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Abstract

This article is a brief review of the type-fréecalculus and its basic rewriting notions, and of the pure type system
framework which generalises many type systems. Both the typeXresculus and the pure type systems are
presented using variable names and de Bruijn indices. Using the presentation)etalmilus with de Bruijn
indices, we illustrate how a calculus of explicit substitutions can be obtained. In addition, de Bruijn’s notation for
the A-calculus is introduced and some of its advantages are outlined.
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1 Introduction tologics, typesand rewriting

Logic has existed since ancient times, really it goes back to the consciousness of human
beings. However, in the 20th century, there has been an explosion in the different logics
introduced and in the applications that depended on logic. This explosion is due to many
reasons that we will briefly touch on in this paper. This explosion moreover, is not slowing
down in the twenty-first century. We will continue to see new different logics, extensions of
old logics, and the study of their theory and applications will thrive as it did in the last century.
This is not surprising because the twentieth century was indeedtary of complexity and

this complexity will be carried to this century. The following table explains the consequences
of a single machine failure in the years 1900 and in 2000.

1900 2000
Main way information travels in society: paper electric signals, radio|
Number of parts in complex machine: 10,000 (locomotive)| 1,000,000,000 (CPU
Worst consequences of single machine failufe: 100s die end of all life?
Likelihood a machine includes a computer: very low very high

This complexity of information and the disastrous consequences of failure, lead to the need
for Automation and for establishin@or rectness. Modern technological systems are just too
complicated for humans to reason about unaide@dusomation is needed. In addition, be-
cause of the increasing interdependency of systems and the faster and more automatic travel
of information, failures can have a wide impact. So establislkeorgectness is important.
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Furthermore, because modern systems have so many possibletettitesis often imprac-
tical. It seems thgtroofsare needed to cover infinitely many situations. In other wosatse
kind of formalism is needed taid in design and toensure safety.

But then,what kind of formalism should one develop? This is not an easy question to
answer. However, a reasoning formalism shailtkast be:

e Correct: Only correct statements can be ‘proven’.
e Adequate: Necessary properties in the problem domain can be stated and proved.

e Feasible: The resources (money, time) used in stating and proving the needed properties
must be within practical limits.

In addition, assuming a minimally acceptable formalism, we would also like it to be:

o Efficient: Costs of both the reasoning process the thing being reasoned about should
be minimized.

e Supportive of reuse: Slight specification changes should not force reproving properties
for an entire system. Libraries of pre-proved statements should be well supported.

¢ Elegant: The core of the reasoning formalism should be as simple as possible, to aid in
reasoning about the formalism itself.

Work on logic in the twentieth century led to the development of two related yet complemen-
tary areas:itypes andrewriting. Logics, types, and rewriting have existed in various forms
since the times of the ancient Babylonians and Greeks (e.g. Euclid, Aristotle, etc.) yetin the
twentieth century, types and rewriting becaerglicit theories and started to be developed as
branches of their own. Logics, types, and rewriting are able to be shomect, areelegant
as we can formulate and (automate) clear rules of how they work (e.g.AramdA — B
we can deduc®), and areadequate as we can express a lot in these tiny formalisms.

But what are logics? What are proofs? What are types and what is rewriting? Here is an
attempt at explaining them. We start with proofs and logic.

¢ A proof is theguar antee of some statement provided by a rigoraxplanation stated
usingaxioms (statements ‘for free’) andules for combining already proven statements
to obtain more statements.

¢ Alogic is a formalism for statements and proofs of statements.

e Why do we believe the explanation of a proof? Because a proved statement is derived
step by step from explicit assumptions using a trusted logic.

The above explanation of logic and proofs can be traced back to the times of Aristotle (384—
322 BC) who wanted a set of rules that would be powerful enough for most intuitively valid
proofs. Aristotle correctly stated thatoof search is harder thamproof checking:

Given a proof of a statement, one can check that it is a correct proof. Given a state-
ment, one may not be able to find the proof.

Aristotle’s intuitions on this have been confirmed bgdgl, Turing, and others in the twen-
tieth century. Much later than Aristotle, Leibniz (1646—-1717) conceivealibdmated de-
duction, i.e. to find

¢ a languagd. in which arbitrary concepts could be formulated, and
e a machine to determine the correctness of statemeris in
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Such a machine cannot work for every statement according to Aristotle and (later results by)
Godel and Turing.

The late 1800s saw the beginnings of serious formalization: Cantor began formalizing set
theory [6, 7] and made contributions to number theory, Peano formalized arithmetic [39],
Frege'sBegriffsschrift [13] (1879) gave the first thorough and extensive formalization of
logic. Frege’sGrundgesetze der Arithmetik [14, 16], called later by others Naive Set The-
ory (NST), could handle elementary arithmetic, set theory, logic, and quantification. Frege’s
NST allowed a precise definition of the vital concept ofthaction. As a result, NST could
include not only functions that take numbers as arguments and return numbers as results, but
also functions that can take and return other sorts of arguniealsding functions. These
powerful functions were the key to the formalization of logic in NST. Frege was cautious:
ordinary functions could only take ‘objects’ as arguments, not other functions. However,
to gain important expressive power, he allowed a way to turn a function into an object rep-
resenting its graph. Unfortunately, this led tparadox, due to the implicit possibility of
self-application of functions. In 1902, Russell suggested [42] and Frege completed the ar-
gument [15] that goaradox could occur in NST. First, one can defi§eo be ‘the set of all
sets which do not contain themselves’. Then, one can groweof these statements in NST:

Ses & S¢S

The same paradox could be encoded in the systems of Cantor and Peano (but not in Frege’s
weaker Begriffsschrift). As a result, all these systems virecensistent — not only could
every true statement be proved but also every false one! (Three-valued logic can solve this,
but is unsatisfactory for other reasons.) Logic was anigs.

In 1908, Russell suggested the uséygfesto solve the problem [43]. It is fair to say that
types were (implicitly) used much earlier than that. For example, Eudhidisents (circa
325 BC) begins with (see page 153 of [12]):

1. A point is that which has no part.
2. Alineis breadthless length.

15. Acircleis a plane figure contained by one line such that all the straight lines falling upon
it from one point among those lying within the figure are equal to one another.

Although the above seems to meralgfine points, lines, and circles, it shows more im-
portantly that Eucliddistinguished between them. Euclid always mentioned to whtfss
(points, lines, etc.) an object belonged. By distinguishing classes of objects, Euclid prevented
undesired situations, like considering whether two points (instead of two lines) are parallel.
When considering whether two objects were parallel, intuition forced Euclid to think about
thetype of the objects. As intuition does not support the notion of parallel points, he did not
eventry to undertake such a construction.

In this manner, types have always been present in mathematics, although they were not
noticed explicitly until the late 1800s. If you have studied geometry, then you have some
(implicit) understanding of types. The question that poses itself then is what led to the cre-
ation of this new discipline (type theory) in the twnetieth century. Twan Laan in his PhD
thesis [33] gives an excellent survey of the evolution of type theory. Here, we briefly use his
argument to state that starting in the 1800s, mathematical systems became less intuitive, for
several reasons:
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e \ery complex or abstract systems.
e Formal systems.
e Something with less intuition than a human using the systems: a computer.

These situations agaradox threats. An example is Frege’s NST. In such cases, there is not
enough intuition to activate the (implicit) type theory to warn against an impossible situation.
Reasoning proceeds within the impossible situation and then obtains a result that may be
wrong or paradoxical.

To avoid the paradoxes of the systems of Cantor, Peano, and Frege, Russell prescribed
avoiding self-reference and self-application in his ‘vicious circle principle’:

Whatever involves all of a collection must not be one of the collection.

Russell implemented this in his Ramified Theory of Types (RTT) [43] which tyges and
orders. Self-application was prevented by forcing functions of orklén be applied only to
arguments of order less than This was carried out further by Russell and Whitehead in
the famoudPrincipia Mathematica [49] (1910-1912), which founded mathematics on logic,
as far as possible, avoiding paradoxes. For example, in RTT, one can define a fumttion *
which is restricted to be applied only to integers.

Although RTT was correct, unlike NST, the types of RTT have turned out instead to be
too restrictive for mathematics and computer science where fixed points (to mention one
example) play an important role. RTT also forces duplication of the definitions of the number
system, the Boolean algebra, etc.eary level.

The exploration of the middle ground between these two extremes has led to many systems,
most of them in the context of the-calculus, the first higher-ordeewriting system. If you
have studied algebra, then you know some basics in rewriting. Here is an example of algebraic
calculations which illustrates how rewriting works:

(a+b)—a by rule r+y=y+x
= (b+a)—a by rule r—y=z+(—y)
= (b+a)+ (—a) byrule (z4+y)+z=2+(y+2)
= b+ (a+(—a)) byrule x4+ (—z)=0
= b+0 by rule z+0=z
= b

Rewriting is the action of replacing a subexpression which is matched by an instance of one
side of a rule by the corresponding instance of the other side of the same rule. Important
properties of rewriting systems include:

e Orientation: Usually, most rules can only be used from left to right ag it 0 — .
Forward use of the oriented rules represents progress in computation. Un-oriented rules
usually do trivial work as ic +y = y + x.

e Termination: It is desirable to show that rewriting halts, i.e. to avoid infinite sequences
oftheformP — P, — Py — - -.

e Confluence: The result of rewriting is independent of the order in which the rules are
used. For exampld,+ 2 + 3 should rewrite to 6, no matter how we evaluate it.

