system axioma-
tized by a rewrite theory R, which are all the finitary concurrent computations possible
in such a system. Such computations are identified with proofs of the general form
α : t −→ t′ in the logic. In what follows, to simplify the exposition, we specialize the
general inference system to the case of object systems. Idle, or “identity” computations,
in which nothing changes in a state t, are denoted by t itself, and elementary rewrites
corresponding to the application of a single rule are denoted by the appropriate substi-
tution instance of the rule label; for example, send(b,c,3,1) is the rewrite in which
sender object b sends to c the value 3 with counter 1. More complex computations are
then built up by parallel and sequential composition of elementary proofs, according
to the following inference system, that specifies both the inferences and the new proof
terms associated to proofs α and β.

1. Congruence: α : t −→ t′ β : u −→ u′
α β : t u −→ t′ u′ .

2. Transitivity: α : t1 −→ t2 β : t2 −→ t3
α; β : t1 −→ t3

.
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For example, a buffer object a, and sender and receiver objects b and c can be involved
in a concurrent computation in which b reads a value from a and sends it to c, and then,
simultaneously, c receives it and b reads a second value from a. Suppose that we begin
with the following initial configuration C0

< a : Buffer | q: 7 . 9, reader: b >
< c : Receiver | cell: mt, cnt: 1 >
< b : Sender | cell: mt, cnt: 0, receiver : c >

Then, the above concurrent computation can be described by the proof term α, built up
by repeated application of congruence and transitivity

(read(a,b,7,9,0) < c : Receiver | cell: mt, cnt: 1 >);
(send(b,c,9,1) < c : Receiver | cell: mt, cnt: 1 >

< a : Buffer | q: 7, reader: b >);
(read(a,b,nil,7,1) receive(c,b,9,1))

and has as its final configurationC1

< a : Buffer | q: nil, reader: b >
< b : Sender | cell: 7, cnt: 2, receiver : c >
< c : Receiver | cell: 9, cnt: 2 >

This is fine, but when do two different proofs describe the same concurrent com-
putation? This typical “true concurrency” question is posed by approaches in which a
more abstract description of concurrent computations is sought, and models character-
izing such computations are built. For example, in our computation α we could replace
the last step, namely (read(a,b,nil,7,1) receive(c,b,9,1)), by either of two
different “interleaving” proof terms equivalent to it: one in which the receive hap-
pens after the read, and another in which they happen in opposite order.

Rewriting logic is in this sense a “true concurrency” approach. The abstract model
giving a semantics to the concurrent computations of a system axiomatized by a rewrite
theory R = ((Ω, Γ ), R) is denoted TR and is a quotient of the algebra of proof terms
modulo some simple equations that express basic equivalences between proofs. The de-
tails of this algebraic construction for an arbitrary rewrite theory can be found in [20]. In
this paper we give a detailed construction T o

R specializing to the case of object-oriented
systems and further refining the TR model. We can give the flavor of these proof equiv-
alences by pointing out that, firstly, all the equations Γ in R are also applied to proof
terms (in particular, parallel composition of proofs in object systems is associative and
commutative, because multiset union enjoys those axioms) and in addition parallel and
sequential composition obey, among others, the following three equations that are suf-
ficient for proving that our proof term α above is equivalent to the two proof terms in
which the last parallel step has been replaced by interleavings.

1. Associativity. (α; β); γ = α; (β; γ).
2. Identities. For each α : t −→ t′, α; t′ = α and t;α = α.
3. Functoriality. (α1; β1)(α2; β2) = (α1 α2); (β1 β2).

