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Chapter 1

Motivation

“«

. we cannot improve the language of any science without at the same time improving the
science itself; neither can we, on the other hand, improve a science, without improving the
language or nomenclature which belongs to it.”

(Lavoisier, 1790, quoted in Goldenfeld and Woese [12])

I found the inadequacy of language to be an obstacle; no matter how unwieldly the expressions
Iwas ready to accept, I was less and less able, as the relations became more and more complex,
to attain the precision that my purpose required. This deficiency led me to the idea of the
present ideography. . .. I believe that I can best make the relation of my ideography to ordinary
language clear if [ compare it to that which the microscope has to the eye. Because of the range
of its possible uses and the versatility with which it can adapt to the most diverse circumstances,
the eye is far superior to the microscope. Considered as an optical instrument, to be sure, it
exhibits many imperfections, which ordinarily remain unnoticed only on account of its intimate
connection with our mental life. But, as soon as scientific goals demand great sharpness of
resolution, the eye proves to be insufficient. The microscope, on the other hand, is prefectly
suited to precisely such goals, but that is just why it is useless for all others.

(Frege, 1897, Begriffsschrift, in [33]], 5-6)

Language and thought are related in a deep way. Without any language it may become impossible to
conceive and express any thoughts. In ordinary life we use the different natural languages spoken on the
planet. But natural language, although extremely flexible, can be highly ambiguous, and it is not at all well
suited for science. Imagine, for example, the task of professionally developing quantum mechanics (itself
relying on very abstract concepts, such as those in the mathematical language of operators in a Hilbert
space) in ordinary English. Such a task would be virtually impossible; indeed, ridiculous: as preposterous
as trying to build the Eiffel tower in the Sahara desert with blocks of vanilla ice cream. Even the task of
popularization, that is, of explaining informally in ordinary English what quantum mechanics is, is highly
nontrivial, and must of necessity remain to a large extent suggestive, metaphorical, and fraught with the
possibility of gross misunderstandings.

The point is that without a precise scientific language it becomes virtually impossible, or at least enor-
mously burdensome and awkward, to think scientifically. This is particularly true in mathematics. One
of the crowning scientific achievements of the 20th century was the development of set theory as a pre-
cise language for all of mathematics, thanks to the efforts of Cantor, Dedekind, Frege, Peano, Russell and
Whitehead, Zermelo, Fraenkel, Skolem, Hilbert, von Neumann, Godel, Bernays, Cohen, and others. This
achievement has been so important and definitive that it led David Hilbert to say, already in 1925, that “no
one will drive us from the paradise which Cantor created for us” (see [33l], 367-392, pg. 376). It was of
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course possible to think mathematically before set theory, but in a considerably more awkward and quite
restricted way, because the levels of generality, rigor and abstraction made possible by set theory are much
greater than at any other previous time. In fact, many key mathematical concepts we now take for granted,
such a those of an abstract group or a topological space, could only be formulated after set theory, precisely
because the language needed to conceive and articulate those concepts was not available before.

Set theory is not really the only rigorous mathematical language. The languages of set theory and of
mathematical logic were developed together, so that, as a mathematical discipline, set theory is a branch of
mathematical logic. Technically, as we shall see shortly, we can view the language of set theory as a special
sublanguage of first-order logic. Furthermore, other theories such as category theory and intuitionistic type
theory have been proposed as alternatives to set theory to express all of mathematics.

There are various precise logical formalisms other than set theory which are particularly well-suited to
express specific concepts in a given domain of thought. For example, temporal logic is quite well-suited
to express properties satisfied by the dynamic behavior of a concurrent system; and both equational logic
and the lambda calculus are very well suited to deal with functions and functional computation. However,
set theory plays a privileged role as the mathematical language in which all the mathematical structures we
need in order to give a precise meaning to the models described by various other logical languages, and to
the satisfaction of formulas in such languages, are defined.

All this has a direct bearing on the task of formal software specification and verification. Such a task
would be meaningless, indeed utter nonsense and voodoo superstition, without the use of mathematical
models and mathematical logic. And it is virtually impossible, or extremely awkward, to even say what
needs to be said about such mathematical models and logical properties without a precise mathematical
language. More importantly, it becomes virtually impossible to think properly without the conceptual tools
provided by such a language. Either set theory or some comparable language become unavoidable: it is
part of what any well-trained computer scientist should be conversant with, like the air one breathes.

These notes include a review of basic set theory concepts that any well-educated computer scientist
should already be familiar with. Although they go beyond reviewing basic knowledge in various ways,
nothing except basic acquaintance with the use of logical connectives and of universal and existential quan-
tification in logic is assumed: the presentation is entirely self-contained, and many exercises are proposed
to help the reader sharpen his/her understanding of the basic concepts. The exercises are an essential part
of these notes, both because they are used in proofs of quite a few theorems, and because by solving
problems in a mathematical theory one avoids having a superficial illusion of understanding, and gains
real understanding. For those already well-versed in elementary set theory, these notes can be read rather
quickly. However, some topics such as well-founded relations, well-founded induction, well-founded re-
cursive functions, /-indexed sets, ordinals and cardinals, classes, and transfinite induction and recursion,
may be less familiar. Also, already familiar notions are here presented in a precise, axiomatic way. This
may help even some readers already thoroughly familiar with “naive” set theory gain a more detailed un-
derstanding of it as a logically axiomatized theory. Becoming used to reason correctly within an axiomatic
theory —Euclidean geometry is the classical example, and axiomatic set theory follows the same concep-
tual pattern— is the best way I know of learning to think in a precise, mathematical way. Furthermore, a
number of useful connections between set theory and computer science are made explicit in these notes;
connections that are usually not developed in standard presentations of set theory.

I should add some final remarks on the style of these notes. There are three particular stylistic features
that I would like to explain. First, these notes take the form of an extended conversation with the reader, in
which I propose and discuss various problems, why they matter, and throw out ideas on how to solve such
problems. This is because I believe that science itself is an ongoing critical dialogue, and asking questions
in a probing way is the best way to understand anything. Second, I do not assume the proverbial mathemat-
ical maturity on the part of the reader, since such maturity is precisely the quod erat demonstrandum, and
bringing it about is one of the main goals of these notes: I am convinced that in the 21st century mathemati-
cal maturity is virtually impossible without mastering the language of set theory. On the contrary, I assume
the potential mathematical immaturity of some readers. This means that, particularly in the early chapters,
there is a generous amount of what might be called mathematical spoon feeding, hand holding, and even
a few nursery tales. This does not go on forever, since at each stage I assume as known all that has been
already presented, that is, the mastery of the language already covered, so that in more advanced chapters,
although the conversational style, examples, and motivation remain, the discourse gradually becomes more
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mature. By the way, all this does not necessarily mean that the book is of no interest to mathematically
mature readers, including professional mathematicians. What it does mean is that it should be an easy
read for them; one from which they may gain at least two things: (i) a more reflective, systematic under-
standing of the set theory they use every day; and (ii) a good understanding of some of the ways in which
mathematical models are used in computer science. The third stylistic feature I want to discuss is that the
mindset of category theory, pervasive in modern mathematics, is present in these notes in a subliminal way.
Given that these are notes on elementary set theory and not on category theory, and that I have wanted the
exposition and the proofs to remain as elementary as possible, I have not explicitly defined categories and
functors; but they are present everywhere, like a hidden music. And functorial constructions make brief
cameo appearances (very much like Alfred Hitchcock in his own movies) in four exercises and in Chapter
Indeed, Chapter[12] on cardinals and cardinal arithmetic, is a great beneficiary of this subliminal, cate-
gorical style; because much of basic cardinal arithmetic turns out to be an easy corollary of the functoriality
of the set-theoretic constructions used to define arithmetic operations on cardinals.
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Chapter 2