As for types, computations (or rewriting) existed since ancient times (e.g. algebra). However,
only in the twentieth century, have higher-order rewriting calculi and theories been exten-
sively developed and important themes and problems identified and studied. In this paper,
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we are only interested in the development of higher-order rewriting through-tfadculus

which was highly influenced by Fregedbstraction principle of the late 1800s. This princi-

ple states that any expression mentioning some symbol in zero or more places can be turned
into a function by abstracting over that symbol. Introduced in the 1930s, Chwdakulus

made function abstraction aperator. For example(\z. z + 5) represents the (unnamed)
mathematical function which takes as input any number and returns as output the result of
adding 5 to that number. Thecalculus providekigher-order rewriting, allowing equations

like:

F(O + (1/2))5) = £(5 + (1/5)) = F(5+02) = £(5.2)

The type-free\-calculus, which can be seen as a small programming language, is an excellent
theory of functions — it can represent all computable functions. Church intendégpthe

free A\-calculus with logical operators to provide a foundation for mathematics. Unfortunately,
Russell’s paradox could also be encoded in the type-frealculus, rendering its use for
logic incorrect. Church [8] and Curry [11] introduced the simply typedalculus (STLC)

to provide logic while avoiding Russell’s paradox in a manner similar to RTT. Unfortunately,
like RTT, the STLC is too restrictive.

The areas, Logics, Types and Rewriting converge. Heyting [20], Kolmogorov [32], Curry
and Feys [11] (improved by Howard [22]), and de Bruijn [38] all observed tnegosi-
tions as types’ or ‘proofs as terms (PAT) correspondence. In PAT, logical operators are
embedded in the types afterms rather than in the propositions axiterms are viewed as
proofs of the propositions represented by their types. Advantages of PAT include the ability
to manipulate proofs, easier support for independent proof checking, the possibility of the
extraction of computer programs from proofs, and the ability to prove properties of the logic
via the termination of the rewriting system.

In the present time, there is a remarkable revivakafalculus, especially in the versions
which use types. Both logicians and computer scientists have developed several branches
of typed and untyped-calculus. Also mathematics has benefitted fréroalculus, espe-
cially since the time (around 1970) where de Bruijn used\hislculus-based Automath for
the analysis and checking of mathematical texts. In the rest of this article, we give a brief
introduction, both in the classical notation of Church and in the de Bruijn notation, to the
A-calculus and to type theory via thperre type systems framework. Section 2 deals with the
type-freeA-calculus and Section 3 deals with pure type systems. In particular, we introduce
in Section 2.1 some basic rewriting notions needed fotxtoalculus and in Section 2.2 we
give the classicah-calculus (as is usually written) with variable names. In Section 2.3 we
present the classicalcalculus with de Bruijn indices and in Section 2.4 we turn it into a cal-
culus of explicit substitutions. In Section 2.5 we presenttfealculus using variable names
in de Bruijn’s notation rather than in the classical one. In this presentation, cattattulus
ala de Bruijn, the argument appears before the function and terms are structured in a different
manner to the classicatcalculus. The\-calculusa'la de Bruijn can also be written using de
Bruijn indices instead of variable names, and we refer the reader to [23] for further details.
In Section 3.1 we present the pure type systems framework in the classical notation of the
A-calculus using variable names. In Section 3.2 we present the pure type systems in classical
notation using de Bruijn indices and establish their isomorphism to the version with variable
names. We leave it as an exercise for the reader to write pure type systems in de Bruijn’s
notation (using either variable names or de Bruijn indices).



368 Reviewing the Classical and the de Bruijn NotationXezalculus and Pure Type Systems

2 Thetype-free A-calculus

In this section, we introduce thatassical A-calculus (with variable names and with de Bruijn
indices) and the\-calculusa la de Bruijn. Terms of the classical-calculus are constructed
via application (as i B) or abstraction (as inv. A if variable names are used, dA if de
Bruijn indices are used). Terms of thecalculusa la de Bruijn are also constructed using
application (as in(B)A) or abstraction (as ifv]A if variable names are used, p# if de
Bruijn indices are used). The-calculusa la de Bruijn is only given using variable names,
for the version using de Bruijn indices see [23].

2.1 Rewriting notions

All the systems of this paper have a common feature. First, the syntax (the set of terms,
types, substitutions, etc.) is given and then a set of rules that work on the syntax is presented.
Those rules areewrite rules and are of the formd —pr B or (A, B) € R if we prefer

to talk of rewrite relations. These rules take a certain expression of the syntax (term, type,
substitution, etc.) that matches the pattern of the left-hand4idithe rule and rewrite it in

a way that matches the right-hand siBeof the rule. This rewriting must take place inside
larger formulas as well. For example, assume theg¢writes toB, then we must also be able

to rewrite AC to BC'. For this reason, an important notion for rewriting relations is that of
compatibility. We introduce this notion here for the classigatalculus whose only operators

are application and abstraction (the syntax is given in Definitions 2.9 and 2.39):

DEFINITION 2.1 (Compatibility for the classical-calculus)
We say that a binary relatioR on the classical-calculus is compatible iff for all termd, B
of the A-calculus and variable, the following holds:

(A,B)€ER (A,B)€ER (A,B)€ER (A,B)€ER
(AC,BC) € R (CA,CB)€R (A.A, \v.B) € R( ) (M,\B) e R

(2)

(1) is in the case of variable names and (2) is in the case of de Bruijn indices.

This notion of compatibility will be extended according to the extra operations that will be
added to the\-calculus. For example, if we add substitution, we will have to add an extra
clause on the compatibility for the case of the substitution operator.

DEFINITION 2.2 (Reduction notation)
Let S be asetand? a binary relation onS. We call R a reduction notion o8 and use the
following notation and definitions:

. — g is the compatible closure @, and(S, — ) is a reduction system.
. SR orjust =, is the reflexive closures z .

. i»R orjusti» is the transitive closure 6t 5 .

. —»p orjust — is the reflexive and transitive closure efgp . When A —» B we say
there exists aeduction sequencefrom A to B.

5. =g is the reflexive, symmetric and transitive closure-ef. That is,=p is the least
equivalence relation containing g.

6. = is syntactic identity, andl = B meansA andB are syntactically identical.

A W N P
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7. we write A%z B or just A =% B when the reduction sequence consists:.0f 0
steps of reduction. We call the length of the reduction sequence. i.enif> 2, there
eXiStSBl,...,Bn_l suchthatA - By g -+ =g Bn_1 —-r B. Whenn =1,
A—l»RB meansA —-r B. Whenn =0, A—O»RB meansA = B.

8. When(4, B) € R, we say thatd is anR-redex. In many cases, we introduBeas a set
of rewrite rules of the formd —x B.

9. A € S isanR-normal form (R-nf for short) if A does not contain ani-redex.

10. We say thatB is an R-normal form of A or A has the R-normal form B if B is an
R-normal form andd =y B.

Expressions can be evaluated in different orders. For example, we could evaluate 2+3+4
by evaluating (2+3)+4 or 2+(3+4). We would like to get the same result either way. The
following two definitions help us describe this phenomenon:

DEFINITION 2.3 (Diamond property)

Let R be a binary relation 0. We say tha{.S, — ) satisfies theliamond property if for
all A,B,C € S,if A -g BandA —g C, then there is & such thatB —»r D and
C —» g D. Pictorially this is as follows:

A
AN
B C
D
DEFINITION 2.4 (Confluence and Church Rosser)
Let R be a notion of reduction o5 . We define local confluence (or Weak Church Rosser

WCR), confluence (or Church Rosser CR) and strong confluence (or Strong Church Rosser
SCR) as follows:

1. WCR: — g satisfies the diamond property, i.e.:

VA,B,Ce S dD € S :(A—)RB A A—)RC) = (B —»r D NC —pg D)
2. CR:—» g satisfies the diamond property, i.e.:

VA,B,CGS dD e S (A —»r BANA —>»pg C):>(B —w»r D NC —»pg D)
3.SCRVA,B,CeS3IADeS : (A »r BANA -pr C)= (B -r DANC —r D).

LEMMA 2.5
Let R be a notion of reduction. If+r is SCR then— g is also SCR.

THEOREM 2.6
Let R be a notion of reduction that is CR. The following holds:

e If A =p Bthenthereis & suchthatd —»r C andB —» 5 C.1
e If A= BandB isin R-normal form, themd —» B.

e If A =i B then eitherd and B do not haveR-normal forms ord and B have the same
R-normal form.

1Sometimes, this is referred to as the confluence property. We have, however, identified Church Rosser and
Confluence.
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e If A has R-normal form® and(C', thenB and(C are identical up to variable renaming.
Hence, we speak of thB-normal form ofA and denote iR(A).

e A =p B, A andB are in R-normal forms thend and B are identical up to variable
renaming.

