
fmod LAMBDA-DB-SYNTAX is protecting NAT .
  sort LambdaDB .
  subsort Nat < LambdaDB .

  op \._ : LambdaDB -> LambdaDB [ctor] .
                          *** lambda abstraction
                            
  op __ : LambdaDB LambdaDB -> LambdaDB
             [ctor gather (E e)] . *** application
endfm        

mod LAMBDA-DB is including LAMBDA-DB-SYNTAX .
  sort Sub .
  
  op [_] : LambdaDB -> Sub [ctor frozen] .
        *** substitution, roughly on free variable 0
                                
  op [^] :  -> Sub [ctor] .          *** shift

  op [^_] : Sub -> Sub [ctor frozen] .
                                     *** lift
                                     
  op __ : Sub LambdaDB -> LambdaDB [frozen] .
                     *** substitution application

  vars M N : LambdaDB .  var n : Nat .  var SU : Sub .

  eq [1] : [M] (0) = M . *** substitution on the free var 0
  eq [2] : [M] (s(n)) = n . *** subst. on free var diff
from 0

  eq [3] : [^] n = s(n) .   *** shifting to adjust
                            *** for enclosing \.'s

  eq [4] : [^ SU] 0 = 0 . *** substitution on a bound



variable
  
  eq [5] : [^ SU] s(n) = [^] (SU n) .  *** shifting (later)
and 
                                       *** lifting a
variable 
                                       *** s(n) under a
lambda

  eq [6] : SU (M N) = (SU M) (SU N) .
  eq [7] : SU (\. M) = \.  ([^ SU] M) .

  rl [beta] : (\. M) N => [N] M  .  

  ops I S K : -> LambdaDB .

  eq I = \. 0 .
  eq K = \. (\. 1) .
  eq S =   \. \. \. (2 0 (1 0)) .
endm

*** S K K should reduce to I .

red (S K K) .

*** Consider the beta reduction
***
***( (\ x .(x \ y .((x y) z))) (z' z') )
***
***( ->beta (z' z') \ y .(((z' z') y) z) )
***
*** in DN notation should be:
***
***( \.(0 \.((1 0) 2)) (1 1) )
***
***( ->beta (1 1) \.(((2 2) 0) 1) )



***

red \.(0 \.((1 0) 2)) (1 1) .

*** Consider the "weird renaming" situation
***
***( (\ x . \ y . x) y ->beta \ z . y )
***
*** Since y is free, in DB various numbers could
*** be used for y
***
***( (\. (\. 1)) 0 ->beta \. 1 )
***
***( (\. (\. 1)) 1 ->beta \. 2 )
***

red (\. (\. 1)) 0 .

red (\. (\. 1)) 1 .

*** Let us execute Cornell's example:
***( (\ u . \ v . (u x)) y ->beta \ v . (y x) )
***
*** in DB notation with {x |-> 0, y |-> 1}
*** this becomes:
***
***( (\. \. (1 2)) 1 ->+ \. (2 1) )

red (\. \. (1 2)) 1 .

*** Another example:
**** (\ x1 . \ x2 . \ x3 . ((x1 x2) (x3 y))) (\ x . (x x))
****       ->beta \ x2 . \ x3 .(((\ x . (x x)) x2) (x3 y))
****       ->beta \ x2 . \ x3 .((x2 x2) (x3 y))
***
*** in DB notation:



*** (\. (\. (\. ((2 1) (0 3))))) (\. (0 0))
*** ->+beta \. \. ((1 1) (0 2)) .
***

red (\. (\. (\. ((2 1) (0 3))))) (\. (0 0)) .

*** Theory of equality in a denumerable set

fth DEN-EQ is protecting BOOL .  protecting NAT .
  sort Elt .
  op eq : Elt Elt -> Bool . *** equality predicate

  vars X Y Z : Elt .

  eq eq(X,X) = true .
  ceq X = Y if eq(X,Y) = true [nonexec] .

  op # : Elt -> Nat .

  ceq X = Y if #(X) = #(Y)  [nonexec] .
                          *** injectivity of #
endfth

*** Compiling lambda expressions into DB notation

fmod LAMBDA+DB{N :: DEN-EQ} is
  protecting LAMBDA-DB-SYNTAX .

  sorts Lambda{N} Cell CellSet Env Env? .
  subsort N$Elt < Lambda{N} . *** subsort of names
  op \_._ : N$Elt Lambda{N} -> Lambda{N} [ctor] .
                            *** lambda abstraction
  op __ : Lambda{N} Lambda{N} -> Lambda{N}
             [ctor gather (E e)] . *** application

  subsort Cell < CellSet .  subsort Env < Env? .



