Llecture 8 Fe[n'uafy 13%, 2026

PART I Fundamentol CohcePts 4 Applcations in Quantum Infovmation

TopAY  CHSH game and Exchanginp Quantum In fovmation

RECAP Bell's Theorem

No [ocal hidden variable theory  can be comPaHble with quantum mechanics

CHSH game

Mice & Bob F're,rcrfe. the Bell state 00D+ LD
Nz

'TEe_y eoch take one of the q/obl'ts & go ;far away
soy  Alie poes o Mavs g1 Bob goes to Juprter

Aice o T o e > B Bob
J2

They ave both issved  a cl—.a\\ehge_ by o veferee as follows :

. Challehge to Alice is x €501} and to Bob s ye 0|5 where
% ond y ave indepencent vahdom bits

* Refetee puts the challenge in a box g Alice » Bosb look at
ot the same -tme

. —nt\f_y ave both giveh 10 seconds ‘o Yes):oncl with qb;t and Mavs is at least 30
light minutes from O'u]:]ter so ho Hime fov Alice o seevetly Communicate
with Beb

- The bexes collect thewr TcsFOnSES and -fl): back 1o the Yeferee

. ‘IF.e_y win the game \]C Alice ‘s vesponse bit a € 6,13 and Bob's reg]aonse
be {03 Sa—hsfy the  following”

adb = XY

Anothey way Of \ris'ual\'%t'ng whet thPths n the game s via the
—fo\\owfng gvaph

Xz1 e different y=1 Referee chooses a random E—dg’e
Alice L Bob's bt a u b should
x =0 y=0 be different {or the ved edpe
Same

ahd same otherwise 10 W\n the game,

No deterministic or (ocal hiddeh vanable s{mteagy cah win with Fvoéab/'//y
move -thah 3@



What dees Quamtum Mechamics Precln‘d.?

Thete exists a ctuan'l;om S‘{ra’cegy invol\n‘ngr QUah‘tl)m 6h‘|:0hg|(’.m?.h’c wheve
Alice 1 Bob win wrth Pmbab]h‘ty = 85/

This gives on ex?efimenic Yo vule oot lecal hidden vanable theones

Quantom Stratepy  Alice &P m@ Bob
o 2

* Mlice and Bob hold ene qybit that ointly form on EPR paiv

¢ Alice chooses either bosis A, if x=0 t° measor her quit
oY basi's ,Al i—S‘— xX=1 and ini:e(})'fetr 't os O orl

» Bob chooses either basis B if y= 0 +o measore his qubit

or  basic B if y=1 and interprets it os 0 or
A, & x=0 A, i x=2
1 -1
AW — o
>10) =0
h D =) — 1
B, if y=0 B if y=|
\?j —1 ) 3
‘ %7 : LA 'i.jl> —1
P
e g
i -> I--% — O
dvf+
How well does this strategy do ?
X= same \,:O
L0y
0) Suppese  x=0 and y:=0 }511‘
\ . |%4)
Alice measures ih £10), 107 basis .,4>|07

(0 Bob meosoves in il‘%)l%)} basis

1



To order 40 win, Alic w Bob's answer must makch

Since the ovder of measvvement does not matter,
when Alice tmeasvrves 10 with onbabilf’cy 2, & Joint stote is 1078 10D

To win, Bob must measure his qlob{t & éreb the [%) ovtwome
Since  his cLubn‘t s now in 107 state , he gets this outcome with Pfoba)a)‘lﬂy

T2 . 2,7,\ _ .
l(ol;’)l —Cos(/s)_OBS'B

when Allce measvves |15 with on);ab?lfty 2 4 Joint state is 1Y 1)
To win, Bob mush measure his qlob\‘t & pet the |%‘> ovtwme
Since his ciubn‘t s now in |1) state , he ge{-s this outcome with Pfabab)‘h‘w‘:y
2 2,1
| < |%’.‘7\ = Cos (/8) = 0-8535

In etther case, ﬁ'\ey wih  wrth ‘Fro%qbl‘l\'ty Cosl(%) ~ 0-8935

A\
® lels take a diffevent case
X= same. \,:O
l3_'_n7——-) 1
©  Suppese x=| and y-=I ° > — 0O
Alice meastves i 11307 basis
 Bob measoves in ‘{"%71 I%’_)} basis —_ ———'l—'—;‘ﬁ/gg—" o

l 2= 51

—

Tn order 4o win, Alic g Bob's answer must differ

when Aice measvres [4+) with probability L, @ Joint state is 1+>®(4)
To win, Bob musl measure his qlub\‘t & éreb the. l%‘) ovtwme

Since  his clobn‘t s how in 14D state , he ge’cs this ouvtcome with Pfoba)p,‘h'{y

|<+|3;;7|2' = cs*(Ty) = 0853



when Allce measvves [-7 with Pmbabilf’cy 2 4 Joint stote is -)el-)
To win, Bob mush measure his qubit 4 get the }Zg 700{:come

Since  his Cll)bl‘t s now in |-) state , he ge{-s this outcome wth ?fobab)‘h'ﬂlz)/

2 - 2,7 _ _
| &= '1@7| = cos( /8) = 0-853
Check\'ng' the other two cases you can see that they always win with
i I\ 3 0-8535
probabilby  cos (3) 0-8S
This shows that theve is (.Luaanm o.c{vahl'aé)e in the CHSH game

Tt torns sut that cwl('%) is the best win Proloabl'lfby for quartum Sl:yafeg\‘es#

This ic called TSivelsor’s 4heovem and we won't prove it in this covrse
Ruantom  odvantage in the CHSH game comes from shared entanglement

Local measvrements on tn’cangltd States give vise 4p corvelations that are chvonger
+than ahy ¢lasSical covre) ations

These correlations ave qf’th called non-local

Exlam'mental Confirmabion of Bell's Theovem

Sinte. 19705 mahy exPeYimen%s condvcted and all demonstrate \Jn‘nm‘ng ‘FVObqbl'lnjcl‘e.q
of more than 80‘/ which cannot be explathed with Local Hidden Vamable theories .