A second very important concern of reduction (or rewrite) systems is theatroifnation. We

are interested in knowing if our rewriting of a particular expression will terminate or will go
indefinitely. For example, the rute — n + 1 applied tol will not terminate. Termination is

a crucial property for implementation purposes. If an expression does not always terminate
in a particular reduction system, perhaps it can terminate with some careful order of rules.
Those expressions that will never terminate are disastrous for computation. We set the way
with the following definition.

DEFINITION 2.7 (Normalization)
Let R be a reduction notion o5 . We say that:

e Aterm A is strongly R-normalizing if there are no infinite?-reduction sequences starting
at A.

e R is strongly normalizing (SN) if there is no infinite sequenced;),., in S such that
A; =g Ajq forall ¢ >0, i.e. everyd in S strongly R-normalizes.

e R isweakly normalizing (WN) if every A € S has an R-normal form.

When no confusion arise® may be omitted and we speak simply of normal forms or nor-
malization.

Strong normalization implies weak normalization and therefore the existence of normal forms.
The following lemma is an important connection between strong normalization and conflu-
ence (its proof can be found in [3], proposition 3.1.25):

LEMMA 2.8 (Newman)
Every strongly normalizing, locally confluent notion of reduction relation is confluent. In
other words, SN + WCR=> CR.

2.2 Classical \-calculuswith variable names

DEFINITION 2.9 (Syntax ofA-terms)

The set of classical-terms or\-expressions\ is given by: M == V| (AV.M) | (MM)
whereV = {z,y, z,.. .} is an infinite set oferm variables. We letv, v, 2", - - - range ovel
andA, B,C - - - range overM.

EXAMPLE 2.10
(Az.z), Az.(zz)), Az.(A\y.z)), Az.(Ay.(zy))), and ((Az.xz)(Az.x)) are all classical-
expressions.

This simple language is surprisingly rich. Its richness comes from the freedom to create
and apply functions, especially higher order functions to other functions (and even to them-
selves). To explain the intuitive meaning of these three sorts of expressions, let us imagine a
model where everg-expression denotes an element of that model (which is a function). In
particular, the variables denote a function in the model via an interpretation functiomor an
vironment which maps every variable into a specific element of the model. Such a model, by
the way, was not obvious for more than forty years. In fact, for a domain D to be a model of
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A-calculus, it requires that the set of functions from D to D be included in D. Moreover, as the
A-calculus represents precisely the recursive functions, we know from Cantor’s theorem that
the domain D is much smaller than the set of functions from D to D. Dana Scott was armed
by this theorem in his attempt to show the non-existence of the models &f¢hkulus. To

his surprise, he proved the opposite of what he set out to show. He found in 1969 a model
which has opened the door to an extensive area of research in computer science. We will not
go into the details of these models in this paper.

DEFINITION 2.11 (Meaning of terms)
Here is now the intuitive meaning of each of the thikeexpressions given in the syntax:

Variables Functions denoted by variables are determined by what the variables are bound to
in theenvironment. Binding is done by\-abstraction.

Function application If A and B are A-expressions, then so {slB). This expression de-
notes the result of applying the function denoted4ipo the function denoted big.

Abstraction If v is a variable andi is an expression which may or may not contain occur-
rences ofv, then\v.A denotes the function that maps the input valtiéo the output
valueA[v := BJ.

EXAMPLE 2.12
(Az.z) denotes the identity function(\z.(\y.z)) denotes the function which takes two
arguments and returns the first.

As parentheses are cumbersome, we will use the following notational convention:

DEFINITION 2.13 (Notational convention)
We use these notational conventions:

1. Functional application associates to the left. A48C denoteg(AB)C).

2. The body of a\ is anything that comes after it. So, instead 86.(A; A, ... A,,)), we
write \v. A1 A5 ... A,.

3. A sequence oks is compressed to one, Aoyz.t denotes\z.(Ay.(Az.t)).

As a consequence of these notational conventions we get:

1. Parentheses may be droppédB) and(A\v.A) are writtenAB andv. A.
2. Application has priority over abstractiohz.yz means\z.(yz) and not(Az.y)z.

2.2.1 Variables and substitution

We need to manipulate-expressions in order to get values. For example, we need to apply
(Az.z) to y to obtainy. To do so, we use thg-rule which says that\v.A) B evaluates to

the body A wherew is substituted byB, written A[v := B]. However, one has to be careful.
Look at the following example:

EXAMPLE 2.14

Evaluating(Afz.fz)g to Az.gz is perfectly acceptable but evaluatiGgfz. fz)z to \z.zz

is not. ByDefinition 2.11\ fz. fx and\ fy. fy have the same meaning and he(kéz. fz)z
and(Afy.fy)y must also have the same meaning. Moreover, their values must have the same
meaning. However, if\fxz.fz)x evaluates to\z.zz and (\fy.fy)x evaluates to\y.xy,

then we easily see, according to Definition 2.11, thatrz and Ay.zy have two different
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meanings. The first takes a function and applies it to itself, the second takes a fynatidn
appliesz (whatever its value) tg.

We define the notions dfee andbound variables which will play an important role in avoid-
ing the problem above. In fact, theis a variable binder, just likg in logic:

DEFINITION 2.15 (Free and bound variables)
For ai-term(, the set of free variableBV (C), and the set of bound variabl&/(C), are
defined inductively as follows:

FV(v) =der {v} BV (v) =def 0
FV(Av.A) =45 FV(A)—{v} BV(Av.A) =45 BV(A)U{v}
FV(AB) =4 FV(A)UFV(B) BV(AB) =g BV(A)UBV(B)

An occurrence of a variable in a A\-expression is free if it is not within the scope of a
Av.2, otherwise it is bound. For example, {dz.yz)(\y.zy), the first occurrence of is
free whereas the second is bound. Moreover, the first occurrencesdfound whereas the
second is free. Iny.xz(Az.yz) the first occurrence aof is free whereas the second is bound.
A closed termis aA-term in which all variables are bound.

Free and bound variables play an important role intfelculus for many reasons:

1. Almost all A-calculi identify terms that only differ in the name of their bound variables.
For example, adz.z andAy.y have according to Definition 2.11 the same meaning (the
identity function), they are usually identified. We will see more on this when we will
introduceca-conversion (cf. Definition 2.19).

2. Substitution has to be handled with care due to the distinct roles played by bound and
free variables. After substitution, no free variable can become bound. For example,
(Az.fz)[f := ] must not return\z.zz, but \y.zy. These two latter terms have different
meanings\y.xy is obtained by renaming the boumdh Ax. fz to y, and then performing
the substitution. Thuf\z. fz)[f := z] is the same af\y. fy)[f := z] which in its turn
is the same a&y.xy.

3. There is no point in substituting for a bound variable. For example, what is the point of
turning (Az.z)[z := y] into Ay.y? Or even more strange (and not allowed syntactically),
replacingz by Ay.y due to the substitutiot\z.z)[z := Ay.y].

DEFINITION 2.16 (Substitution)
For anyA, B, v, we defined[v := B] to be the result of substituting for every free occur-
rence ofv in A, as follows:

v[v := B = B
v'[v:= B = if v
(AC)[v := B] = Alv:= B|Cv := B]
(AW A)v:=B] = M.A
(W A)jv:=B] = M'.AJv:=B]
if oY Zvand @' ¢ FV(B)orv ¢ FV(A))
(AW A)v:=B] = M'.[v:=0v"v:=A4]

if v Zvand @' € FV(B) andv € FV(A)).

In the last clausey” is chosen to be the first variabfe F'V (AB). In the case when terms
are identified modulo the names of their bound variables, then in the last clause of the above

2Notice that they in Av is not an occurrence of.
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definition, anyv” ¢ FV (AB) can be taken. In implementation, however, this identification
is useless and a particular choicevfhas to be made.

EXAMPLE 2.17

Check that \y.yx)[z := z] = \y.yz, that(A\y.yx)[z := y] = Az.zy, and that \y.yz)[z :=
Az.z] = \y.yz.

LEMMA 2.18 (Substitution for variable names)

LetA,B,C € M, z,y, € V. Forz # yandz ¢ FV(C), we havethatd[z := B][y := C] =
Aly :=C][z := Bly :=C]].

2.2.2 Reduction

Three notions of reduction will be studied in this section. The firsi-iduction which
identifies terms up to variable renaming. The secongisduction evaluates-terms. The

third isp-reduction which is used to identify functions that return the same values for the same
arguments (extensionalityy-reduction is used in evety-calculus, whereag-reduction and
a-reduction may or may not be used.

DEFINITION 2.19 (Alpha reduction)
—4 IS defined to be the least compatible relation closed under the axiom:
() Av.A =4 W AJv =] wherev' ¢ FV (A)

EXAMPLE 2.20
Az.z— o Ay.y butitis not the case thatr.zy— o A\y.yy.
Moreover\z.(Az.x)z—»Az.(\y.y)z.

Recall that\z.z Z Ay.y even though they represent the same function. They are actually
identical modulax-conversion, i.eAz.z =, Ay.y.

DEFINITION 2.21 (Beta reduction)
— 3 is defined to be the least compatible relation closed under the axiom:

B) (M. A)B—gA[v := B

EXAMPLE 2.22
Check that\z.z)(\z.2) =g Az.2, that(\y.(Az.z) (A\z.2) )zy—» gy, and that both\z.z andy
are-normal forms.