  op mt : -> CellSet [ctor] .
  op [_,_] : N$Elt Nat -> Cell .
  op _+_ : CellSet CellSet -> CellSet
                        [ctor assoc comm id: mt] .
  op {_} : CellSet -> Env? [ctor] .
  op _in_ : N$Elt CellSet -> Bool .
  op up1 : CellSet -> CellSet .

  vars X Y Z : N$Elt .  vars n m : Nat .  var CS : CellSet
.
  vars U V : Lambda{N} .  var EN : Env .

  eq X in mt = false .
  eq X in [Y,n] + CS = eq(X,Y) or (X in CS) .

  mb {mt} : Env .
  mb {[X,n]} : Env .
  cmb {[X,n] + CS} : Env if (X in CS) = false /\ {CS} : Env
.

  eq up1(mt) = mt .
s  eq up1([X,n] + CS) = [X,s(n)] + up1(CS) .

  op \.2DB : Lambda{N} -> LambdaDB .  *** lambda to
DeBruijn compilation
  op \.2DB-aux : Lambda{N} Nat Env -> LambdaDB .  ***
auxiliary function
          *** the second argument counts the nesting of
lambdas from root

  eq \.2DB(U) = \.2DB-aux(U,0,{mt}) .
  eq \.2DB-aux(X,n,{mt}) = #(X) + n . *** X is a free
variable
                                      *** under n lambdas
  eq \.2DB-aux(X,m,{[X,n]}) = n .     *** X is a variable



bound
                                      *** n+1 lambdas above
  ceq \.2DB-aux(X,m,{[Y,n] + CS}) = \.2DB-aux(X,m,{CS})
                    if eq(X,Y) = false /\ {[Y,n] + CS} :
Env .
  eq \.2DB-aux((U V),m,EN) = \.2DB-aux(U,m,EN) \.2DB-
aux(V,m,EN) .
  ceq \.2DB-aux((\ X . U),m,{CS}) = \. (\.2DB-aux(U,s(m),
{[X,0] + up1(CS)}))
                     if (X in CS) = false /\ {CS} : Env .
  ceq \.2DB-aux((\ X . U),m,{[X,n] + CS}) =
                                    \. (\.2DB-aux(U,s(m),
{[X,0] + up1(CS)}))
                                                     if
{[X,n] + CS} : Env .
endfm

*** The following yields a infinite supply of names x{0}
x{1} x{2} ... x{n} ...
*** satisfying the DEN-EQ requirements.  

fmod VARS is protecting NAT .
  sort Vars .
  op x{_} : Nat -> Vars [ctor] .
  op eq : Vars Vars -> Bool .           

  vars n m : Nat .

  eq eq(x{n},x{m}) = (n == m) . 

  op # : Vars -> Nat .
  eq #(x{n}) = n .
endfm

view Vars from DEN-EQ to VARS is
sort Elt to Vars .



endv

*** We can now compile lambda expressions to DB notation

mod LAMBDA-2-DB-COMPILER is
  protecting LAMBDA+DB{Vars} .  protecting LAMBDA-DB .
endm

*** Consider the beta reduction
***
***( (\ x{0} . (x{0} \ x{1} .((x{0} x{1}) x{2}))) (x{3}
x{3}) )
***
***( ->beta (x{3} x{3}) \ x{1} .(((x{3} x{3}) x{1}) x{2}) )
***
*** in DN notation should be:
***
***( \.(0 \.((1 0) 4)) (3 3) )
***
***( ->beta (3 3) \.(((4 4) 0) 3) )
***

red \.2DB((\ x{0} . (x{0} (\ x{1} .((x{0} x{1}) x{2}))))
(x{3} x{3})) .

*** Consider the "weird renaming" situation
***
***( (\ x{0} . \ x{1} . x{0}) x{1} ->beta \ x{2} . x{1} )
***
*** in DB notation should get
***
***( (\. (\. 1)) 1 ->beta \. 2 )
***

red \.2DB((\ x{0} . \ x{1} . x{0}) x{1}) .



*** Let us execute Cornell's example:
***( (\ x{2} . \ x{3} . (x{2} x{0})) x{1} ->beta \ x{3} .
(x{1} x{0}) )
***
*** in DB notation this becomes:
***
***( (\. \. (1 2)) 1 ->+ \. (2 1) )

red \.2DB((\ x{2} . (\ x{3} . (x{2} x{0}))) x{1}) .

*** Another example, which should reduce
*** to \. \. (1 0 3) 

red \.2DB(\ x{0} . (\ x{2} .((x{0} x{2}) x{1}))) .