Set Theory as an Axiomatic Theory

In mathematics all entities are studied following a very successful method, which goes back at least to
Euclid, called the axiomatic method. The entities in question, for example, points, lines, and planes (or
numbers, or real-valued functions, or vector spaces), are characterized by means of axioms that are postu-
lated about them. Then one uses logical deduction to infer from those axioms the properties that the entities
in question satisfy. Such properties, inferred from the basic axioms, are called theorems. The axioms,
together with the theorems we can prove as their logical consequences, form a mathematical, axiomatic
theory. It is in this sense that we speak of group theory, the theory of vector spaces, probability theory,
recursion theory, the theory of differentiable real-valued functions, or set theory.

The way in which set theory is used as a language for mathematics is by expressing or translating other
theories in terms of the theory of sets. In this way, everything can be reduced to sets and relations between
sets. For example, a line can be precisely understood as a set of points satisfying certain properties. And
points themselves (for example, in 3-dimensional space) can be precisely understood as triples (another
kind of set) of real numbers (the point’s coordinates). And real numbers themselves can also be precisely
understood as sets of a different kind (for example as “Dedekind cuts”). In the end, all sets can be built out
of the empty set, which has no elements. So all of mathematics can in this way be constructed, as it were,
ex nihilo.

But sets themselves are also mathematical entities, which in this particular encoding of everything as
sets we happen to take as the most basic entitiesE] This means that we can study sets also axiomatically, just
as we study any other mathematical entity: as things that satisfy certain axioms. In this way we can prove
theorems about sets: such theorems are the theorems of set theory. We shall encounter some elementary set
theory theorems in what follows. Since set theory is a highly developed field of study within mathematics,
there are of course many other theorems which are not discussed here: our main interest is not in set theory
itself, but in its use as a mathematical modeling language, particularly in computer science.

Mathematical logic, specifically the language of first-order logic, allows us to define axiomatic theories,
and then logically deduce theorems about such theories. Each first-order logic theory has an associated
formal language, obtained by specifying its constants (for example, 0) and function symbols (for example,
+ and - for the theory of numbers), and its predicate symbols (for example, a strict ordering predicate >).
Then, out of the constants, function symbols, and variables we build terms (for example, (x + 0) - y, and
(x +y) - z are terms). Terms can then appear as arguments in atomic predicates (for example, (x + y) > 0).
And out of the atomic predicates we build formulas by means of the logical connectives of conjunction (A),
disjunction (V), negation (—), implication (=), and equivalence (&); and of universal (V) and existential
() quantification, to which we also add the “there exists a unique” (3!) existential quantification variant.
For example, the formula

MVMx)(x>0= (x+x) > Xx)

says that for each element x strictly greater than 0, x + x is strictly greater than x. This is in fact a theorem

"What things to take as the most basic entities is itself a matter of choice. All of mathematics can be alternatively developed in the
language of category theory (another axiomatic theory); so that sets themselves then appear as another kind of entity reducible to the
language of categories, namely, as objects in the category of sets (see, e.g., [18/|19] and [21] VI.10).
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for the natural numbers. Similarly, the formula

)y >0 = ([AlP@AN((x= G- +r) Ay >1)

says that for all x and y, if y > 0 then there exist unique ¢ and r such that x = (y - ¢) + r and y > r. This
is of course also a theorem for the natural numbers, where we determine the unique numbers called the
quotient ¢ and the remainder r of dividing x by a nonzero number y by means of the division algorithm. In
first-order logic it is customary to always throw in the equality predicate (=) as a built-in binary predicate
in the language of formulas, in addition to the domain-specific predicates, such as >, of the given theory.
This is sometimes indicated by speaking about first-order logic with equality.

In the case of set theory, there are no function symbols and no constants, and only one domain-specific
binary predicate symbol, the € symbol, read belongs to, or is a member of, or is an element of, which
holds true of an element x and a set X, written x € X, if and only if x is indeed an element of the set X.
This captures the intuitive notion of belonging to a “set” or “collection” of elements in ordinary language.
So, if Joe Smith is a member of a tennis club, then Joe Smith belongs to the set of members of that club.
Similarly, 2, 3, and 5 are members of the set Prime of prime numbers, so we can write 2,3,5 € Prime as
an abbreviation for the logical conjunction (2 € Prime) A (3 € Prime) A (5 € Prime). The language of
first-order formulas of set theory has then an easy description as the set of expressions that can be formed
out of a countable set of variables x,y,z,x",y’,7/,... and of smaller formulas ¢, ¢’, etc., by means of the
following BNF-like grammar:

xeyl|lx=y|l(@Ae) | (eVe)l@=¢) |(@e¢)]|(p | (Ve | Axe | Ax)e

where we allow some abbreviations such as the following: —(x = y) can be abbreviated by x # y;
—=(x € y) can be abbreviated by x ¢ y; =((3x)¢) can be abbreviated by (Ax)¢ (and is logically equiva-
lent to (Vx)—(¢)); and (Vx7)...(Vx,)p, respectively (dx1)...(dx,)e, can be abbreviated by (Vxi, ..., x,)e,
respectively (xy, ..., x,)@.

As in any other first-order language, given a formula ¢ we can distinguish between variables that are
quantified in ¢, called bound variables, and all other, unquantified variables, called free variables. For
example, in the formula (dx) x € y, x is bound by the 3 quantifier, and y is free. More precisely, for x and y
any two variables (including the case when x and y are the same variable):

e x and y are the only free variables in x e yandin x =y
e xis a free variable of —(¢) iﬂE]x is a free variable of ¢

e xis a free variable of p A ¢’ (tesp. ¢ V ¢', ¢ = ¢', ¢ & ¢’) iff x is a free variable of ¢ or x is a free
variable of ¢’

e x is neither a free variable of (Vx)p, nor of (Ix)¢p, nor of (A!x)p; we say that x is bound in these
quantified formulas.

For example, in the formula (Yx)(x = y = x ¢ y) the variable x is bound, and the variable y is free, so y is
the only free variable.