There follows a lemma about the interaction®bfeduction and substitution.

LEMMA 2.23
LetA,B,C,D € M.

1.1f C =5 D then A[z := C] —»5 Az := D].
2.1f A=y B then Afz := C] =3 Bz := C].

ProOF By induction on the structure of for 1, on the derivatiod —3 B for 2. |

DEFINITION 2.24 (Eta reduction ang-tnormal forms)
—, is defined to be the least compatible relation closed under the axiom:

(n) Av. Av—p A forv ¢ FV(A)
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EXAMPLE 2.25
Az.(Az.z)z—pAz.2 butitis not the case that.cz— ;.
Moreover\y.(Az.(Az.z)x)y—»pAz.2.

We use—» g, and=gs,, when bothy andg are usedy-conversion equates two terms that have
the same behaviour as functions and implies extensionality.

LEMMA 2.26 (Extensionality)
Forv not free inA or B, if Av =g, BvthenA =g, B.

PROOF. Let Av =g, Bv. By compatibility,\v. Av =g, Av.Bv. HenceA =g, B by . [ |

2.2.3 Meta theory

Example 2.27 below shows that not all expressions have normal forms (1), one may reduce
terms using different reduction orders (2), the order of reduction will affect our reaching a
normal form (3), and reducing &expression may even result in a bigger expression rather
than a smaller one (4). We underline the contracted redexes:

EXAMPLE 2.27

1. (Az.zz)(A\z.zx) is not normalizing (and hence is not strongly normalizing). Hence, we
know that this term does not have a normal form.

2. We can reduce in different orders:
(Ay.(Az.z)(Az.2))zy—3(Ay.Az.2)zy—3(Az.2)y— gy and
Ay.(Az.z)(Az.2)zy—s((Az.2)(N2.2))y—=p(Az.2)y—5Y

3. A term may be normalizing but not strongly normalizing:
(Ay.2)(Az.zz)(Az.22))—p2 Yet
(Ay.z)(Az.zz)(Azr.zx))—=p(A\y.2) (Az.zz)(Az.xz))—p . . .

4. A term may grow after reduction:

(Az.zzz)Ae.xzzxr) —p (Azv.zez) \v.ocze)(Ae.ozz)
=5  (Az.zzz)(Az.xzz)(Az.xze)(Ae.cz)
—p

Over expressions whose evaluation does not terminate, there is little we can do, so let us
restrict our attention to those expressions whose evaluation termin&tesds-reduction

can be seen as defining the steps that can be used for evaluating expressions to values. The
values are intended to be themselves terms that cannot be reduced any further. Luckily,
all orders lead to the same value (or normal form) of the expressioR-f@duction where

R € {B,8n}. Thatis, if an expressioR-reduces in two different ways to two values, then
those values, if they are iR-normal form are the same (updeconversion).

EXAMPLE 2.28
Here are some ways to redut®ryz.zz(yz))(Az.z)(Az.z). In all cases, the same final
answer is obtained.

1. (\zyz.zz(yz))(Az.x)(Av.z) =g (Ayz.(A\e.x)z(yz)) (Az.x)—3
(Ayz.z(yz))(Az.x)—=pAz.z(Az.x)2) 2 pAz.22.

2. (Azyz.zz(yz))(Av.z)(Az.x)—= s (Ayz.(A\zr.2)z(yz)) (Az.x) =3
Az.(Az.z)z((Azr.@)z) = Az.2((Az.x)2) 2 pAz.22.
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3. (Azyz.zz(yz))(Ae.z)(Az.x)—=g(Ayz.(Az.2)2(y2)) (Az.z) =g
Az.(Az.z)z((Ax.x)z) = prz.(Az.x) 22— pNz.22.

We would like that ifA - or Sn-reduces taB and toC, thenB andC' - or gn-reduce to
the same ternD. Luckily, the A-calculus satisfies this property:

THEOREM2.29 (3- andgn-reduction are Church Rosser)
ForR € {8,0n}, we haveVA,B,C e M 3D e M : (A -»g BN A - C) =
(B—»RD/\C—»RD).

PROOF Various people have provided proofs of this theorem separately but Curry gave the
first proof in [10]. [3] provides various proofs of this theorem. A shorter and new proof can
be found in [46]. [ |

Due to this theorem (which says that the results of reductions do not depend on the order in
which they are done), we may evaluate separate redexes in parallel.

THEOREM2.30 (\-calculus is consistent)
There ared, B such thatd #5(,,) B.

PROOF. If Azy.z =3 Azy.y, then by Theorems 2.6 and 2.29y.z =, Azy.y, but this is
not the case. Hencdery.z #5 A\zy.y. [ |

So far we have answered two important questions.

1. Terms evaluate to unique values.
2. TheX-calculus is not trivial in the sense that it has more than one element.

Let us recall however from Example 2.27 that a term may have a normal form yet the evalu-
ation order we use may not find this normal form. Hence the question now is: given a term
that has a normal form, can we find this normal form? This is an important question because
to be able to compute with thecaluclus, we must be able to find the normal form of a term

if it exists. Luckily we have a positive result to this question. That is, if a term has a normal
form then there is a reduction strategy that finds this normal form. The positive result is given
by the normalization theorem (Theorem 2.36) which tells us that blind alleys in a reduction
can be avoided by reducing theftmost 3 or n-redex. That is, by reducing the redex whose
beginning) is as far to the left as possible. First, we need two sorts of redexes:

DEFINITION 2.31 (Left-most outermost redex)
The leftmost outermost redex of a term is the redex whogethe leftmost\ of the term.
More precisely:

e Imo(AB) =405 AB if AB is ag-redex;
e Imo(AB) =45 Imo(A) if AB is not ag-redex;
o Imo(Av.A) =ges Imo(A).

DEFINITION 2.32 (Right-most innermost redex)

The rightmost innermost redex of a term is the redex whoisethe rightmost\ of the term.
More precisely:

o rmi(AB) =g4¢r rmi(B) if rmi(B) is defined;
o rmi(AB) =4.y AB if rmi(B) is not defined;
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o rmi(Av.A) =qep rmi(A).

EXAMPLE 2.33
1. The leftmost outermost redex Ofy.z) ((Az.zx) (Az.zx)) is the whole term itself and not

2. The rightmost innermost redex 0fy.z) (Az.zx) (Az.zx)) is (Az.zx)(Az.2x)).

3. Inner and outer refer to the nesting of expressions. For example, the entire expression
is the outermost redex if\yz.(Az.z)z(yz))(Az.z) whereas the innermost redex is the
subterm(\z.z)z.

DEFINITION 2.34 (Normal-order reduction)
A reduction sequence i®rmal order or call by nameif the leftmost redex is always reduced.

DEFINITION 2.35 (Applicative-order reduction)
A reduction sequence &pplicative order or call by value if the rightmost redex is always
reduced.

According to the call by value strategy, an argument is called only if it is a value (a normal
form). According to the call by name strategy, an argument is called without first computing
its value. Normal order reduction is guaranteed to reach a normal form if it exists. Applica-
tive order however, might get stuck forever evaluating a term that is not strongly normalizing
(but may be normalizing). For example, if normal order is used,z)((A\z.zz)(\z.zz))

will yield z; it will never terminate on the other hand, if applicative order is used. Applica-
tive order however can reach a normal form faster than normal order. For example, take

Az.zz)((Ay.y)(Az.2)).

1. Applicative:(A\z.zz)((Ay.y)(Az.2)) =g (Az.zx)(A2.2) =5 (A2.2) (A\z.2) =5z 2.

2. Normal: (Az.zz)((A\y.y)(Az.2)) =3 ((Ay.y) (Az.2)) (Ay.y) (Az.2)) =3
(Az.2)(M\y.y)(Az.2)—=3(Ay.y) (Az.2) > pAz.2.

The normalization theorem (cf. [3]) states that if a term has a normal form then it is found
by the leftmost outermost reduction strategy (which is not the most efficient):

THEOREM 2.36 (Normalization theorem)
If A has a normal form, then iterated contraction of the leftmost redex leads to that normal
form.

2.3 Classical \-calculuswith de Bruijn indices

As we have seen in the previous section, substitution can be a cumbersome operation due
to variable manipulation and renaming. There are some approaches used to avoid either the
problem or variables themselves. We mention three methods:

e The use of combinatory logic which is equivalent to thealculus but does not use
variable names. For example, in combinatory logic, the identity functiom is written
asI wherela reduces ta:. In fact, every term is a combinator and no variables need
to be introduced. It is however less intuitive to understand what the combinators are
doing especially in really large terms. We will not touch combinators in this paper. The
interested reader can refer to [21].
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e The use of the Barendregt Variable Convention (VC) which makes it possible to rewrite
substitution in a way which does not deal with renaming variables. (VC) assumes that if
at some place we discuss the termhs 4,, . . ., A, then all the bound variables in these
terms are different from the free ones and that .. \v is never used; rather, one uses
Av... . For example, instead of writing\z. \y.zy)z, we write (\z.\y.zy)z.

