Generalized Quantum States

via Mixed States and Density Operators
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Uly) unitary evolution

Is this kind of description sufficient?
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Suppose Alice and Bob share an EPR pair

What is the state of Alice’s quantum system?
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Suppose Alice and Bob share an EPR pair

What is the state of Alice’s quantum system?

'

It is not a pure state!

1 1
[EPR) = ﬁ\())A\O)B + $\1>A\1>B % lyy) ® |yp)



Scenario 2



Suppose a Classical Machine Produces States
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Suppose a Quantum Machine Produces States
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How can we describe the output quantum state?



How different are the outputs of these machines?

2k

Classical Quantum




We need a more general formalism to
describe quantum states!



The Ensemble Formalism

Given

(1)  {Pitiepm probability distribution (ﬁpi=1,pizowe[m1> and

d
(2) {lyp) e C Viepm) pure quantum states,

we define the ensembe of guantum states:

{ (Pi» hl/z)) }

e(m]



Exemple of Ensembles
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Exemple of Ensembles
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Exemple of Ensembles

lw) € C¢ (a pure quantum state)

{(LIw)}



Density Operator Formalism

A quantum state is a matrix p & Coxd satisfying

(D) Tr(p) =1

(2) p=0  positive semi-definite (PSD), i.e., p = p' and (¢p|p|p) > 0,V |¢p) € C?
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From Ensembles to Density Operators
pP = Zpi|‘/fi><l/fi|
=1

Is this a valid density operator?

1) Trp=) p=1
=1

2 p=p"

() (plpld) = ), pldlyid(wild) = ) pl(Plyd* 2 0.VIp) e C!
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From Ensembles to Density Operators
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From Ensembles to Density Operators
pP = Zpih//i)(l//il
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Both machines output the same quantum state!




From Ensembles to Density Operators
pP = Zpi‘l//z’)(l//il

1 1
p =5\O><O\+5\1><1\

1 1 1 1 A
L (30)- ()} =00l

Both machines output the same quantum state!
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From Density Operators to Ensembles

(]:dxd

Given a density operator p & , can we find a corresponding ensemble?

For this, we will invoke the Spectral Theorem from Linear Algebra!



Refresher on the Spectral Theorem
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Refresher on the Spectral Theorem

In particular, this theorem holds for Hermitian and unitary matrices

Given a normal matrix A € C%*4 (i.e., AAT = ATA), there exist

(1) Orthonomal basis of eigenvectors {|y;) } 1, and

(2) Correspoding Eigenvalues {1}, (i-e., Aly;) = 4]|y;)), such that
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From Density Operators to Ensembles

CdXd

Given a density operator p € , can we find a corresponding ensemble?

d
Invoking the Spectral Theorem... -
P = Z AANA
=1

d
(1) Trp)= D %=1
=1

2) p=p" = ZER,Vield \

3) p=0 = 4,=>0,Viel[d] { (/li’ |l//l>) }ie[d] ensemble
Why valid?



Unitary Evolution

Given unitary U, evolution is given by
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Unitary Evolution

Given unitary U, evolution is given by

{(/lia |’/fi>)}

- Py { (/ll-, U |1//l>) } (Ensemble)
1€(d] /

p — [/ U p U T (Density Operator)
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POVM Measurement

m
The collection {M; € C9) icpm Of positive semi-definite (PSD) matrices sastisfying Z M, =1

i=1
is called Positive Operator-Valued Measure (POVM)



Example of Measurement

Measuring in the computational basis {M_= |x){(x| € C***'} _ (0.1}

Suppose p = |y){y/|, where |y) =

Then, p, = Tr(M,p) = Tr(|x)(x|p) = (x|p|x) = (x|w)(ylx) = |a,|*




Example of Measurement

Measuring Hamming weight parity

{Meven — 2 [x)(x[,Modd =1 — Meven}

x€{0,1}": |x|=0 (mod 2)

Suppose p = |y)(y|, where |y) = Z a,|x)

Then, peyen = Tr(Meyen?) = Z ‘O‘x‘z
x€{0,1}": |x|=0 (mod 2)



How can we learn a quantum state?
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Learning Scenario

Suppose that we have a procedure that outputs a qubit and we want to learn its state

R

What is the quantum state p € C**??

v

This task is called Quantum State Tomography
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Hilbert-Schmidt Inner Product

Let A, B € C%“, The Hibert-Schmidt inner product betwen A and B is defined as

(A,B) = TrA'B) = Z ZA” g

=1 j=1

(this is the entrywise inner product of the matrices)
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Paull Matrices

Widely used matrices in Quantum Information Sciences in many contexts

0 1 .
X = bit flip error
(o) =

Z — ((1) _01> phase flip error

0 —i | |
Y = . () bit and phase flip erros
l



Paull Matrices

Some Properties

Y — 0 1 Y = 7
1 0
1 0

—— — 77
(o —1) L=2

(0 —i

Y_(i 0) Y=Y



Paull Matrices

Some Properties

1 O

L_(1 0
I I T —
(o —1) £=2 v =1

v (0 =i
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Paull Matrices

Some Properties

(() 1) Y = xt XX =1 Tr(X) =0

) Z=7 ZZ=1 | Tr(Z)=0

) Yy =Y" YY =1 Tr(Y)=0

(X,Y) =0

(X,7) =0

(Y. Z) =0



Paull Matrices

. - . - V%2 _ a b - iC
Given an arbitrary Hermitian matrix H € C-*4, H = b+ ic g , we have

+d _d
(az ) I+ bX + eV 4 (a2 )

H = /



Paull Matrices

The matrices {/, X, Y, Z} form an orthogonal basis for the space of Hermitian matrices in C***

_d
H — (a; D1+ bx+ cY+(a—2)Z



Back to our Learning Scenario

Suppose that we have a procedure that outputs a qubit and we want to learn its state

@ cog: o

We will need copies of the quantum state

What is the quantum state p € C**??