Set theory is then specified by its axioms, that is, by some formulas in the above language that are
postulated as true for all sets. These are the axioms (@), (Ext), (Sep), (Pair), (Union), (Pow), (Inf), (Rep),
(AC), and (Found), that will be stated and explained in the following chapters. The above set of axioms
is usually denoted ZFC (Zermelo Fraenkel set theory with Choice). ZFC minus the Axiom of Choice
(AC) is denoted ZF. As the axioms are introduced, we will derive some theorems that follow logically as
consequences from the axioms. Other such theorems will be developed in exercises left for the reader.

The above set theory language is what is called the language of pure set theory, in which all elements of
a set are themselves simpler sets. Therefore, in pure set theory quantifying over elements and quantifying
over sets is exactly the same thingE] which is convenient. There are variants of set theory where primitive
elements which are not sets (called atoms or urelements) are allowed.

2Here and everywhere else in these notes, “iff” is always an abbreviation for “if and only if.”

30f course, this would not be the same thing if we were to quantify only over the elements of a fixed set, say A, as in a formula such
as (Vx € A) x # @. But note that, strictly speaking, such a formula does not belong to our language: it is just a notational abbreviation
for the formula (Vx) ((x € A) = (x # ©)), in which x is now universally quantified over all sets.
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Let us now consider the process of logical deduction. Any first-order logic theory is specified by the
language L of its formulas (in our case, the above language of set theory formulas), and by a set I' of
axioms, that is, by a set I' of formulas in the language £, which are adopted as the axioms of the theory
(in our case, I is the set ZFC of Zermelo-Fraenkel axioms). Given any such theory with axioms I, first-
order logic provides a finite set of logical inference rules that allow us to derive all true theorems (and only
true theorems) of the theory I'. Using these inference rules we can construct proofs, which show how we
can reason logically from the axioms I to obtain a given theorem ¢ by finite application of the rules. If a
formula ¢ can be proved from the axioms I' by such a finite number of logical steps, we use the notation
I+ ¢, read, I proves (or entails) ¢, and call ¢ a theorem of T'. For example, the theorems of set theory are
precisely the formulas ¢ in the above-defined language of set theory such that ZFC + ¢. Similarly, if GP is
the set of axioms of group theory, then the theorems of group theory are the formulas ¢ in GP’s language
such that GP + ¢.

A very nice feature of the logical inference rules is that they are entirely mechanical, that is, they
precisely specify concrete, syntax-based steps that can be carried out mechanically by a machine such as a
computer program. Such computer programs are called theorem provers (or sometimes proof assistants);
they can prove theorems from I either totally automatically, or with user guidance about what logical
inference rules (or combinations of such rules) to apply to a given formula. For example, one such inference
rule (a rule for conjunction introduction) may be used when we have already proved theorems I ¢, and
I + ¢, to obtain the formula ¢ A ¢ as a new theorem. Such a logical inference rule is typically written

| ) I'ry
F'rony

where I', o, i, are completely generic; that is, the above rule applies to the axioms I" of any theory, and to
any two proofs I' + ¢ and T + ¢ of any formulas ¢ and i as theorems from I'; it can then be used to derive
the formula ¢ A ¢ as a new theorem of I'. Therefore, the collection of proofs above the vertical bar of such
inference rules tells us what kinds of theorems we have already derived, and then what is written below
the horizontal bar tells us what new theorems we can derive as logical consequences of the ones already
derived. There are several logical inference systems, that is, several collections of logical inference rules
for first-order logic, all of equivalent proving power (that is, all prove the same theorems, and exactly the
true theorems); however, some inference systems are easier to use by humans than others. A very good
discussion of such inference systems, and of first-order logic, can be found in [2].

In actual mathematical practice, proofs of theorems are not fully formalized; that is, an explicit con-
struction of a proof as the result of a mechanical inference process from the axioms I is typically not given;
instead, and informal but rigorous high-level description of the proof is given. This is because a detailed
formal proof may involve a large amount of trivial details that are perfectly fine for a computer to take
care of, but would make a standard hundred-page mathematical book run for many thousands of pages.
However, the informal mathematical proofs are only correct provided that in principle, if the proponent of
the proof is challenged, he or she could carry out a detailed formal, and machine verifiable proof leading
to the theorem from the axioms by means of the rules of logical deduction. In these notes we will follow
the standard mathematical practice of giving rigorous but informal proofs. However, in a future version of
these notes some specific subtheories will be provided with fully machine-based proof assistants.
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Chapter 3

The Empty Set, Extensionality, and
Separation

3.1 The Empty Set

The simplest, most basic axiom, the empty set axiom, can be stated in plain English by saying:
There is a set that has no elements.

This can be precisely captured by the following set theory formula, which we will refer to as the (@) axiom:

(@) @AMy yéx

It is very convenient to introduce an auxiliary notation for such a set, which is usually denoted by @. Since
sets are typically written enclosing their elements inside curly brackets, thus {1, 2, 3} to denote the set whose
elements are 1, 2, and 3, a more suggestive notation for the empty set would have been {}. That is, we can
think of the curly brackets as a “box” in which we store the elements, so that when we open the box {} there
is nothing in it! However, since the @ notation is so universally accepted, we will stick with it anyway.

3.2 Extensionality

At this point, the following doubt could arise: could there be several empty sets? If that were the case, our
@ notation would be ambiguous. This doubt can be put to rest by a second axiom of set theory, the axiom
of extensionality, which allows us to determine when two sets are equal. In plain English the extensionality
axiom can be stated as follows:

Two sets are equal if and only if they have the same elements.

Again, this can be precisely captured by the following formula in our language, which we will refer to as
the (Ext) axiom:
(Ext) (Vx,y)((V)zexozey)=x=Y)

where it is enough to have the implication = in the formula, instead of the equivalence <, because if two
sets are indeed equal, then logical reasoning alone ensures that they must have the same elements, that is,
we get the other implication « for free, so that it needs not be explicitly stated in the axiom. Note that, as
already mentioned, extensionality makes sure that our @ notation for the empty set is unambiguous, since
there is only one such set. Indeed, suppose that we were to have two empty sets, say @; and @,. Then since
neither of them have any elements, we of course have the equivalence (Vz)(z € @ & z € @,). But then
(Ext) forces the equality @, = @,.

The word “extensionality” comes from a conceptual distinction between a formula as a linguistic de-
scription and its “extension” as the collection of elements for which the formula is true. For example, in the
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theory of the natural numbers, x > 0 and x + x > x are different formulas, but they have the same exten-
sion, namely, the nonzero natural numbers. Extension in this sense is distinguished from “intension,” as the
conceptual, linguistic description. For example, x > 0 and x + x > x are in principle different conceptual
descriptions, and therefore have different “intensions.” They just happen to have the same extension for
the natural numbers. But they may very well have different extensions in other models. For example, if
we interpret + and > on the set {0, 1} with + interpreted as exclusive or, 1 > 0 true, and x > y false in the
other three cases, then the extension of x > 0 is the singleton set {1}, and the extension of x + x > x is the
empty set. As we shall see shortly, in set theory we are able to define sets by different syntactic expressions
involving logical formulas. But the extension of a set expression is the collection of its elements. The
axiom of extensionality axiomatizes the obvious, intuitive truism that two set expressions having the same
extension denote the same set.