Due to (VC), the two clauses of Definition 2.16 get replaced by the single clause:

(MW" A)[v := B] = \'.A[v := B if o/ Zv

(VC) hides the problem rather than solving it. All the calculations and variable renaming
have to be done. But (VC) assumes there is some magical stick which does all this work.
Of course, we cannot use such an assumption when we do real work with our terms
especially when we are implementing them.

e The use of de Bruijn indices, which avoid clashes of variable names and therefore neither
a-conversion nor Barendregt's convention, are needed. This is explained in detail in this
section.

2.3.1 Syntax

De Bruijn noted that due to the fact that terms suchhas: and A\y.y are the ‘same’, one

can find a\-notation modulax-conversion. That is, following de Bruijn, one can abandon
variables and use indices instead. The idea of de Bruijn indices is to remove all the variable
indices of the\s and to replace their occurrences in the body of the term by the number which
represents how manys one has to cross before one reachesittiending the particular
occurrence at hand.

EXAMPLE 2.37
1. \z.z is replaced byl. That s,z is removed, and the of the bodyz is replaced byl to
indicate the\ it refers to.

2. \z.\y.zy is replaced by\\21. That is, ther andy of Az and\y are removed whereas
thex andy of the bodyzy are replaced b and1 respectively in order to refer back to
the As that bind them.

3. Similarly, \z.(Ay.y(Az.z))(Az.zz) is replaced b)A(A1(A1))(A12).

Note that the above terms are all closed. What do we do if we had a term that has free
variables? For example, how do we write.xz using de Bruijn’s indices?

In the presence of free variablesfrae variable list which orders the variables must be
assumed. For example, assume we take z, . . . to be the free variable list wherecomes
beforey which is beforez, etc. Then, in order to write terms using de Bruijn indices, we use
the same procedure above for all the bound variables. For a free variable howevenveay
count as far as possible the in whose scopeis, and then we continue counting in the free
variable list using the order assumed. The following example demonstrates:

EXAMPLE 2.38
Az.xzz, (A\z.zz)y and(Az.zz)z translate respectively intol4, (A14)2 and(A\14)1.

Now we are ready to define the classigatalculus with de Bruijn indices.

DEFINITION 2.39
We defineA, theset of terms with de Bruijn indices, as follows:
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A:z=IN | (AA) | (AA)

As for M, we useA, B, .. .to range ove. We also usen, n, ... to range ovelV (positive
natural numbers). Conventions 1 and 2 of Definition 2.13 are used (without the dots of course)
and the consequences of that definition also hold here.

2.3.2 Updating and substitution

In the classical\-calculus with de Bruijn indices, variables are represented by de Bruijn
indices (natural numbers). In order to defifreeduction, we must define the substitution of
avariable by atern®? in a termA. Therefore, we must identify among the numbers of aterm

A those that correspond to the variable that is being substituted for and we need to update the
term to be substituted in order to preserve the correct bindings of its variables.

EXAMPLE 2.40

Writing (AzAy.zzy)(Az.yz) —p Au.z(Az.yz)u using de Bruijn indices, one gets
(AAB21)(A31) —5 A4(A41)1. The body ofAA521 is A521 and the variable bound by the
first A of A\521 is the2. Hence, we need to replace 421 the2 by A31. But if we simply
replace2 in A\521 by A\31 we getA\5(\31)1, which is not correct. We needed to decreass
one disappeared and to increment the free variablesdafas they occur within the scope
of one more\.

In order to defingd-reduction(AA)B —3? using de Bruijn indices. We must:

o find in A the occurrences,, ...n; of the variable bound by the of A A4;
e decrease the variables dfto reflect the disappearance of thérom M\ A4;

e replace the occurrences, . ..n; in A by updated versions d® which take into account
that variables ilB may appear within the scope of exxain A.

It will take some work to do this. Let us, in order to simplify things say thatAbmle is
(AM)B —3 A{1 <+ B} and let us definel{1 < B} in a way that all the work ot .. .3
above is carried out. We need counters described informally as follows:

1. We start traversing (here\521) with a unique counter initialized at 1.

2. In arriving at an application node, we create a copy of the counter in order to have one
counter for each branch.

3. In arriving at an abstraction node, we increment the counter.

4. In arriving at a leaf (i.e. a number):

(a) If it is superior to the counter, we decrease it by 1, because there willbkess
between this number and thahat binds it.

(b) If the number is equal to the counter, sayit must be replaced by which will be
found now undefn — 1)As. We must therefore adjust the numbersi®fso that we
can modify the binding relations insid&. For this we use another family of functions
that we callmeta-updating functions.

(c) If the number is inferior to the value of the counter, then it is bound Rywich is
inside A, and hence the number must not be modified.

Let us define the meta-updating functions.
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DEFINITION 2.41
The meta-updating functions U} : A — A for k > 0 andi > 1 are defined inductively as
follows:

Ui(AB) = U/(A) Ui(B) n+i—1 if n>k

Uﬁ(n)z{n it n<k.

The intuition behindJ} is the following: % tests for free variables anid- 1 is the value by
which a variable, if free, must be incremented.
Now we define the family of meta-substitution functions:

U,i(AA) = )\(U,i+1(A))

DEFINITION 2.42
Themeta-substitutions at level i, for i > 1, ofatermB € A inaterm A € A, denoted
A{i + B}, is defined inductively om as follows:

n—1 if n>i
(A1) {1 B} = (Ai{i & BY) (Aofi < BY) . Y R
M){i+< B} =xA{i+1+ B}) n{{1<—B}}:{ gO(B) :I Z;z

The first two equalities propagate the substitution through applications and abstractions and
the last one carries out the substitution of the intended variable (when) by the updated
term. If the variable is not the intended one it must be decreased by 1 if it is free (case
n > i) because on@ has disappeared, whereas if it is bound (case 7) it must remain
unaltered. It is easy to check for example theg21){1 + (A31)} = A\4(A\41)1 and hence
(AN521)(A31) —5 A4(A41)1.

The following lemma establishes the properties of the meta-substitutions and meta-updating
functions. The proof of this lemma is obtained by inductionsoand can be found in [26]
(the proof of 3 requires 2 with = 0; the proof of 4 uses 1 and 3 both with= 0; finally, 5
with p = 0 is needed to prove 6).

LEMMA 2.43

1. Fork <n < k+i we havelUj (A) = U/ (A){n+ B} .

2.Forp <k < j+p wehaveU} (Ui(A)) = UI T 1(A).

3.Fori <n—k wehaveU}(A){n+ B} = Ui(A{n—1i+ 1< B}).

4. [Meta-substitution lemma] For < i < n we have:
A{iBi{n+Cl=Afn+1<C}{iBf{n—-i+1<C}}.

5.Form <k +1 we have:U} (U (A)) = U (Ui g py1—m(4).

6. [Distribution lemma] ' ' .
Forn <k +1 we haveU;(A{n+B}) =U; ., (A){n+U;_, . (B)}.

Case 4 is the version of Lemma 2.18 using de Bruijn indices.

2.3.3 Reduction
DEFINITION 2.44
(B-reduction is the least compatible relation dngenerated by:
(B-rule) (M) B —3 A{1«+~ B}
The classicah-calculuswith de Bruijn indices, is the reduction system generated by the only
rewriting ruleg.
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We say that the\-calculi with variable names and with de Bruijn indices are isomorphic is
there are translation functions betwegfiand A which are inverses of each other and which
preserves-reductions. The following theorem establishes the isomorphism of-ttedculi

with variable names and de Bruijn indices (cf. [35] for a proof). We will discuss a similar
isomorphism in Section 3.2.

THEOREM2.45
The classical\-calculus with de Bruijn indices and the classi¢atalculus with variable
names are isomorphic.

THEOREM2.46
The classical-calculus with de Bruijn indices is confluent.

PROOF By the isomorphism stated in Theorem 2.45, the confluence of the classical
calculus with variable names (cf. [3] Theorem 3.2.8) is transportable to the claasical
calculusa la de Bruijn. [ |

Finally, here is the version of Lemma 2.23 for de Bruijn indices. Note that we need not
only to ensure the good passage of fhrile through the meta-substitutions but also through
theU,.

LEMMA 2.47
LetA, B, C, D € A.

1.If C =3 D theni) Ui(C) =5 Ui(D) andii) A{i<C} —»p A{i< D} .
2.1f A—3 B then A{i«+ C} —3 B{i«<C}.

PROOEF 1. Cas€(i) is by induction onC' using Lemma 2.43.6. Cagéi) is by induction on
A using(i). 2. Is by induction or4 using Lemma 2.43.4.

2.4 Fromthe classical A-calculuswith de Bruijnindicesto a substitution
calculus

Having seen in Section 2.3 the meta-updating and meta-substitution operators, an approach to
introduce explicit substitution to the-calculus with de Bruijn indices is to extend the syntax

of Definition 2.39 to include new operators that internalize updating and substitution. This is
done as follows:

DEFINITION 2.48 (Syntax of thas-calculus)
Terms of the\s-calculus are given by:

As = IN | (AsAs) | (A\As) | (AsoiAs) | (piAs)  where i>1, k>0.

We use the notational conventions defined earlier to get rid of unnecessary parenthesis.
Now, we need to include reduction rules that operate on the new terms built with updating
and substitutions. Definitions 2.41 and 2.42 suggest these rules. The resulting calculus is the
explicit substitution calculugs of [26] whose set of rules is given in Figure 1. Note that
these rules are nothing more tharwritten now aso-generation, together with the rules of

Definitions 2.41 and 2.42 oriented as expected.