- P11 P12
P= Pr1 Pro
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Back to our Learning Scenario

zorig:o e

We will need copies of the quantum state

. 2x2 Pri Pi2
What is the quantum state p € C“*<? p = Py Poo

Using these copies, we estimate:

a.=(X,p)~d,
[+aX+a)+al

2

%
Q>

a,=(Y,p) ~a, p =

U

a,=(Z,p) ~ d,



Back to our Learning Scenario

zorig:o e

We will need copies of the quantum state

. 2x2 Pri Pi2
What is the quantum state p € C“*<? p = Py Poo

Using these copies, we estimate:

Output the approximation

I+aX+aY+al I+aX+aY+alZ

Cl=<Y,p>%éZ\y pzf ~ ﬁ: 5



How can we learn an n-qubit state?

What is the quantum state p € C**??

WA - R
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How can we learn an n-qubit state?

What is the quantum state p € C2>x%'9

The matrices {/, X, Y, Z}®" form an orthogonal basis for the space of Hermitian matrices in C>>%
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Exponentiality of the Hilbert Space

We have to estime 4" — | coefficients cp!!!

TR B ER R R R kB KRB KB KB BR R AR - AR AR AR AR AR AR AR AR BB &R

Requires 4°" copies of p!!!

Can we hope to learn a good approximation of a 300-qubit state in general?
It seems out of reach!

Should we simply give up?

No! Many notions of cheaper tomography known as Shadow Tomography!



A Glimplse of an Active Research Topic:
The Shadow Tomography Case
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Shadow of p @
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Shadow Tomography

Say that we have a long collection of measurements binary POVM (M},
(representing our properties of interest)

(I:dxd

Goal: Given copies of p € and precision parameter ¢ > 0, estimate (M, p) * ¢,Vi € [m]

O(1)
2log(d)log(m
This can be done with just M copies
€

Amazing: In particular, we can learn 49() properties (as above) of n-qubit states
o) copies!

with only n



Shadow Tomography

There are many variants of Shadow tomography extending
the seminal work of Aaronson with various guarantees

(this is an active research area)



Back to Alice In Scenario 1
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Suppose Alice and Bob share an EPR pair

What is the state of Alice’s quantum system?

'

1 1
EPR) = —0)*|0)® + —[1)%|1)” R
[EPR) \/5\H>+\/§\H>#WA> [ ws)



Suppose Alice and Bob share an EPR pair

What is the state of Alice’s quantum system?

'

It is not a pure state!

1 1
[EPR) = ﬁ\())A\O)B + $\1>A\1>B % lyy) ® |yp)



Suppose Alice and Bob share an EPR pair

What is the state of Alice’s quantum system?

'

It is not a pure state!

It Is a mixed state given by a density operator!

1 1
[EPR) = ﬁ\())A\O)B + ﬁ\UAH)B % lyy) ® |yp)
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How can we compute the density operator on
Alice’s quantum sub-system?

We will need the partial trace operation!
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Sub-system State via Partial Trace

Let Pup €E DK, Q@ #'5) bea density operator on a bipartite tensor space

Z » @ # 5 with orthornomal basis {|i) A}ie[dA] and {|i) B}ie[dB]
The reduced density operator p, on subsystem A is given by the partial trace Trz(p,5)

ps = Trp(psp)

where the partial trace Trp( - ) is the linear operator acting on basis elements as

Trp(liy) Ual & lig)<igl) = 1ia) Ual Tr(ig) (sl = lig)al{plip)



Alice’s State via Partial Trace
@

1 1
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Alice’s State via Partial Trace

‘ 1 A B 1 A B
EPR) = —10)10)" + —[1)/]1)
V2 V2

t

pan = IEPR)(EPR = —-|0)*10)(01 01"+ 1| 1Y*(O1{O1%+— 001 P4 1) 1)1 A1

Py = Trp(psp)

1 1
= Tr5(10)*10)(0101") + ZTrs(11)*1)%(01(01")

+%Trg<\0>A\0>B<1 A1) + %Trgu DA 1)B(1A(1]P)

1 1
= — 0O 4= 1) (1|4
2\)(\ 2|><\



Alice’s State via Partial Trace

‘ 1 A B 1 A B
EPR) = —10)10)" + —[1)/]1)
V2 V2

t

pan = IEPR)(EPR = —-|0)*10)(01 01"+ 1| 1Y*(O1{O1%+— 001 P4 1) 1)1 A1

Py = Trp(psp)

1 1
= Tr5(10)*10)(0101") + ZTrs(11)*1)%(01(01")

+%Trg<\0>A\0>B<1 A1) + %Trgu DA 1)B(1A(1]P)

1

1
= 10y} OF -+ 1)1 Maximally mixed state!



Due to entanglement between Alice and Bob,
Alice reduced state I1s mixed!



What is quantum entanglement?



What is quantum entanglement?



Thank you!



Thank you!

More Questions?