The axiom of extensionality is intimately connected with the notion of a subset. Given two sets, A and
B, we say that A is a subset of B, or that A is contained in B, or that B contains A, denoted A C B, if and
only if every element of A is an element of B. We can precisely define the subset concept in our formal
language by means of the defining equivalence:

xCy © (Vzex=zey).

Using this abbreviated notation we can then express the equivalence (VYz)(z € x & z € y) as the conjunction
(x €y A y € x). This allows us to rephrase the (Ext) axiom as the implication:

Mx, xSy AyCx)=x=y)

which gives us a very useful method for proving that two sets are equal: we just have to prove that each is
contained in the other.

We say that a subset inclusion A C B is strict if, in addition, A # B. We then use the notation A C B.
That is, we can define x C y by the defining equivalence

xCy & (x£zy AN Vzex=z€ey)).
Exercise 1 Prove that for any set A, A C A; and that for any three sets A, B, and C, the following implications hold:

(ACBABCC)= ACC (ACBABcCC)= AcC.

3.3 The Failed Attempt of Comprehension

Of course, with these two axioms alone we literally have almost nothing! More precisely, they only guar-
antee the existence of the empty set @, which itself has nothing in itE] The whole point of set theory as a
language for mathematics is to have a very expressive language, in which any self-consistent mathematical
entity can be defined. Clearly, we need to have other, more powerful axioms for defining sets.

One appealing idea is that if we can think of some logical property, then we should be able to define
the set of all elements that satisfy that property. This idea was first axiomatized by Gottlob Frege at the
end of the 19th century as the following axiom of comprehension, which in our contemporary notation can
be described as follows: given any set theory formula ¢ whose only free variable is x, there is a set whose
elements are those sets that satisfy ¢. We would then denote such a set as follows: {x | ¢}. In our set theory
language this can be precisely captured, not by a single formula, but by a parametric family of formulas,

! Tt is like having just one box, which when we open it happens to be empty, in a world where two different boxes always contain
different things (extensionality). Of course, in the physical world of physical boxes and physical objects, extensionality is always true
for nonempty boxes, since two physically different nonempty boxes, must necessarily contain different physical objects. For example,
two different boxes may each just contain a dollar bill, but these must be different dollar bills. The analogy of a set as box, and of the
elements of a set as the objects contained inside such a box (where those objects might sometimes be other (unopened) boxes) can be
helpful but, although approximately correct, it is not literally true and could sometimes be misleading. In some senses, the physical
metaphor is foo loose; for example, in set theory there is only one empty set, but in the physical world we can have many empty boxes.
In other senses the metaphor is too restrictive; for example, physical extensionality for nonempty boxes means that no object can be
inside two different boxes, whereas in set theory the empty set (and other sets) can belong to (“be inside of”’) several different sets
without any problem.
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called an axiom scheme. Specifically, for each formula ¢ in our language whose only free variable is x, we
would add the axiom

AMEx)(x ey & ¢)

and would then use the notation {x | ¢} as an abbreviation for the unique y defined by the formula ¢. For
example, we could define in this way the sef of all sets, let us call it the universe and denote it 7/, as the set
defined by the formula x = x, that is, 2 = {x | x = x}. Since obviously % = %, we have % € % . Let us
call a set A circular iff A € A. In particular, the universe % is a circular set.

Unfortunately for Frege, his comprehension axiom was inconsistent. This was politely pointed out in
1902 by Bertrand Russell in a letter to Frege (see [33], 124—125). The key observation of Russell’s was
that we could use Frege’s comprehension axiom to define the set of noncircular sets as the unique set NC
defined by the formula x ¢ x. That is, NC = {x | x ¢ x}. Russell’s proof of the inconsistency of Frege’s
system, his “paradox,” is contained in the killer question: is NC itself noncircular? That is, do we have
NC € NC? Well, this is just a matter of testing whether NC itself satisfies the formula defining NC, which
by the comprehension axiom gives us the equivalence:

NCeNC o NC¢NC

a vicious contradiction dashing to the ground the entire system built by Frege. Frege, who had invested
much effort in his own theory and can be considered, together with the Italian Giuseppe Peano and the
American Charles Sanders Peirce, as one of the founders of what later came to be known as first-order
logic, was devastated by this refutation of his entire logical system and never quite managed to recover
from it. Russell’s paradox (and similar paradoxes emerging at that time, such as the Burali-Forti paradox
(see [33], 104-112; see also Theorem @]), showed that we shouldn’t use set theory formulas to define other
sets in the freewheeling way that the comprehension axiom allows us to do: the concept of a set whose
elements are those sets that are not members of themselves is inconsistent; because if such a set belongs to
itself, then it does not belong to itself, and vice versa. The problem with the comprehension axiom is its
unrestricted quantification over all sets x satisfying the property ¢(x).

Set theory originated with Cantor (see [5] for an excellent and very readable reference), and Dedekind.
After the set theory paradoxes made the “foundations problem” a burning, life or death issue, all subsequent
axiomatic work in set theory has walked a tight rope, trying to find safe restrictions of the comprehension
axiom that do not lead to contradictions, yet allow us as much flexibility as possible in defining any self-
consistent mathematical notion. Russell proposed in 1908 his own solution, which bans sets that can be
members of themselves by introducing a theory of types (see [33], 150-182). A simpler solution was given
the same year by Zermelo (see [33]], 199-215), and was subsequently formalized and refined by Skolem
(see [33], 290-301), and Fraenkel (see [33], 284-289), leading to the so-called Zermelo-Fraenkel set theory
(ZFC). ZF C should more properly be called Zermelo-Skolem-Fraenkel set theory and includes the already-
given axioms (@) and (Ext). In ZFC the comprehension axiom is restricted in various ways, all of them
considered safe, since no contradiction of ZF'C has ever been found, and various relative consistency results
have been proved, showing for various subsets of axioms I' ¢ ZFC that if I is consistent (i.e., has no
contradictory consequences) then ZFC is also consistent.

3.4 Separation

The first, most obvious restriction on the comprehension axiom is the so-called axiom of separation. The
restriction imposed by the separation axiom consists in requiring the quantification to range, not over all
sets, but over the elements of some existing set. If A is a set and ¢ is a set theory formula having x as its only
free variable, then we can use ¢ to define the subset B of A whose elements are all the elements of A that
satisfy the formula ¢. We then describe such a subset with the notation {x € A | ¢}. For example, we can
define the set {x € @ | x ¢ x}, and this is a well-defined set (actually equal to @) involving no contradiction
in spite of the dangerous-looking formula x ¢ x.