DEFINITION 2.49
The set of rules\s is given in Figure 1. Thes-calculusis the reduction systerfi\s, —s)
where— y; is the least compatible reduction di generated by the set of rulas.
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o-generation (AM)B — Ao'B
o-A-transition (M) o'B — A Aot B)
o-app-transition (A4, Ay)0'B  — (A1 0'B) (A3 0'B)
n—1 if n>i
o-destruction no'B — B if n=i
n if n<i
@-A-transition er(M)  — Mep 4)
p-app-transition ei(Ardz)  — (¢) A1) (9} A2)
-destruction ¢in { §+ i-1 :]: Z z Z

FIGURE 1. The)s-rules

o-o-transition (Ac'B)oi C — (AddtLC) ot (Boi—iH1C) if i<y
o-ptranstionl  (pf A)od B — @ tA it k<j<k+i
o-p-transition 2 (P, Aol B — @i (A afﬂfl B) if k+i<j
p-o-transition @ (A o’ B) — (‘»‘7_2-5-1 A) ol (‘p;c+1—j B) it  j<k+1
p-p-transition 1 ©L (Lp; A — Lp{ ((,.02+17]. A) it 1+5<k
-¢p-transition 2 il A) — Pt A it I<k<l+j

FIGURE 2. The new rules of thas.-calculus

[26] establishes that the-calculus (i.e. the reduction system whose rules are those of
Figure 1 excludingr-generation) is strongly normalizing, that the-calculus is confluent,
simulates3-reduction and has the property of preservation of strong normalization PSN (i.e.
if a term terminates in the calculus with de Bruijn indices presented in Section 2.3, then it
terminates in thes-calculus). If the\s-calculus is extended with open terms (variables that
range over terms), then the reduction rules need also to be extended to guarantee confluence.
This extension is essential for implementations, see [34, 36, 37]. Adding the six items of
Lemma 2.43 as oriented rewriting rules results in the calchJsvhich is confluent on open
terms [28]. Likelo of [1], this calculus does not satisfy PSN [18].

DEFINITION 2.50 (TheAs.-calculus)
Terms of the\s.-calculus are given by:
Asop = V|IN|(AsopAsop) | (AAsop) | (Asop 07 Asop) (0 Asep) where j,i>1, k>0
and whereV stands for a set of variables, over whigh Y, ... range.

The set of rules\s. is obtained by adding the rules given in Figure 2 to the)sebf
Figure 1. The\s.-calculusis the reduction systerf\s,,, —xs.) Where—,;_ is the least
compatible reduction ofs,, generated by the set of rulas,.
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FIGURE 3. Redexes in de Bruijn’s notation

2.5 The A-calculusaladeBruijn

De Bruijn departed from the classical notation of #ealculus seen so far. Instead, he wrote
the argument before the function and often ugddnstead of\z. Here is the translation
from classical notation into de Bruijn’s notation via

Z(v) =ges v, I(M\v.B) =q4¢s [V]Z(B), Z(AB) =q4es (Z(B))I(A)

De Bruijn called items of the fornjid) and[v] applicator wagon respectivelyabstractor
wagon, or simplywagon.

ExXAMPLE 2.51
Z((Az.(Ay.zy))z) = (2)[z][y](y)=. The wagons arz), [z], [y] and(y).

In de Bruijn’s notation, thgg-rule (Av.A)B —3 Av := B] becomes:
(B)[v]A =5 [v:=BJA

Note that the applicator wagdiB) and the abstractor wagdn] occur NEXT to each other.
Here is an example which compargseduction in both the classical and de Bruijn’s notation.
Wagons that have the same symbol on top, are matched.

Classical Notation De Bruijn’s Notation
Ve (g % =D) &) B) (4) (B)la] (O] (D)=
13 N
+ - +. - -+ + -
(Ay - Az 2D) C) A (4) (O)y] [2] (D)=
) ¥ s
(Az .2D) A (A)[2](D)z
% A
AD (D)A

The matching redexes in de Bruijn’s notation are easily seen in the Figure 3.

o + - o — o +
The bracketing structure in classical notation of(Az .(Ay . Az .zD) 5) B) A),is{1 {2
- + o — — o o 4+ 4+ -
{3 }2 }1 }s, where{; and }; match. Wherea$A)(B)[z](C)[y][#] (D)z has the simpler

—oo++4—
bracketing structuré¢{ } { } } in de Bruijn’s notation. An applicatqrd) and an abstractdo]
arepartnerswhen they match lik¢ and}. Non-partnered wagons doachelors. A sequence
of wagons is called aegment. A segment isvell balanced when it contains only partnered
wagons.
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EXAMPLE 2.52 o o

Consider the ternﬁA)(B)[x]((t’)[;][z] (D)z. The wagongA), (B), [z], (C), [y], and[z]

o o + +
are partnered and the wagéP) is a bachelor. The segme()(B)[z](C)[y][z] is well
balanced.

The A-calculusa’ la de Bruijn has many advantages over the clasdigaliculus. Some of
these advantages are summarized in [25]. In what follows we mention some.

A. Structureof termsEach non-empty segmenhas a uniqueartitioninginto sub-segments
5 = 5051 - - - 5, such that

e For eveni, the segment; is well balanced. For odd the segmens; is a bachelor
segment, i.e. it contains only bachelor main items.

o All well balanced segments afteg and all bachelor segments are non-empty.
o If 55 = [v1]--- [vn] (Only abstractor wagons) arsj = (a1) - - - (ap) (only applicator
wagons), then < j, i.e.5; precedes; in 5.

EXAMPLE 2.53

5 = [z][y](A)[2][z'](B)(C)(D)[y'][2'](E), has the following partitioning:

well-balanced segment = (), bachelor segment = [z][y], well-balanced segmeRt =
(A)[z], bachelor segment = [z'](B), well-balanced segmert = (C)(D)[y'][z'], bache-
lor segmeng; = (E).

B. Generalized Reduction Looking at Figure 3, one sees that eitlid) can be moved to the
right to occur next to its partnét] or [z] can be moved to the left to appear nextt. One

can instead generaligereduction so that the (extended) redex based4nand|z] is fired

before the other redexes. All these steps happen via rules like those listed in Figure 4. These
rules have been studied by many researchers [24, 2, 17, 29, 30, 31, 44, 40, 48, 45, 50, 38].
De Bruijn’s notation makes it clearer to describe generalized reduction as Figure 4 illustrates,
where we assume Barendregt’s variable conventions (see page 377).

C. Properties are easier to state in de Bruijn’s notation We illustrate this point with the
example of describing the.-normal forms where the.-calculus is the reduction system
(Asop, —s,) Where—, is the least compatible reduction dis,, generated by the set of
rules of Figures 1 and 2 excludirggeneration. Theorem 2.54 gives thenormal forms

in classical notation. Theorem 2.55 gives them in de Bruijn’s notation. These theorems are
taken from [28].

THEOREM2.54
Aterm A € As,, is ans.-normal form iff one of the following holds:

e A€ VUIN,ie. Aisavariable or a de Bruijn number.

e A = B(C, whereB andC ares.-normal forms.

e A = AB, whereB is ans.-normal form.

e A = Bo’C, whereC is ans.-nf andB is ans.-nf of the form X, or D ¢*E with j < i,
or g dwith j < k.

e A = i B, whereB is ans.-nf of the form X, or C o/d with j > k + 1, orgo{C with
k<.

PROOF By analysing the structure of. [ |
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Name| In classical notation In de Bruijn’s notation
- 4+ =+ L
o (Az.C)B) A (A)(B)[z]C
e ) B (B))(AC
+ + + +
Az My.C) B (B)[z] [y]C
™) 3 +
+ + +
Ay-(Az .C) B [v] (B)[z] C
-+ -+ + = -+
(Az. Ay .C)B)A|  (A)(B)[z]y] C
(9) ) 4 o
(e Cly:=A) B | (B)[a]ly:=AIC
(Az. Ay .C)B)A|  (A)B)lz]ly] C
(ve) } J
— + = - - + +
(Ay .(Az .C) B) A (Al(B)[z] €

FIGURE 4. Generalized reduction

There is a simple way to describe thenf’s using de Bruijn’s notation. First, note that in
de Bruijn’s notationd o B andy} A are written respectively agB o¢) A and (i )A. The
parts(B o') and () are calleds- andp-wagons respectively. The subterfisand 4 are
thebodies of these respective wagons.

A normal op-segment 5 is a sequence of- andyp-wagons such that every pair of adjacent
wagons irs is of the form:
(}) () andk < I (9})(Bol)andk < j — 1
(Bo")(Co’)andi < j (Bo?)(ph)andj < k
e.9. (¥3)(p1)(¥%)(Ba®)(Ca)(¢11)(#ls) and (Ba')(Ca®)(Dat)(w3)(ps)(97)(Ac'0)
are normabp-segments.

THEOREM2.55
Thes,-nfs can be described by the following syntax:

NF ==V | IN | (NF)NF | [|NF | 5V

wheres is a normabp-segment whose bodies belong/t@'.