(onclusion: ® Quantom Mechanies js -f\)ndamu'\’ca“y o. non-classical 'l:hecw)/ A, Natvre
seems tp be quantym mechahical

@ Natore is inherently probabilistic
In 2015, o “loo]nhole ]Cree" Rell 4est was conducted -\{01 the. frrs-l,— +time
This avoids @) LccalH;y loophole 2022 Nobel Prize n Physfcs
(2) Detrection loorho\e

Applicattions : - Randemness genevoion Veﬁfying’ qudhtum  Computers Quahtom CYbeogm(f)y



How o exchan@’e cl/wmtum Cnfo/m ation’

No Cloning Theorem

Theve is no thsfcal device that does this

1

— W

1Y)

} Unentangled copies

)
for all qubit states Y= a(o>+B12D

This s not inhereh’rly quantom as theve is a Similar theorem

you can prove pf— you have ’)‘mbabl‘h's*l'c bits

There ore some smilar lookfng' ‘qul'ng’s yov aan do

e.g. you tan make as may canes of 07 , W7, 142, 6v ahy
fixed state

e,.g.

e.g.

[ ) —

— ¥ Poss(ble £ 19> e J107, 10§

l’__—‘

— >

How would you do this ¢

1> —

C‘,orol\my of No-c\om‘ng Theorem

AH,en\Pts at mak\'ng a cloner

F— ¥ s Foss;blc if 1W) is limbed to perfectly

L ) dl‘sh‘nguishaHe states eg. {H—),)—)Z

Uhlcarhajol\h‘ty of a qubu't ( from one COP)!)

Jou can't learn the amplitudes olo) +plz)

let us consder the following'

(V) 2

&i#@

CLONER?




Does this work °

l-nEu.l' OQl:Pld‘:
107 loo?
11 11?2
1+2 |+4> 7 bl we gg,{' the. EPR FC\iY 100) + LW?
J2
alo>+BI7 Wart  o*100)+ oB L0} + Ball0) +RB* 1D
but gd’ ol00? + Bl
Proof of No-clonfne' Theorvem
Inl:unli:l‘ve_! CBo’o not a Com,:ld:e PYODJC)
a10)+1) — , I ofloo) + aR o) + p,qllo)-)-p"lu)
16)— I
CLONER
o o
0 N ap ‘ ‘
[B) B! Ths s hot a linear map
0 Bg_

But one can do measuvements p ose extra q’ubfts as well

The Proof» Suppose 3 a cloney
PP

(without
measovements) Ly —] —(w?
1 — 1>
o )
F— [ } If(p)y
10)— __

h-(

U(Ipeio)—eo>) = 1Y elw?e IFf (Y
Let's apply U to 107, 10 and I1t?

LL(\O)solo)@"") = 100) 8 f(®)Y =@
LCmeoP™) = e lfan =0
U (19H010°) = w0 e Ifth? =

Since W is a linear map, \1,_'__@ +J_£—__@ - @
2 2



1@+210 = L 1al[fo) +1 [De[£1))

Jz J2 2 2
© = (_J: (002 + 1o +1 110) + L HI7) @ If(+)
2 2 z =

But these 4wo states are hot equal

eg- if we measure the first fwo qubl'ts

L@ +1® : see "00" or "1" w/prob L each
Z 5 =
@ * see all 4 ovtwomes w/prob iz_each
Classical Comparris on Can we clone a bigsed coin ?

¥ we can only tosc I} once — No!

If we can toss it many Himes , we can estimate the bias

The situation in the quantum case s similar 4o having- o one-time  flippable. coin
and you cannot look ot the coin either

But if you have access 1o mahy  copies of the quantom state , you can leavn it !
This is called quantum tomagraphy

Quantvm Teleportation

SuFPose Alice has a ctobn‘l: WY ih an unkhowh gtate
and she wants to cend & o Bob

- They can or\Iy exchange classiaal messages

- The7 share an EPR pair

] WM\%

|0

|

Alicec sends Bob two brks
Bob has the state |7 ofterwards
Alice's copy S degtfoyec(

»-Q




A“CQ llp) — I
? text message
’ ” : 2 classical bits
\V/
Bob ? |LP>

"1 ebt + 2 clossical bits %> 1 qubft !

Even if Alice knew the descvfftl'on of 14> you would think she needs to
send many bits to describe the amPll‘qudes , bot here she only sends two
bts £ Bob g(’.{s Qa ’P&f»fed: Copy of "%

NEXT TME How does this work ¢
How o exchomgc quantum informahbn?