Our previous discussion of extensionality using the predicates x > 0 and x + x > x can serve to illustrate
an interesting point about the definition of sets using the separation axiom. Assuming, as will be shown
later, that the set of natural numbers is definable as a set N in set theory, that any natural number is itself a set,
and that natural number addition + and strict ordering on numbers > can be axiomatized in set theory, we
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can then define the sets {x € N | x > 0} and {x € N | x+ x > x}. Note that, although as syntactic descriptions
these expressions are different, as sets, since they have the same elements, the (Ext) axiom forces the set
equality {x e N| x > 0} = {x € N | x + x > x}. That is, we use a syntactic description involving the syntax
of a formula to denote an actual set, determined exclusively by its elements. In particular, formulas ¢ and
¢’ that are logically equivalent (for example, (¢ = ¢’) and (—(¢) V ¢’) are logically equivalent formulas)
always define by separation the same subset of the given set A, that is, if ¢ and ¢’ are logically equivalent
we always have the equality of sets {x € A | ¢} = {x € A | ¢'}.
We can describe informally the separation axiom in English by saying:

Given any set A and any set theory formula ¢(x) having x as its only free variable, we can
define a subset of A consisting of all elements x of A such that ¢(x) is true.

The precise formalization of the separation axiom is as an axiom scheme parameterized by all set theory
formulas ¢ whose only free variable is x. For any such ¢ the separation axiom scheme adds the formula

Sep)  (V)AD)(Vx)(xez & (xey A ).

The unique set z asserted to exist for each y by the above formula is then abbreviated with the notation
{x € y | ¢}. But this notation does not yet describe a concrete set, since it has the variable y as parameter.
That is, we first should choose a concrete set, say A, as the interpretation of the variable y, so that the
expression {x € A | ¢} then defines a corresponding concrete set, which is a subset of A. For this reason, the
separation axiom is sometimes called the subset axiom.

Jumping ahead a little, and assuming that we have already axiomatized the natural numbers in set theory
(so that all number-theoretic notions and operations have been reduced to our set theory notation), we can
illustrate the use of the (Sep) axiom by choosing as our ¢ the formula (dy)(x = 3 - y). Then, denoting by N
the set of natural numbers, the set {x € N | (Ay) (y € N) A (x = 3 - y)} is the set of all multiples of 3.

Exercise 2 Assuming that the set N of natural numbers has been fully axiomatized in set theory, and in particular that
all the natural numbers 0, 1, 2, 3, etc., and the multiplication operatiorﬂ,- _on natural numbers have been axiomatized
in this way, write a formula that, using the axiom of separation, can be used to define the set of prime numbers as a
subset of N.

Russell’s Paradox was based on the argument that the notion of a set NC of all noncircular sets is
inconsistent. Does this also imply that the notion of a set % that is a universe, that is, a set of all sets is also
inconsistent? Indeed it does.

Theorem 1 There is no set % of all sets. That is, the formula
AUYx) x € U
is a theorem of set theory.

Proof. We reason by contradiction. Suppose such a set 7 exists. Then we can use (Sep) to define the set of
noncircular sets as NC = {x € % | x ¢ x}, which immediately gives us a contradiction because of Russell’s
Paradox. O

2Here and in what follows, I will indicate where the arguments of an operation like - or + appear by underbars, writing, e.g., - _ or
_+ _. The same convention will be followed not just for basic operations but for more general functions; for example, multiplication
by 2 may be denoted 2 - _.
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Chapter 4

Pairing, Unions, Powersets, and Infinity

Although the separation axiom allows us to define many sets as subsets of other sets, since we still only
have the empty set, and this has no other subsets than itself, we clearly need other axioms to get the whole
set theory enterprise off the ground. The axioms of pairing, union, powerset, and infinity allow us to build
many sets out of other sets, and, ultimately, ex nihilo, out of the empty set.

4.1 Pairing

One very reasonable idea is to consider sets whose only element is another set. Such sets are called singleton
sets. That is, if we have a set A, we can “put it inside a box” with curly brackets, say, {A}, so that when we
open the box there is only one thing in it, namely, A. The set A itself may be big, or small, or may even be
the empty set; but this does not matter: each set can be visualized as a “closed box,” so that when we open
the outer box {A} we get only one element, namely, the inner box A. As it turns out, with a single axiom,
the axiom of pairing explained below, we can get two concepts for the price of one: singleton sets and
(unordered) pairs of sets. That is, we can also get sets whose only elements are other sets A and B. Such
sets are called (unordered) pairs, and are denoted {A, B}. The idea is the same as before: we now enclose A
and B (each of which can be pictured as a closed box) inside the outer box {A, B}, which contains exactly
two elements: A and B, provided A # B. What about {A, A}? That is, what happens if we try to enclose
A twice inside the outer box? Well, this set expression still contains only one element, namely A, so that,
by extensionality, {A, A} = {A}. That is, we get the notion of a singleton set as a special case of the notion
of a pair. But this is all still just an intuitive, pretheoretic motivation: we need to define unordered pairs
precisely in our language.
In plain English, the axiom of pairing says:

Given sets A and B, there is a set whose elements are exactly A and B.

In our set-theory language this is precisely captured by the formula:
(Pair) (¥x,y)Al2)Vu)uezeo u=x V u=y)).

We then adopt the notation {x,y} to denote the unique z claimed to exist by the axiom, and call it the
(unordered) pair whose elements are x and y. Of course, by extensionality, the order of the elements does
not matter, so that {x, y} = {y, x}, which is why these pairs are called unordered. We then get the singleton
concept as the special case of a pair of the form {x, x}, which we abbreviate to {x}.

Pairing alone, even though so simple a construction, already allows us to get many interesting sets. For
example, from the empty set we can get the following, interesting sequence of sets, all of them, except @,
singleton sets:

That is, we enclose the empty set into more and more “outer boxes,” and this gives rise to an unending
sequence of different sets. We could actually choose these sets to represent the natural numbers in set
theory, so that we could define: 0 = @, 1 = {@},2 = {{@}}, ..., n+ 1 = {n}, .... In this representation
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we could think of a number as a sequence of nested boxes, the last of which is empty. The number of
outer boxes we need to open to reach the empty box is precisely the number » that the given singleton set
in the above sequence represents. Of course, if there are no outer boxes to be opened, we do not have a
singleton set but the empty set @, representing 0. This is a perfectly fine model of the natural numbers in
set theory, due to Zermelo. But it has the drawback that in this representation the number n + 1 has a single
element. As we shall see shortly, there is an alternative representation of the natural numbers, due to John
von Neumannﬂ in which the natural number 7 is a set with exactly n elements. This is of course a more
appealing representation, particularly because it will allow us, in §I2} to explore a wonderful analogy (and
more than an analogy: a generalization!) between computing with numbers and computing with sets.