3 Puretypesystems

We have seen so far the type-fréecalculus. Types however, aid in writing correct and
terminating programs. Another influential role that types play is in their identifications with
propositions in the paradigm g@fopositions-as-types due to Curry, Howard and de Bruijn.
Under this paradigm, the problem of proof checking can be reduced to the problem of type
checking in a programming language.
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There are two type disciplines: the implicit and the explicit. The implicit style, also known
as typinga’la Curry, does not annotate variables with types. For example, the identity function
is written as in the type-free case, &8.x. The type of terms, however, is found using the
typing rules of the system in use. The explicit style, also known as tyaitay Church,
does annotate variables and the identity function may be writtemw a8ool.z to represent
identity over Booleans. In this paper, we consider typinig Church. We present what is
known asPure Type Systems or PTSs. Important type systems that are PTSs include Church'’s
simply typedA-calculus [8] and the calculus of constructions [9] which are also systems of
the Barendregt cube [4]. Berardi [5] and Terlouw [47] have independently generalized the
method of generating type systems into the pure type systems framework. This generalization
has many advantages. First, it enables one to introduce eight logical systems that are in close
correspondence with the systems of the Barendregt cube. Those eight logical systems can
each be described as a PTS in such a way that the propositions-as-types interpretation obtains
a canonical system form [4]. Second, the general setting of the PTSs makes it easier to write
various proofs about the systems of the cube.

In the following sections of the present paper we will briefly review the classical PTS with
variable names [4] and those with de Bruijn indices [27], essentially to state their isomor-
phism. This is a result of [27] to which we refer for all omitted proofs.

3.1 Classical puretype systems with variable names
All this section is taken from [4] where all the proofs can be found.

DEFINITION 3.1

Theset of pseudo-terms T, is generated by the grammar:

Te=V|CI|I(TT)| AV:T.T) | (IV: T.T), whereV is the infinite set of variables
{z,y, z,...} andC a set of constants over which,ci, ... range. We usel, B, ... to range
over7 andw,v’,v", ... to range ovel. Throughout, we take € {\, II}.

DEFINITION 3.2 (Free and bound variables)

Free and bound variables in terms are defined similarly to those of Definition 2.15 with the ex-
ceptionthatF'V(c) =4y BV (¢) =acy 0 and in the case of abstractidi} (7v : A.B) =4
(FV(B)\ {v}) UFV(A)andBV (rv : A.B) =4.; BV(A) UBV(B) U {v}.

We write A[z := B] to denote the term where all the free occurrences iof A have been
replaced byB. Furthermore, we take terms to be equivalent up to variable renaming. We
assume moreover, the Barendregt variable convention (already discussed on page 377) which
is formally stated as follows:

CONVENTION 3.3

(VC: Barendregt's Convention) Names of bound variables will always be chosen such that
they differ from the free ones in a term. Moreover, differ@aathave different variables as
subscript. Hence, we will not hayaz : A.x)z, but(\y : A.y)x instead.

The definition of compatibility of a reduction relation for PTSs is that of the type-free calculus
(given in Definition 2.1) but where the case of abstraction is replaced by:

(Al,AQ) €ER (Bl,BQ) €ER
(rx : A1.B,7z: A2.B) € R (rx : A.By,mx : A.B2) € R
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DEFINITION 3.4
B-reduction is the least compatible relation gngenerated by

(B8) (Az : A.B)C — Bz := (]

Now, we define some machinery needed for typing.

DEFINITION 3.5
1. A statement is of the formA : B with A, B € 7. We call A is thesubject and B is the
predicateof A : B.

2. Adeclarationis of the formz : A with A € 7 andz € V.

3. A pseudo-context is a finite ordered sequence of declarations, all with distinct subjects.
We usel’, A, T, T'1, s, ... to range over pseudo-contexts. Témapty context is denoted
by either<> or nothing at all.

4.0 =2 : Aq. .. .. Tp:ApthenT'z: B =1 : Ay..... Ty : Ap.x 2 B anddom(T) =
{171, . ,an}.

DEFINITION 3.6

A type assignment relation is a relation between a pseudo-context and two pseudo-terms
written asl’ + A : B. Therules of type assignment establish whichudgmentsI' - A : B can

be derived. A judgemerit - A : B states thatl : B can be derived from the pseudo-context

T.

DEFINITION 3.7
LetT be a pseudo-context, be a pseudo-term andbe a type assignment relation.

1.Tis called legal iFA, B € T suchthal' - A : B.

2. A € Tiscalled a-termif 3B € 7 suchthal' - A: BorI' - B : A.
We takel-terms= {4 € T suchthaBB € T and['F A: BVIT' I B : A}.

3. A € T is called legal ifal" such thatd € I'-terms.

DEFINITION 3.8

The specification of a PTS is a tripleS = (S, .4, R), whereS is a subset of, called the
sorts. A is a set ofaxioms of the formc : s with ¢ € C ands € S andR is a set ofrules of
the form(sy, s2, s3) with s1, s2,83 € S.

DEFINITION 3.9
The notion of type derivation, denotéd-,s A : B (or simplyl’ - A : B), in a PTS whose
specification isS = (S, A, R), is axiomatized by the axioms and rules of Figure 5.

Each of the eight systems of the cube is obtained by takirg {*, 0}, A = {x,0}, andR

to be a set of rules of the forfs;, s2, s2) for s1, s € {*,0}. We denote rules of the form
(s1,82,52) by (s1,s2). This means that the only possililg , s2) rules in the sef (in the
case of the cube) are elements of the following $ét; x), (x,0), (O, %), (3d,0)}. The basic
system is the one whefe;, s2) = (x, *) is the only possible choice. All other systems have
this version of the formation rules, plus one or more other combinatiofss of), (O, ) and

(O, 0) for (s1, s2). See Figures 6 and 7.

Now, we list some of the properties of PTSs with variable names (see [4] for proofs). In
Section 3.2, we will establish these properties for PTSs with de Bruijn indices.
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(axioms) Fe:s if c:seA
I'FA:s .
(Stal’t) m |f $€F
. '-B:C TFA:s .
(weakening) T2 AFB.C if T

'FA:s; T,z:AF B:ss
Pk (Ilz : A.B) : s3

(product) if (s1,82,83) ER

'FF:(Ilz:AB) T'FC:A
'FFC:Blz:=C|

(application)

Fe:AFC:B TF{lz:AB):s

(abstraction) TF(\z:AC): (lz: A.B)

'rA:B T'FB':s B=3B

(conversion) TE A B

FIGURE 5. PTSs with variables names

AL (%, %)

A2 (x,%) | (O, %)

AP (%, %) (x,0)

AP2 (x,%) | (O,%) | (x,0)

Aw (%, %) (4,0)
Aw (x,%) | (O, %) (0,0)
APw (%, %) (x,0) | (30,0)
APw=AC | (x,%) | (O,%) | (x,0) | (O,0)

FIGURE 6. Different type formation conditions

LEMMA 3.10
LetA,Be T.If A—z BthenFV(B) C FV(A).

THEOREM3.11 (The Church Rosser Theorem for PTSs with variable names)
If A =3 B andA —»3 C then there exist® such thatB —»3 D andC —»z D.

LEMMA 3.12 (Free variable lemma)
LetI' =1 : Ay,...,z, : A, such that
I' F B : C. The following hold (proof is by induction on the derivatidbr- B : C):

1. Thezq,...,z, are all distinct.
2.FV(B),FV(C) C{x1,...,zn}.
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Aw AC

APw

FIGURE 7. The cube

3.FV(A;) CH{zy,...,x;_1}for1 <i <m.

THEOREM 3.13 (Subject Reduction SR, for PTSs with variable names)
fI'FA:BandA —g A’ thenl'- A’ : B.

3.2 Classical pure type systems with de Bruijn indices

In this section, we will introduce pure type systems with de Bruijn indices and establish the
isomorphism between them and those with variable names. All this section is taken from [27]
where all the proofs can be found in detail.

DEFINITION 3.14
We defin€l’, theset of pseudo-termswith de Bruijn indices, by the syntax:

Tuw=IN|C| (TT)| (\T.T) | (IT.T),

where( is a set of constants over whiehcy, . .. range. We usel, B, ... to range ovefl’
andm,n, ...to range ovedN (positive natural numbers). Again, we takec {II, A}.

DEFINITION 3.15

Theupdating functionsU} : T — T for k > 0 andi > 1 are defined as in Definition 2.41
for the case of the type-freecalculus, but with the addition of a clause for constants and the
replacement of the abstraction rule as follows:

Uile)=c for ceC and Ul(rA.B) = nUL(A).(Uj,, (B))

DEFINITION 3.16

Themeta-substitutions at level j, for j > 1, ofatermB € T inaterm A € T', denoted

A{j + B}, is defined inductively ont as in Definition 2.42 for the case of the type free
calculus, but with the addition of a clause for constants and the replacement of the abstraction
rule as follows:

c{j<B}y=c for ceC and (7rA.C){j+«+ B} = rA{j<B}).(C{j+ 1+« B})

DEFINITION 3.17
(B-reduction is the least compatible reduction @hgenerated by:

(%)) (AM.C)B —3 C{1+ B}
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Note that we use+ 3 to denote bothj-reduction orf/” andj3-reduction oril’. The context
will always be clear enough to determine the intended reduction.