By identifying proof terms using equations such as these, the model TR charac-
terizes abstract concurrent computations in an object-oriented system as equivalence
classes [α] of proof terms α.
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1.2 A Partial Order Event Model

The model TR is algebraic and enjoys many of the good properties of algebraic con-
structions, including parallel and sequential composition operations and being initial in
a much broader category of models [20]. By contrast, other approaches to true concur-
rency build partial-order or Petri net-like models that are more topological in nature,
e.g. [1,2,13,8,6]. They complement the description given by an algebraic construction
by offering a more intuitive description of the abstract computations. The ideal result
one would like to have is one of complete equivalence between two true concurrency
models: one based on an algebraic construction, and another based on a topological
construction. In this way, we can freely move back and forth between equivalent de-
scriptions that may each have strong advantages for different purposes. For example,
we can visualize a computation using its topological description and can do algebraic
manipulations with a corresponding proof term. In addition, in the process of proving
such an equivalence, the topological model typically becomes endowed with an impor-
tant algebraic structure that can be very valuable.

For the case of rewrite theories R axiomatizing Place/Transition Petri nets, the
equivalence of TR with a well-known combinatorial model of “true concurrency” for
nets—namely the commutative processes of Best and Devillers [2]—has been shown
in [7] . The main result of this paper is a similar equivalence of models for concur-
rent object systems, namely, an equivalence between an algebraic model T o

R of proof
terms modulo a few natural equations—that specializes to object systems the general
model TR—and a very natural and intuitive partial order of events model ER that is
fully general, in the sense of allowing both synchronous and asynchronous computa-
tions. Furthermore, the models T o

R and ER have a straightforward extension to models
of infinite computations T ∞

R and E∞
R that are again isomorphic. In fact, for rewrite the-

ories R whose rules are all asynchronous and obey the actor locality laws (cf. [30]),
E∞
R specializes to the well-known partial order of events model of Hewitt and Baker for

Actor systems [1,4].

Mathematically, we prove our desired equivalence of models as an isomorphism
T o
R ∼= ER of the corresponding algebraic structures. We can give the flavor of ER by

showing in Figure 1 the partial order of events corresponding in ER to the equivalence
class [α] of proof terms for the proof term α in our example. In T o

R the equivalence
class of proofs [α] labels an arrow between the beginning and ending configurations
C0 and C1. In ER the same arrow is instead labeled by the corresponding partial order
of events. Note that the events are the elementary rewrites corresponding to applying
each one of the rules, and the order between them is the causality relation between such
events. Thus, the first send and the receive events are causally connected, but the
second read and the receive are unrelated in the causal partial order.

The rest of the paper is organized as follows. §2 introduces object theories, a general
class of rewrite theories capturing the essential aspects of concurrent object systems. §3
gives a detailed construction of the proof term model T o

R for an object rewrite theory
R, and studies some of its key properties. §4 then gives our main contribution, namely
the construction of the partial order of events model ER for an object rewrite theory
R and the isomorphism T o

R ∼= ER. §5 extends this isomorphism to an isomorphism
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receive(c, b, 9, 1)read(a, b, nil,7,1)

send(b, c, 9, 1)

read(a, b, 7, 9, 0)

[α]

C0

C1 C1

C0

'

Fig. 1. Equivalence between proof and event partial order descriptions of a concurrent
computation.

of corresponding models of infinite computations T ∞
R ∼= E∞

R . We finish with some
concluding remarks.

2 Object Theories

In this section we describe the class of rewrite theories, called object theories, for which
the event model is defined. We consider rewrite theories whose underlying equational
logic is membership equational logic [24]. A membership equational logic specification
has the form (Ω, Γ ) where Ω contains a family K of kinds, a K-kinded family of
operators of the form f : k1 . . . kn −→ kn+1 with ki ∈ K, and for each k ∈ K a
set of sorts Sk; and where Γ is a set of Horn clauses whose atomic formulas are either
equations t = t′ between terms of kind k, or membership assertions t : s between a
term of kind k and a sort s ∈ Sk . Intuitively, terms with a kind but without a sort are
“error” or “undefined” expressions. Subsort relations s ≤ s′ , and operator declarations
f : s1 . . . sn −→ sn+1 at the level of sorts can be seen as syntactic sugar for their
corresponding Horn clauses.