What about ordered pairs? For example, in the plane we can describe a point as an ordered pair (x,y)
of real numbers, corresponding to its coordinates. Can pairs of this kind be also represented in set theory?
The answer is yes. Following an idea of Kuratowski, we can define an ordered pair (x, y) as a special kind
of unordered pair by means of the defining equation

(x,y) = {{x}, {x, y})

The information that in the pair (x,y) x is the first element of the pair and y the second element is here
encoded by the fact that when x # y we have {x} € (x,y), but {y} ¢ (x,y), since {y} # {x} and we have a
proper inclusion {y} C {x,y}. Of course, when x = y we have (x, x) = {{x}, {x, x}} = {{x}, {x}} = {{x}}. That
is, the inclusion {y} C {x, y} becomes an equality iff x = y, and then x is both the first and second element of
the pair (x, x). For example, in the above, Zermelo representation of the natural numbers, the ordered pair
(1,2) is represented by the unordered pair {{{@}}, {{2}, {{@}}}}, and the ordered pair (1, 1) by the unordered
pair {{{}}, {2}, {2}}} = {{{a}), {{2}}} = {{{2}}}, which in this case happens to be a singleton set.
A key property of ordered pairs is a form of extensionality for such pairs, namely, the following

Lemma 1 (Extensionality of Ordered Pairs). For any sets x, X', y, ¥, the following equivalence holds:
() =&,y) & (x=x" Ay=Y).

Proof. The implication (<) is obvious. To see the implication (=) we can reason by cases. In case x # y
and x* # ¥, we have (x,y) = {{x},{x,y}} and (x',y") = {{x'},{x’,y’}}, with the subset inclusions {x} C
{x,y} and {x’} C {x’,y}, both strict, so that neither {x, y} nor {x’,y’} are singleton sets. By extensionality,
(x,y) = (¥',y’) means that as sets they must have the same elements. This means that the unique singleton
set in (x,y), namely {x}, must coincide with the unique singleton set in (x’,y’), namely {x’}, which by
extensionality applied to such singleton sets forces x = x’. As a consequence, we must have {x, y} = {x,y’},
which using again extensionality, plus the assumptions that x # y and x # y’, forces y = y’. The cases
x =yand x’ # )y, or x # y and x’ = y’, are impossible, since in one case the ordered pair has a single
element, which is a singleton set, and in the other it has two different elements. This leaves the case x = y
and x’ = y’, in which case we have (x,x) = {{x}}, and (x’, x") = {{x'}}. Extensionality applied twice then
forces x = x’, as desired. O

One could reasonably wish to distinguish between the abstract concept of an ordered pair (x,y), and a
concrete representation of that concept, such as the set {{x}, {x, y}}. Lemma gives strong evidence that this
particular choice of representation faithfully captures the abstract notion. But we could choose many other
representations for ordered pairs (for two other early representations of ordered pairs due to Wiener and
Hausdorff see [33] 224-227). One simple alternative representation is discussed in Exercise [3] (1). Further
evidence that the above definition provides a correct set-theoretic representation of ordered pairs, plus a
general way of freeing the abstract notion of ordered pair of any “representation bias,” is given in Exercise
[29] and in §5.5]after that exercise.

Exercise 3 Prove the following results:
1. The alternative definition of an ordered pair as:
(x,y) = {{xy} B

provides a different, correct representation of ordered pairs, in the sense that it also satisfies the extensionality
property stated in Lemma

!Yes, the same genius who designed the von Neumann machine architecture! This should be an additional stimulus for computer
scientists to appreciate set theory.
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2. The extensionality property of ordered pairs does not hold for unordered pairs. That is, show that there exists an
instantiation of the variables x,y, x',y’ by concrete sets such that the formula

yp={xy} o (x=x" Ay=))

is false of such an instantiation.

4.2 Unions

Another reasonable idea is that of gathering together the elements of various sets into a single set, called
their union, that contains exactly all such elements. In its simplest version, we can just consider two sets,
A and B, and define their union A U B as the set containing all the elements in A or in B. For example, if
A={1,2,3}and B = {3,4,5},then AU B = {1,2,3,4,5}. One could consider giving an axiom of the form

MV, ARD)Muw(uez o (MEX V uEY))

and then define x U y as the unique z claimed to exist by the existential quantifier, and this would be entirely
correct and perfectly adequate for finife unions of sets.

However, the above formula can be generalized in a very sweeping way to allow forming unions not
of two, or three, or n sets, but of any finite or infinite collection of sets, that is, of any set of sets. The
key idea for the generalization can be gleaned by looking at the union of two sets in a somewhat different
way: we can first form the pair {A, B}, and then “open” the two inner boxes A and B by “dissolving”
the walls of such boxes. What we get in this way is exactly A U B. For example, for A = {1,2,3} and
B = {3,4,5}, if we form the pair {A, B} = {{1, 2, 3},{3,4,5}} and then “dissolve” the walls of A and B we
get: {1,2,3,3,4,5} = {1,2,3,4,5} = AU B. But {A, B} is just a set of sets, which happens to contain two
sets. We can, more generally, consider any (finite or infinite) set of sets (and in pure set theory any set is
always a set of sets), say {A;, A, As, ...}, and then form the union of all those sets by “dissolving” the walls
of the A}, Ay, As, .... In plain English, such a union of all the sets in the collection can be described by the
following union axiom:

Given any collection of sets, there is a set such that an element belongs to it if and only if it
belongs to some set in the collection.

This can be precisely captured by the following set theory formula:
(Union) (Vx)@AWW)Vz2)(zey e (Qu)(u € x A z € u)).

We introduce the notation ) x to denote the unique set y claimed to exist by the above formula, and call it
the union of the collection of sets x. For example, for X = {{1,2,3},{2,4,5},{2,3,5,7, 8}} we have

UX={1,2,3,4,5,7,8}.

Of course, when X is a pair of the form {A, B}, we abbreviate | J{A, B} by the notation A U B.

Once we have unions, we can define other boolean operations as subsets of a union, using the axiom of
separation (Sep). For example, the intersection () x of a set x of sets is of course the set of elements that
belong to all the elements of x, provided x is not the empty set (if x = @, the intersection is not defined).
We can define it using unions and (Sep) as the set

mxz{yEle(Vzex)yez}.

For example, for X = {{1,2,3},{2,4,5},{2,3,5,7,8}}, we have (| X = {2}.
Note that, as with union, this is a very general operation, by which we can intersect all the sets in
a possibly infinite set of sets. In the case when we intersect a pair of sets, we adopt the usual notation
(A, B} = A N B, and the above, very general definition specializes to the simpler, binary intersection
definition
ANB={xeAUB|x€A A x€ B}.
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Exercise 4 Prove that | | @ = @, and that for for any set x we have the identities: | J{x} = N{x} = x.

Given two sets A and B, we say that they are disjoint if and only if A N B = @. For an arbitrary set of
setﬂ X, the corresponding, most useful notion of disjointness is not just requiring () X = @, but something
much stronger, namely, pairwise disjointness. A set of sets X is called a collection of pairwise disjoint sets
if and only if for any x,y € X, we have the implication x # y = x Ny = @. In particular, partitions are
pairwise disjoint sets of sets obeying some simple requirements.

Definition 1 Let X be a collection of pairwise disjoint sets and let Y = | J X. Then X is called a partition of
Y iff either (i) X =Y = @; or (ii) X # @ A @ ¢ X. That is, a partition X of Y = |J X is either the empty
collection of sets when Y = @, or a nonempty collection of pairwise disjoint nonempty sets whose union is
Y.