We now define the set of free variables of a term with de Bruijn indices. We Writé to
mean{n —k:n € N,n > k}.
DEFINITION 3.18
Theset of free variables of a term with de Bruijn indices is defined by induction as follows:

FV(c) =gey ¢ for ceC FV(AB) =40y FV(A)UFV(B)

FV(n) =gey {n} FV(rA.C) =gqey FV(A) U (FV(C)\ 1) form e {\1II}
The following lemma orff” corresponds to Lemma 3.10 gn

LEMMA 3.19

LetA,B e T.|f Az BthenFV(B) C FV(A).

Definition 3.5 for PTSs with variable names changes when de Bruijn indices are used as
follows:

A (de Bruijn) pseudo-context I' becomes a finite ordered sequence of de Bruijn terms. We
write it simply asl’ = Ay, ..., A,,. Statements, subject and predicate remain unchanged, and
declarations disappear.

Definitions 3.6, 3.7 and 3.8 are the same for de Bruijn indices (excepftlthanges to
T). Now, we can give the definition of PTSs using de Bruijn indices:

DEFINITION 3.20
The notion of type derivation, denot@éd-,s A : B (or simplyl’ - A : B), in a PTS whose
specification isS = (S, A, R), is axiomatized by the axioms and rules of Figure 8.

Note that in the rulegstart), (weakening), (product), (abstraction) the position ofA with
respect td" is reversed with respect to its position in the corresponding rules of the classical
setting. However, we have chosen this presentation following the tradition of type systems in
de Bruijn notation (cf. [1, 41]).

Note also the role played by the updatiiigin the rulegstart), (weakening). This function
increases by 1 the de Bruijn indices which correspond to free variables and its occurrence in
these two rules is reasonable since the corresponding environments have been augmented by
the addition of a new component. For example; 1 : x. Hence,1,« - 1 : 2. Moreover,
LxF1:2andxF1:x% hencex,1,xF2=UZ(1):3 =UZ(2).

The following lemma (cf. [27]) is the equivalent, for de Bruijn indices, of Lemma 3.12.
LEMMA 3.21
Let A;,...,A, F B : CthenFV(B),FV(C) C {1,...,n}and, for0 <i < n—1,

In the rest of this paper, we present the isomorphism between PTSs written using variable
names and PTSs written using de Bruijn indices. The method is as follows:

1. We translate each tersh and each environmeifit written using variable names, into a
term¢; (A) and an environmen{T") written with de Bruijn indices. We then prove that
these translations presergereduction (if in7, A — B theninT, t;(A) —3 t1(B))
and type assignment (if i, ' - A : B theninT, t(T') F t;1(A) : t1(B)).

2. We define translations; andwu in the other sense and also prove preservatiop-of
reduction and type assignment.

3. We prove that these translations are inverses of each other.
In the rest of this papefz1, .. ., ,] stands for the ordered list af , .. ., z,,.
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(axioms) Fe:s if c:seA

'HA:s

(start ATFL:02(4)

'-B:C TFA:s

(weakening) AT+ UZ(B) : UZ(C)

'FA:sy ATFB:ss

(product) TF (IAB) : 5

if (81,82,83) ER

THF:(AB) T+HC:A

(application) TFFC:B{1<C}

ATHC:B TF(IIAB):s

(abstraction) I+ (M.C) : (IIA.B)

'rA:B T'FB':s B=3B

(conversion) TE A B

FIGURE 8. PTSs with de Bruijn indices

3.2.1 Translating toT

DEFINITION 3.22 (The translation)

For every termd € 7 such thatF'V (A) C {z1,...,z,} we definet[,, .. .(A) byinduc-
tion on A as follows:

tlar,...wn)(€) =dep ¢ for c€C

ter....on] (Vi) =aes min{j such thav; = z;}

t[m’...’m"](AB) def t[ml""rmn](A)t[xl,...,mn](B)

tarown) (T2 2 BLA) =dep Tty 201(B) e an,...0n) (A) for m € {II, A}

LetI’ =z, : Ay,...,z, : A, be alegal context. We define:
tH(0) =def ton_1,e)(An)s ton_orzn)(An1)s o5 2y (A2), 21 (A1).

Note that Definition 3.22 is a good definition thanks to Lemma 3.12.

LEMMA 3.23
LetA,B € T suchthatF'V (4) C {z;,...x,} andA —3 B.
Thent[%___,mn](A) =3 t[ml,...,zn](B)-

THEOREM 3.24
Letl' =1 : Ay,...,x, : Ay suchthal" - A : B.
Thent(F) F t[mm...Jl](A) : t[zn,...,ml](B)-
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3.2.2 Translating' to 7

DEFINITION 3.25 (The translation)

Let A € T such thattF'V(A4) C {1,...,n} and letzy,...,z, be distinct variables of . We
defineu,, ... .,1(A4) by induction onA:

u[mn,...,ml](c) =def C for ceC u[mn,...,zl](i) =def Ti
U ,a1] (A B) =def Uan,..or] (AU ,....21](B) _
Uz 1] (TBA) =dep T3 U, 0](B) Ulp, .. 2y 21(A) Witha & {z1,... 2,}.

Note that Definition 3.25 is correct sindéV (rB.A)C{1,...,n} implies FV(A) C
{1,...,n + 1}. Furthermore, [27] proves that the definition for abstractions and products
does not depend on the choice of the variable

DEFINITION 3.26
Letl' = A4,..., A, be alegal context. We define:
u(l) = v : U[](An),’l)z : u[vl](An,l), ey Uy u[l,h___,t,n_l](Al).

Definition 3.26 is correct thanks to Lemma 3.21.

LEMMA 3.27
LetA,B € T suchthatF'V(A4) C {1,...n} andA —3 B.
Thenu[%___,ml](A) —3 U[mn,...,xl](B)-

THEOREM 3.28
Letl' = Ay,..., A, suchthal" - A : B.
Thenu(I‘) = u[vl,...,vn](A) : U[v17___7vn](B).

3.2.3 t andu are inverses

We need to check that in some senseay = I'd andu o t = Id. We begin by studying o u,
which as expected is exactly the identity. We prove first the following lemma.

LEMMA 3.29
Let A € T such thatFV(A) C {1,...,n} and letzy,...,z, be distinct variables. Then

t[zl,...,zn](u[zn,...,ml](A)) A

PropPoOsSITION3.30
Letl’ = 4,,...,A4, suchthaf’ - A : B. Then the derivationk + A : B andt(u(T")) -
tronsero] Uoys0n] (A) St 0y (U0, (B)) @re exactly the same.

We study nowu o t. We cannot expect to have exactly the identity now, since when we
translate de Bruijn derivations we choose the variables in the declarations of the context in
a determined wayw,, vo, etc. Therefore we are going to end up with a derivation which
differs from the original one in the choice of these variables. We say that these derivations
areequivalent and this notion of equivalence is defined precisely as follows:

DEFINITION 3.31
For any context” and any ternd € 7 we definerT". 4, for = € {II, A} by induction on the
length of the context as follows:

<> A=4y4 A and 7T,z : B).A =gy nl.7xz : B.A

We say that the derivatiorls+ A : B andIl” - A’ : B’ areequivalent when\I'.A =
A" A" andIIT".B = IIT". B'.
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LEMMA 3.32
Let A € 7 such thatF'V (A)

u[acn,...,acl](t[zl,...,wn](A)) A

PROPOSITION3.33

Letl' =2y : Ay,...,x, : A, andA, B € T. The derivations

LEA:Bandu(t(T)) F up,,...o0](tzn,z] (A) 2 Uy, 00] (tan,...00) (B)) @re equiva-
lent in the sense of Definition 3.31.

C {z1,...,z,} andzxy,...,x, are distinct variables. Then

With the above isomorphism, we can now establish Theorems 3.11 and 3.13 for PTSs with
de Bruijn indices.

THEOREM 3.34 (The Church Rosser Theorem for PTSs with de Bruijn indices)
InT,if A—»3 BandA —3 C then there exist® such thatB —z D andC' —»3 D.

PROOFE AssumeFV(4) C {1,...,n} and letz,,...,z, be distinct variables of’. By
Lemma 3.27,U[wn7___7w1](A) —»3 u[wm___m](B) and u[wn,...,wl](A) il U[ggm___’m](C).
Hence, by Theorem 3.18D such thatu,, .. ,,)(B) = D anduf,, . .,](C) —s D.
Note thatF'V (ug,,, ... +,1(=)) € {z1,...,z,} for — € {B,C} and hence by Lemma 3.23
we gett[zlmzn](u[zmm,ml](—)) —»p3 t[h,...,wn](D) for — € {B,C}. Then, Lemma 3.19
sorts out the free variable condition for Lemma 3.29, and the latter gives; t,, . ,.1(D)
for — € {B,C}. ||

THEOREM 3.35 (Subject Reduction SR, for PTSs with de Bruijn indices)

INT,ifT’'+A:BandA —»3 A' thenT' - A" : B.

PrROOE First, we use Theorem 3.28 and Lemma 3.27 to obtain the conditions of Theo-
rem 3.13in7. Then, we use Theorem 3.24 and Proposition 3.30 to obtain 3Rin
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