For a rewrite theory R = ((Ω, Γ ),R) we first describe the constraints on the equa-
tional part (Ω, Γ ), then we describe the constraints on the rules R. Object theories
generalize the typical rewrite theories for object-oriented systems. It may be that not all
multiset unions of configurations are meaningful. For example consider object systems
in which legal configurations should not have different objects with the same identity.
To account for this possibility, we postulate a subsort Coh < Conf of “coherent”
configurations characterizing the meaningful system states. The introduction of object
identities is postponed until § 4.
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2.1 Equational Part

(Ω, Γ ) is a theory in membership equational logic such that there is a distinguished sort
Conf of configurations with

(i) a binary operation _ _ on Conf that is associative and commutative with neutral
element ∅, and such that there is no other operation in Ω that can take elements of
sort Conf as arguments.

(ii) a subsort Coh < Conf called the coherent configurations satisfying the member-
ship constraints ∅ : Coh and U V : Coh ⇒ U : Coh ∧ V : Coh.

(iii) for any set X of variables, the elements of sort Conf in the free algebra TΩ,Γ (X)
form a free multiset on the variables and “alien subterms” (that is, subterms whose
top symbol is different from _ _ or ∅) of sort Conf , under the operation _ _ and
neutral element ∅.

Remark. Since (in membership equational logic) for each sort S and terms t, t′, when-
ever Γ ` t : S and Γ ` t = t′, then Γ ` t′ : S, we have, thanks to (i) and (ii), that
for each U ,V ,W : Conf (U V ) W : Coh iff U (V W ) : Coh and then U ,
V , W , U V , V W , and U W , all have sort Coh. Furthermore, thanks to (iii), if
Γ ` U V : Coh ∧ U W : Coh ∧ U V = U W , then Γ ` V = W .

2.2 Rules Part

For a rewrite theory R = ((Ω, Γ ),R) whose equational part (Ω, Γ ) satisfies the con-
ditions of §2.1 we further require that rules only rewrite non-empty configurations and
that ground coherent configurations are rewritten to coherent configurations. In partic-
ular we require the following.

(i) All rules have the form r : Z −→ Z ′ if ψ , where ψ is a conjunction of equations,
Z ,Z ′ : Conf , Z 6= ∅, and Z ,Z ′ contain no variables of sort Conf .

(ii) For a ground term W such that Γ ` W : Coh, if θ is a ground substitution and
r : Z −→ Z ′ if ψ is a rule in R such that θ(ψ) holds, that is Γ ` θ(ψ), and

W = U θ(Z )
U r(θ)−−−−→ U θ(Z ′),

then Γ ` U θ(Z ′) : Coh. That is, the rewrite rules in R always rewrite ground
terms in Coh to other ground terms in Coh.

The above requirements for the equational and rules parts of an object theory are
for example satisfied by the buffer, sender, and receiver object theory of Section 1, by
taking as sort Coh of coherent configurations multisets of objects and messages that
are actually sets and that satisfy natural object theory requirements such as uniqueness
of object identifiers, as well as specific invariants such as messages originating from a
given sender having a counter strictly smaller than that of the sender, and so on.
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3 The Proof Term Model T o

R

3.1 Algebra of Proof Terms

To each object theory R we associate an algebra of proof terms T o
R. This proof term

algebra is specified in partial membership equational logic [24]. Partial membership
equational logic is the variant of membership equational logic in which, instead of
kinds, we have a poset of sorts (S,≤) where each connected component C has a top el-
ement >C , operations f : >C1 . . .>Cn −→ >Cn+1 are interpreted as partial functions,
and Horn clauses have a partial interpretation.

The proof term algebra is given by means of the theory PR = (Ω′, Γ ′) where
(noting that a specification in total membership algebra can always be regarded as a
partial membership algebra specification) (Ω, Γ ) ⊆ (Ω′, Γ ′) and the additional sorts
and operations of Ω′ are as follows.