For example the set U = {{1,2, 3},{2,4,5},{3,5,7, 8}}, even though (\ U = @, is not a collection of pairwise
disjoint sets, because {1,2,3} N {2,4, } {2}, {2,4,5} n{3,5,7,8} = {5}, and {1,2,3} N {3,5,7,8} = {3}.
Instead, the set Z = {{1,2, 3}, {4},{5,7, 8}} is indeed a collection of pairwise disjoint sets, and, furthermore,
it is a partition of | JZ = {1, 2, 3,4, 5, 7, 8}. A partition X divides the set | X into pairwise disjoint pieces,
just like a cake is partitioned into pieces. For example, the above set Z = {{1, 2, 3}, {4}, {5, 7, 8}} divides the
set (JZ ={1,2,3,4,5,7, 8} into three pairwise disjoint pieces.

Exercise 5 Given a set A of n elements, let k = 1 if n = 0, and assume 1 < k < nifn > 1. Prove that the number
of different partitions of A into k mutually disjoint subsets, denoted S (n, k), satisfies the following recursive definition:
$0,1) =1;S(n,n) =Sn,1)=1forn > 1;and forn >k > 1, S(n,k) = S(n-1,k-1) + (k- S(n-1,k)). That is, you
are asked to prove that such a recursive formula for S (n, k) is correct for all natural numbers n and all k satisfying the
already mentioned constraints.

Exercise 6 Jumping ahead a little, let N denote the set of all natural numbers for which we assume that multiplication
_- _has already been defined. For eachn € N, n > 1, define the set n of multiples of n as the set n= {x e N| 3Fk)k €
N A x =n-k)}. Then for 1 < j <n—1 consider the sets 1 +j={xeN|@yye nA x= y + j)}. Prove that the set
of sets N/n = {1.1, n+l,...,n +(n — 1)} is pairwise disjoint, so that it provides a partition of N into n disjoint subsets,
called the residue classes modulo n.

The last exercise offers a good opportunity for introducing two more notational conventions. The point
is that, although in principle everything can be reduced to our basic set theory language, involving only the €
and = symbols and the logical connectives and quantifiers, notational conventions allowing the use of other
symbols such as @, U, N, etc., and abbreviating the description of sets, are enormously useful in practice.
Therefore, provided a notational convention is unambiguous, we should feel free to introduce it when this
abbreviates and simplifies our descriptions. The first new notational convention, called quantification over
a set, is to abbreviate a formula of the form (Vy)((y € x) = ¢) by the formula (Vy € x) ¢. Similarly, a
formula of the form (y)((y € x) A ¢) is abbreviated by the formula (dy € x) ¢, where in both cases we

assume that x is not a free variable of ¢. With this abbreviation the setn = {(xeN|@k)keN A x=n-k)}

can be written in a more succinct way asn = {x e N| (Jk e N) x = n - k}.
The second notational convention, which can be called separation with functional expressions, abbrevi-

ates an application of the (Sep) axiom defining a set of the form {x € Z | (Axy,..., x,)(x = exp(xy,...,X,) A
¢)}, where x is not a free variable of ¢, by the more succinct notation {exp(xi,...,x,) € Z | ¢}, where
exp(xy, ..., Xx,) is a functional expression which uniquely defines a set in terms of the sets xy, ..., x,. Using

this convention, we can further abbreviate the description of the setn = {xe N|(Jk e N)x =n -k} tojust
n= {n-k € N | k e N}. Similarly, we can simplify the description of the set 1 +j={xeN|@yQy €
nA x:y+j}tojust;t+j:{y+jeN|ye;1}.

So far, we have seen how intersections can be obtained from unions. Using the (Sep) axiom, we can
likewise define other boolean operations among sets. For example, the set difference A — B of two sets, that
is, the set whose elements are exactly those elements of A that do not belong to B, is defined using union
and the (Sep) axiom as the set

A-B={x€eAUB|xe€A AN x¢B}.

2In pure set theory, since the elements of a set are always other sets, all sets are sets of sets. The terminology, “set of sets,” or
“collection of sets” is just suggestive, to help the reader’s intuition.
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Similarly, the symmetric difference of two sets A B B can be defined by the equation
ABB=(A-B)U(B-A).

Exercise 7 Prove that the binary union operation A U B satisfies the equational axioms of: (i) associativity, that is, for
any three sets A, B, C, we have the set equality

(AUB)UC=AU(BUO)
(ii) commutativity, that is, for any two sets A and B, we have the set equality
AUB=BUA
(iii) the empty set @ acts as an identity element for union, that is, for any set A, we have the equalities
AU =A PUA=A
and (iv) idempotency, that is, for any set A, we have the set equality
AUA =A.
Furthermore, given any two sets A and B, prove that the following equivalence always holds:

ACB © AUB=B

Exercise 8 Prove that the binary intersection operation A N B satisfies the equational axioms of: (i) associativity, (ii)
commutativity; and (iii) idempotency. Prove also that union and intersection satisfy the two following distributivity
equations (of N over U, resp., of U over N):

ANBUC)=(ANB)UMANC)

AUBNC)=(AUBNAUC)
plus the following two absorption equations:
ANAUC)=A AUMANC)=A
plus the equation
AN =@a.

Furthermore, given any two sets A and B, prove that the following equivalence always holds:

ACB & ANnB=A.

Exercise 9 Prove that the symmetric difference operation A B B satisfies the equational axioms of associativity and
commutativity plus the axioms:

ABo=A

ABA=0

and that, furthermore, it satisfies the following equation of distributivity of N over @:

ANBEC)=(ANB)B(ANC).

Note that, because of the associativity and commutativity of binary union, binary intersection, and
symmetric difference, we can extend those operations to n sets, for any natural number n > 2, by writing
AlU...UA,,AiN...NA,,and A| B...HA,, respectively, with no need for using parentheses, and where
the order chosen to list the sets Ay, ..., A, is immaterial.

Of course, with set union, as well as with the other boolean operations we can define based on set union
by separation, we can construct more sets than those we could build with pairing, separation, and the empty
set axiom alone. For example, we can associate to any set A another set s(A), called its successor, by
defining s(A) as the set s(A) = A U {A}. In particular, we can consider the sequence of sets

2 s(2) s(s(@) s(s(s(2)))
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which is the sequence of von Neumann natural numbers. This is an alternative representation for the natural
numbers within set theory, in which we define 0 = @, and n+1 = s(n) = nU{n}. If we unpack this definition,
the von Neumann natural number sequence looks as follows:

0=0, I={2}={0}, 2={a.{a}}=1{0.1}, 3={2.{2}.{2.{a}}} =1{0,1,2},

giving us the general pattern: n + 1 = {0,1,...,n}. That is, each number is precisely the set of all the
numbers before it. Two important features of this representation of numbers as sets are: (i) unlike the
case for the Zermelo representation in @ now the number 7 is a set with exactly n elements, which are
precisely the previous numbers; and (ii) n < m iff n € m. These are two very good properties of the von
Neumann representation, since it is very intuitive to characterize a number as a set having as many elements
as that number, and to think of a bigger number as a set containing all the smaller numbers.

