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#RTI Fundamental Concepts & Applications in Quantum Information

#PAY CHSH game and Exchanging Quantum Information

REAPell's Theorem

No local hidden variable theory can be compatible with quantum mechanics

Bob
prepare the Bell Statei

They each take one of the qubitso go far away

say Alice Goes to Mars & Bob goes to Jupiter

use# So

They are both issued a challenge by a referee as follows :

· Challenge to Alice is X 50 , 13 and to Bob is ye 20 , 13 Where

* and y are independent random bits

· Referee puts the challenge in a box & Alice & Bob look at it

at the same time

· They are both given 10 seconds to respond with a bit and Mars is at least 30
light minutes from Jupiter so no time for Alice to secretly communicate
with Bob

· The boxes collect their responses and fly back to the referee
· They win the game if Alice's response bit a -50, 13 and Bob's response
be 50

,
13 satisfy the following

ab = xxy

Another way of visualizing what happens in the game is via the

following graph

different
Referee chooses a random edgeX= 1-y=1

- Alice & Bob's bit a b should

be different for the red edgeX =0-& y = 0
Salize

and same otherwise to win the game

No deterministic or local hidden variable strategy can win with probability
more than 3

%

①



What does Quantum Mechanics predict ?

There exists a quantum strategy involving quantum entanglement where
Alice & Bob win with probability = 85 %

This gives an experiment to rule out local hidden variable theories

&antum strategy in
· Alice and Bob hold one qubit that jointly form an EPR pair

· Alice chooses either basis As if x = 0 to measure her qubit
or basis A

, if x = 1 and interprets it as 0 or 1

· Bob chooses either basis B
o if y

= 0 to measure his qubit
or basis By if y = 1 and interprets it as O or 1

No if X= 0 A
, if X= 1

11) -> 1
M

11t) - 0

I pass
->

10) -> 0

......
1 - ) -> I

Bo if y
= 0 B

, if y= /

I

-
How well does this strategy do ? y

= 0
same

① Suppose X=o and y = 0 lAlice measures in [10) , 113 basis

& Bob measures in [11) , 1)] basis

②



In order to win
,
Alice & Bob's answer must match

Since the order of measurement does not matter,
When Alice measures 10) with probability "2 & joint state is 107010)

To win , Bob must measure his qubit o get the 1) outcome

Since his qubit is now in 10) state , he gets this outcome with probability

1015712 = cos2 ( *() = 0 . 853

When Alice measures 11 with probability "2 & joint state is 11011)

To win , Bob must measure his qubit o get the 15) outcome

Since his qubit is now in 111 state , he gets this outcome with probability

141/57 = cos2 ( *() = 0 . 8535

In either case , they win with probability cost(1) = 0 . 8535

② Let's take a different case y
= 0

same

① Suppose X=1 and y = 1

Alice measures in [1173 basis

& Bod measures in [17. 73 basis ---
In order to win

,
Alice & Bob's answer must differ

When Alice measuresIt) with probability "20 joint state is 1 + ) @1+)

To win , Bob must measure his qubit o get the /3) outcome

Since his qubit is now in 11 state , he gets this outcome with probability

1+13) = cos2( +() = 0 . 853

⑤



When Alice measures 1-) with probability "20 joint state is 1-1017

To win , Bob must measure his qubit o get the /-I) outcome

Since his qubit is now in 1-1 state
,
he gets this outcome with probability

(71 --37 = cos2( +() = 0 . 853

Checking the other two cases , you can see that they always win with

probability cos2() = 0 . 8535

This shows that there is quantum advantage in the CHSH game

It turns out that cost(E) is the best win probabilityor quantum strategies

This is called Tsirelson's theorem and we won't prove it in this course

Quantum advantage in the ChsH game comes from shared entanglement

Local measurements on entangled states give rise to correlations that are stronger
than any classical correlations

These correlations are often called non-local

ExperimentalConfirmation ofBell'sTheorem

Since 1870s many experiments conducted and all demonstrate winning probabilities
of more than 80 % which cannot be explained with Local Hidden Variable theories.

Conclusion : O Quantum Mechanics is fundamentally a non-classical theory & Nature
-

seems to be quantum mechanical

② Nature is inherently probabilistic

In 2015
, a "loophole free" Bell test was conducted for the first time

This avoids (1) Locality loophole 2022 Nobel Prize in Physics
(2) Detection loophole

Applications : Randomness generation , Verifying quantum computers , Quantum cryptography

④



How to exchange quantum information ?

&

#ClonTheorem

There is no physical device that does this

# unentangled copiess

forqubitsates (4) = <10) +B11)

This is not inherently quantum as there is a similar theorem

you can prove if you have probabilistic bits

There are some similar looking things you can do

e
.g. you can make as many copies of 107

,

117
,

It)
,
or any

fixed state

is possible if (4) ES 10) , 1173e . (ii
How would you do this ?

C
. G . 14) is possible if 14) is limited to perfectlye

distinguishable states eg. [H+) , 1-)3

&rollaryAconiTheorem Unlearnability of a qubit (from one copy)

You can't learn the amplitudes alo) + B11)

Let us consider the following#terptstaking a doner

#O
CLONER ?

⑤



Does this work ?

ExpuE Out107

11) 1117

1 + > It ? but we get the EPR pair I
a 10) +Bl1] Want a100) + <B101 + Ba(10) +B21(1)

but getx100) + B111)

Koofofcloningtheorem

#titive (But not a complete proof)

alo+B 1003 + <BIO + Ba(10) + 12111

CLONER

(i) -> This is not a linear ma

But one can do measurements o use extra qubits as well

#heProof ! Suppose 7 a doner

(without
measurements) - 1(4)

cyi
4((()10)) = (4) * ((p)01f((4)

Let's apply 11 to 10)
,
11) and It

((10)010
*" ) = 100)0(f(0)) = @

2) (110107
** ) = 111)0|f(1)) = $

4) ( |+x(0)
*n+ ) = 1+ +70(f(+)) = 2

Since11 is a linear map,

⑥



= 100)(f(o +If
E

② = (1007 +01+ 10) +L 111)) If

But these two states are not equal

e.g. if we measure the first two qubits

: see "o0" or "ll" We prob E che

② : see all 4 outcomes w/prob Ieach

Rassicalcomparison Can we done a biased coin ?

If we can only toss it once -> No !

If we can toss it many times , we can estimate the bias

The situation in the quantum case is similar to having a one-time flippable coin

and you cannot look at the coin either

But if you have access to many copies of the quantum state , you can learn it !

This is called quantum tomography

Quantumeleportation

Suppose Alice has a qubit 1) in an unknown state
and she wants to send it to Bob

- They can only exchange classical messages
- They share an EPR pair

mmmmmm

#)
Alice sends Bod two bits

Bob has the state (4) afterwards
Alice's copy is destroyed

⑦



Alice 143)-

I
-

text message

Epril
If

I
2. classical bits

Bob- 1)

#oral "1 ebit + 2 classical bits 21 qubit
"

Even if Alice knew the description of 1247 you would think she needs to
send many bits to describe the amplitudes , but here she only sends two
bits & Bob gets a perfect copy of 147

#TTME How doesthisworkantum information ?

⑳