(1) There is a sort Prf of proofs with Coh < Prf such that

• total operations source, target : Prf → Coh such that source(U ) = U and
target(U ) = U for U : Coh; given α : Prf with source(α) = U and
target(α) = V we use the notation U α−→ V to simultaneously state these
three facts,

• there is a partial operation _;_ : Prf ×Prf → Prf ,
• the partial operation _ _ on Coh is extended to a partial operation _ _ :

Prf × Prf → Prf .

(2) For each rule r : Z −→ Z ′ if ψ in R with variables x1, . . . , xn of respective
sorts s1, . . . , sn, there is a partial operation r : s1, . . . , sn → Prf such that for any
substitution θ, if θ(Z ) : Coh and θ(ψ) holds, then

r(θ) : Prf, source(r(θ)) = θ(Z ), target(r(θ)) = θ(Z ′),

that is, θ(Z )
r(θ)−−→ θ(Z ′). We assume that the variables x1, . . . , xn of rule r are

ordered; r(θ) then abbreviates the term θ(r(x1, . . . , xn)).

(3) If U ,U ′,V ,V ′ : Coh and α, β : Prf such that U α−→ U ′, V
β−→ V ′, and

U V : Coh, then U V
α β−−→ U ′ V ′.

(4) If U α−→ V and V β−→ W , then U α;β−−→ W .

The additional equations of Γ ′ are the following.

A. Category

(id) Z
α−→ Z ′ ⇒ Z ; α = α;Z ′ = α

(assoc(_;_)) Z0
α0−→ Z1 ∧ Z1

α1−→ Z2 ∧ Z2
α2−→ Z3

⇒ (α0; α1); α2 = α0; (α1; α2)
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B. Partial Monoidal Structure

(funct) Z0
α0−→ Z1

α1−→ Z2 ∧ Z ′
0

α′
0−→ Z ′

1

α′
1−→ Z ′

2 ∧ Z0 Z ′
0 : Coh

⇒ (α0; α1) (α′
0; α

′
1) = (α0 α′

0); (α1 α′
1)

(id-∅) ∅ α = α for α : Prf

(comm(_ _))
^

j<2

(Zj

αj−→ Z ′
j) ∧ (Z0 Z1) : Coh ⇒ (α0 α1) = (α1 α0)

(assoc(_ _))
^

j<3

(Zj
αj−→ Z ′

j) ∧ (Z0 Z1 Z2) : Coh ⇒ (α0 α1) α2 = α0 (α1 α2)

3.2 Basic Properties

A proof term is in sequential form if it is a sequence of basic rewrites, Ui ri(θi).
Lemma 1 says that any proof term is equivalent to one in sequential form.

Lemma 1 (Sequentialization). If α is a ground Ω′-term such that Z α−→ Z ′, then
we can find n ∈ Nat and αi, ri(θi) : Prf , U : Coh for 1 ≤ i ≤ n such that
αi = Ui ri(θi) and Γ ′ ` α = α1; . . . ;αn. Furthermore, the multiset of elementary
rewrites ri(θi) is independent of the particular sequentialization.

Lemma 2 says that in passing from (Ω, Γ ) to (Ω′, Γ ′), no new coherent configura-
tions are introduced (no junk) and no Γ -equivalence classes of coherent configurations
are collapsed by Γ ′ (no confusion).

Lemma 2 (Protection). Let R = ((Ω, Γ ),R) be an object theory with Coh its sort
of coherent configurations, and let PR = (Ω′, Γ ′) be its associated proof term theory.
Then for each Ω′-ground term U such that Γ ′ ` U : Coh there exists an Ω-ground
term V such that Γ ` V : Coh and Γ ′ ` U = V . Also, for U ,V Ω-ground terms
such that Γ ` U ,V : Coh, we have Γ ′ ` U = V ⇔ Γ ` U = V .

Definition 1 (The Proof Category T o
R). If R = ((Ω, Γ ),R) is an object theory with

coherent configuration sort Coh and proof term theory PR as given in §3.1 with proof
sort Prf , then T o

R is the partial monoidal category with set of objects |T o
R| the ground

Ω-terms of sort Coh modulo the equations Γ , or equivalently, by lemma 2, Ω′-ground
terms of sort Coh modulo the equations of Γ ′, and arrows the ground Ω′-terms of sort
Prf modulo the equations Γ ′ on proofs.

We call T o
R partial monoidal because the operation _ _ satisfies the typical equations

of a (symmetric) monoidal product but is only a partial operation. In other words, the
specification PR has an initial partial algebra TPR [24] which has a partial monoidal
category structure for terms of sort Prf . The category T o

R is obtained by restricting
TPR to just those partial monoidal category operations and forgetting the additional
sorts and algebraic structure. Alternatively, we can regard T o

R as a natural refinement
and specialization to object theories and coherent configurations of the initial model TR
associated to a rewrite theory R [20].
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4 Associating Event Partial Orders to Proofs

Assume R = ((Ω, Γ ),R) is an object theory as defined in §2, and T o
R the associated

proof category as given in §3. We refine the notion of object theory to objects with iden-
tities by postulating two more requirements. We want to treat occurrences of rewrite rule
applications in a proof as events, each of which can be uniquely identified (condition
1). Furthermore in order to be able to identify causal connections between events due
for example to the asynchronous sending and receiving of messages, not only objects,
but also messages need to have unique identity (condition 2).

Definition 2 (Object Theory with Identities).
1. Assume further that all occurrences of a rule application in a proof are necessarily
distinct. Using Lemma 1 we can express this as follows. Let Z0

α−→ Zn be a proof, and
let

Z0
U1 r1(θ1)−−−−−−→ . . .

Un rn(θn)−−−−−−→ Zn

be any sequentialization of α. Then for 0 ≤ i, j ≤ n, we have T o
R |= ri(θi) 6= rj(θj)

whenever i 6= j. Note that this condition can easily be attained by suitable annotation
of objects and messages. Because of this property, we can regard each rewrite rule
application ri(θi) as a distinct event in the overall computation formalized as a proof.

2. Assume given a set Id of identities, and a function ids : |T o
R| → Pω(Id) such that

(1) Z : Coh implies ids(Z ) = ∅ iff Z = ∅,
(2) Z Z ′ : Coh implies ids(Z ) ∩ ids(Z ′) = ∅ and ids(Z Z ′) = ids(Z ) ∪ ids(Z ′).

Definition 3 (Event ids, ids(r(θ))). For basic rewrites r(θ) define

ids(r(θ)) = ids(source(r(θ))) ∪ ids(target(r(θ))).

Now we associate to each ground term α of Prf a structure [[α]] = 〈Eα, <α〉 where Eα

is the set of events (the rewrite rule applications) of α and <α is a partial order on these
events. The structure [[α]] is defined by induction on the generation of α as follows.

Definition 4 ([[α]]).

(id) [[U ]] = 〈∅, ∅〉
(rule) [[r(θ)]] = 〈{r(θ)}, ∅〉
(par) [[α β]] = [[α]] [[β]] = [[α]]∪[[β]],where 〈Eα, <α〉∪〈Eβ, <β〉 = 〈Eα∪Eβ, <α ∪ <β〉1

(seq) [[α; β]] = [[α]]; [[β]] = 〈Eα ∪ Eβ , <α;β〉, where
<α;β= TC(<α ∪ <β ∪ {e0 < e1 e0 ∈ Eα ∧ e1 ∈ Eβ ∧ ids(e0)∩ ids(e1) 6= ∅})
and TC(_) is the transitive closure operation.

Note that the condition ids(e0) ∩ ids(e1) 6= ∅ in the (seq) case above is precisely the
point where causal connections between events appears. e0 < e1 just if e0 precedes e1

in some sequentialization and if they involve a common identity (object or message).
1 Note that, by condition (1) and Lemma 1, Eα and Eβ are disjoint, and hence the union as

defined is a partial order.
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Definition 5 (The Event Category ER). If R = ((Ω, Γ ),R) is an object theory with
identities with coherent configuration sort Coh and proof term theory PR as given in
§3.1 with proof sort Prf , then ER is the partial monoidal category with set of objects
|ER| the groundΩ-terms of sort Coh modulo the equations Γ , and arrows [[α]] : U −→
V , forα a ground term of sort Prf , such that U = source(α), and V = target(α). The
sequential composition and monoidal product operations on arrows are the operations
_;_ and _ _ given in definition 4 above.

The main result of this section is the isomorphism between the proof category T o
R

and the category ER of event partial orders associated to an object theory R.

Theorem 1 (Proof-Event Isomorphism). Let R = ((Ω, Γ ),R) be an object theory
with identities. Then, the partial monoidal categories T o

R and ER are isomorphic.

Proof : The isomorphism is the identity on objects and associates to each proof equiv-
alence class [α] the event partial order [[α]]. That this is indeed an isomorphism follows
from lemmas 6 and 7 below.

Before proving lemmas 6 and 7 we establish some basic properties of events and
the causal ordering. Lemma 3 gives a simple characterization of the event partial order
associated to a proof in sequential form.

Lemma 3. If α = U1 r1(θ1); . . . ; Uk rk(θk), then [[α]] = 〈{r1(θ1), . . . , rk(θk)}, <〉
where< is the transitive closure of {(ri(θi), rj(θj)) i < j, ids(ri(θi))∩ids(rj(θj)) 6=
∅}.

Lemma 4 shows that adjacent events may be permuted if not causally related, that
is, if they act on different parts of the configuration.

Lemma 4. If U0 r0(θ0); U1 r1(θ1) : Prf such that ids(r0(θ0))∩ids(r1(θ1)) = ∅ (i.e.
r1(θ1) is minimal in [[U0 r0(θ0); U1 r1(θ1)]]) then there are V0,V1 : Coh such that
U0 r0(θ0); U1 r1(θ1) = V1 r1(θ1); V0 r0(θ0).

Lemma 5 shows that sequentializations of a proof correspond to linearizations of
the associated event partial order.

Lemma 5. If α : Prf , then every linearization of [[α]] corresponds to a sequentializa-
tion of α.

Proof : By induction on the generation of α using Lemma 4.

Lemma 6 (Proof-Event.1). If Γ ′ ` α = α′, then [[α]] = [[α′]].

Proof : By induction on the proof of equality from the equational rules of §3. The
logical rules are easy to check and it remains to check each of the equational axioms.
The details are omitted here.

Lemma 7 (Proof-Event.2). If [[α]] = [[α′]] and source(α) = source(α′), then Γ ′ `
α = α′.
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5 Infinite Computations and Event Models

We extend the proof and event partial order models of object theories to infinite com-
putations as follows.

Let R be an object rewrite theory with associated proof term theory PR. An infinite
proof (or computation) π is simply an infinite sequence {αi i ∈ Nat} of ground
proof terms αi : Prf such that target(αi) = source(αi+1) for i ∈ Nat. We call these
infinite proofs proof paths or just paths. A path π is in sequential form if each step π(i)
contains at most one event (its sequentialization has length 0 or 1).

We denote by Prf∞ the set of proof paths. The initial segment at i of a path π,
written π↓i, is the sequential composition of the path elements π(j) for j ≤ i. This is
defined by induction on i as follows:

π↓0 = π(0)

π↓i+1 = π↓i; π(i+ 1)

We define prefix orderings _ � _ on proof terms and on event partial orders as
follows.

Definition 6. The prefix ordering on proof terms

α � β ⇔ (∃α′ : Prf)(Γ ′ ` α;α′ = β).

Note that an alternative and equivalent representation of infinite computations is as an
increasing infinite sequence of finite computations using the� ordering.

The corresponding prefix ordering on event partial orders is the initial segment re-
lation given by

〈E , <〉 � 〈E ′, <′〉

⇔ E ⊆ E ′ ∧ (∀e, e ′ ∈ E)(e<e ′ ⇔ e<′ e ′) ∧ (∀e ∈ E , e ′ ∈ E ′)(e ′<′ e ⇒ e ′ ∈ E).

Lemma 8. For U α−→ V and U β−→ W , we have α � β iff [[α]] � [[β]].

Two paths π and π′ are equivalent, written π ∼= π′, iff for each initial segment of π
there is an initial segment of π′ that extends it, and conversely.

π v π′ ⇔ (∀i ∈ Nat)(∃j ∈ Nat)(π↓i � π′↓j),

π ∼= π′ ⇔ π v π′ ∧ π′ v π.

We define T ∞
R to be the quotient of Prf∞ under this equivalence relation.

The following lemma shows that, modulo the path equivalence relation, we can
restrict attention to paths in sequential form.

Lemma 9. For any π ∈ Prf∞ we can find π′ ∈ Prf∞ such that π′ is in sequential
form and π ∼= π′.
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The mapping from proofs to event partial orders extends to paths as follows. To
assure the desired isomorphism, we associate with each path a pair consisting of the
initial configuration of the path and the associated event partial order. For π ∈ Prf∞,

[[π]] = (source(π(0)),
⋃

i∈Nat

[[π↓i]])

that is,
[[π]] = (U , 〈Eπ, <π〉)

where U = source(π(0)) Eπ =
⋃

i∈Nat Eπ↓i =
⋃

i∈Nat Eπ(i), and <π =⋃
i∈Nat <π↓i . Thus, e <π e ′ just if e, e ′ ∈ Ei for some i ∈ Nat and e <π↓i e ′.

Note that, by Lemma 8, <π is indeed a partial order.
We define E∞

R to be the image of T ∞
R under this mapping. We now extend the

isomorphism T o
R ∼= ER to a similar result for infinite computation paths and infinite

partial orders.

Theorem 2. For any π, π′ : Prf∞, π ∼= π′ ⇔ [[π]] = [[π′]].

6 Concluding Remarks

This paper has shown the equivalence between the algebraic proof term model for ob-
ject rewrite theories, and a natural partial order of events model for such theories. This
equivalence takes the form of an effective isomorphism between the two models that can
be used in practice in a number of ways. For example, proof terms describing concurrent
computations that can be easily generated during an execution of an object rewrite the-
ory can now be visualized by their corresponding partial order of events. Furthermore,
proof equivalence can be decided inO(n2×m) time by comparing the associated event
partial orders, where n is the number of events, and m the size of the biggest event as a
term.

In a similar way, the equivalence between proof and partial order descriptions can
be used to check the consistency of object-oriented design descriptions written in dif-
ferent diagrammatic notations. Work of Knapp and Wirsing [32] has shown how object
theories can be associated to UML-like notations. It now becomes possible to check
that a given sequence diagram — that is essentially a partial order of events descrip-
tion — for a system is consistent with such an object theory, by checking whether the
corresponding proof term is a valid proof in the logic.

Using techniques similar to those used in [5], our partial order of events model could
be cast in an event structure formulation by viewing the computations starting from an
object-oriented configuration C as forming a prime algebraic domain under the order
α ≤ β iff there is a γ such that β = α; γ. Due to space limitations, the details will
appear in a full version of the paper.

Our event model also has interesting connections with other formalisms that should
be further explored. For example, the distributed temporal logic of objects recently pro-
posed by Denker [10] is explicitly based on our model, and the temporal logic proposed
by Katz [14] assumes a partial order true concurrency model closely related to ours. The
axiomatization of the actor model in temporal logic of Duarte [12] is being extended
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to also axiomatize actor event diagrams. Similarly, in the area of model checking there
has been growing interest in partial order descriptions that can reduce the search space
(see for example [27]).
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