4.3 Powersets

Yet another, quite reasonable idea to build new sets out of previously constructed ones is to form the set of
all subsets of a given set A, called its powerset, and denoted P(A). For example, given the set 3 = {0, 1,2},
its subsets are: itself, {0, 1,2}, the empty set @, the singleton sets {0}, {1}, {2}, and the unordered pairs {0, 1},
{0,2}, and {1, 2}. That is,

$3) = {2,{0}, {1},{2},{0, 1}, {0, 2}, {1, 2},{0, 1, 2}}.

This gives us a total of 2° = 8 subsets. The existence of a power set P(A) for any given set A is postulated
by the powerset axiom, which in English can be stated thus:

Given any set, the collection of all its subsets is also a set.
This can be captured precisely in our formal set theory language by the formula
(Pow) (Vx)@AW)(V2)(zey © zC x).

We then use the notation P(x) to denote the unique set y postulated to exist, given x, by this formula.

It is trivial to show thatif U,V € P(X),then UU V, U NV, U - V,U BV € P(X), that is, P(X) is closed
under all boolean operations. Furthermore, there is one more boolean operation not defined for sets in
general, but defined for sets in P(X), namely, complementation. Given U € P(X), its complement, denoted
U, is, by definition, the set U = X — U. As further developed in Exercises and P(X) satisfies both
the equations of a boolean algebra, and, in an alternative formulation, those of a boolean ring.

Note that this closure under boolean operations can be extended to arbitrary unions and arbitrary in-
tersections. To define such arbitrary unions and intersections, we need to consider sets of sets U whose
elements are subsets of a given set X. But what are such sets? Exactly the elements of P(P(X)). Given
U € P(P(X)), its union is always a subset of X, that is, | JU C X, or, equivalently, U € P(X). If
U € PP(X)) is a nonempty set of subsets of X, then we likewise have (U C X, or, equivalently,
NU € P(X). Recall that when U = @, the intersection (| U is not defined. However, we can in the
context of P(X) extend the intersection operation also to the empty family by fiat, defining it as: (@ = X.
Intuitively, the more sets we intersect, the smaller the intersection:

Nwr2(w.viz(wv.wi2...

Following this reasoning, since for any U C X we have @ C {U}, we should always have (@ 2 "{U} = U.
Since we know that the biggest set in P(X) is X itself, it is then entirely natural to define (@ = X as we
have done.

Exercise 10 Prove that, besides the equational laws for union and intersection already mentioned in Exercises[/|and
[8l for any U,V € P(X), the following additional complement laws hold:

UnU=0 UuU=X
and also the following two De Morgan’s laws:
vuv=UnV UnvV=UUV.

The equations in Exercises[/land[8] plus the above equations make P(X) into a boolean algebra.
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Exercise 11 Prove that, besides the equations for 8 already mentioned in Exercise[9] plus the equations of associativity,
commutativity, and idempotency of N and the equation U N @ = @ in Exercise[§ for any U € P(X), the following
additional equational law holds:

UnX=U.
These laws make P(X) into a boolean ring, with & as the addition operation having @ as its identity element, and with
N as the multiplication operation having X as its identity element.

Prove that the operations of union and complementation on P(X) can be defined in terms of these, boolean ring
operations as follows:
vuv=UnV)B(UmYV)
U=UsX.

That is, instead of adopting U, N, and complementation as our basic operations on P(X), we may alternatively choose
B and N as the basic operations.

Exercise 12 Describe in detail the sets P(2), P(P(2)), and P(P(P(D))).
Prove that if A is a ﬁnit{] set with n elements, then P(A) has 2" elements.

Exercise 13 Prove that for any sets A and B, and set of sets X, we have:
ACB = PA)CPDB)

PA)UP(B) CP(AUB)
P(A) N P(B) = P(A N B)
Uew eped Jxn1xexicr| Jx)

(P er@( Jx) 1 xex)=2()x).

Once we have powersets, we can define many other interesting sets. For example, given sets A and B,
we can define the set A ® B of all unordered pairs {a, b} with a € A and b € B as the set

A®B={{x,y)€P(AUB)| (x€A A y€ B)}.

Similarly, we can define the set A X B of all ordered pairs (a, b) with a € A and b € B, called the cartesian
product of A and B, as the set

AXB={{{x},{x,y}} e PP(AUB)) | (x€ A A y€ B)}.

Given sets Ay, ...,A,, with n > 2, we define their cartesian product A;x .". XA, as the iterated binary
cartesian product A} X (A2 X (... X (A,—1 X A,)...)); and given x| € Ay,...,x, € A,, we define the n-tuple
(X1,...,x,) € A;X .". X A, as the element (x1, (x2, (..., (X-1,X,)...))). When A} = A, =...=A, = A, we
further abbreviate Ax .. X A to A".

Using cartesian products, we can also construct the disjoint union of two sets A and B. The idea of the
disjoint union is to avoid any overlaps between A and B, that is, to force them to be disjoint before building
their union. Of course, A and B may not be disjoint. But we can make them so by building “copies” of A
and B that are disjoint. This is what the cartesian product construction allows us to do. We can form a copy
of A by forming the cartesian product A X {0}, and a disjoint copy of B by forming the cartesian product
B x {1}. These sets are respectively just like A or B, except that each element a € A has now an extra
marker “0” and is represented as the ordered pair (a, 0); and each b € B has now an extra marker “1” and is
represented as the ordered pair (b, ). Then, by using either Lemma[I]or Exercise [I5]below, it is immediate
to check that (A x {0}) N (B x {1}) = @. We then define the disjoint union of A and B as the set

A®B=(Ax{0})Uu(Bx{l1)).

3We say that a set A is finite iff either A = @, or A is a finite union of singleton sets, that is, there are singleton sets {a;},.. ., {a,},
such that A = {a;}U...U{a,}, where by the associativity and commutativity of set union (see Exercise the order and the parentheses
between the different union operators are immaterial. We then use the notation A = {ay,..., a,} for such a set. Of course, by
extensionality we remove repeated elements; for example, if a; = a», we would have A = {aj, az,...,a,} = {az,...,a,}. The number
of elements of A is of course the number of different elements in A. For an equivalent definition of finite set later in these notes see

Deﬁnition@]in @

25



Exercise 14 Prove that for A, B, C, and D any sets, the following formulas hold:

A®B = B®A
ARQ = (%)
A®BUC) = (A®B)UMA®C)

(ACBACCD) = A®CCB®D.

Exercise 15 Prove that for A, B, C, and D any sets, the following formulas hold:

AXQ = OXA=0
AX(BUC) = (AXB)UAXC)
(AUB)XC = (AXC)UBXC)

(ANB)X(CND) = (AxC)n(BxD)
AX(B-C) = AXB) -(AxXC)
(A-B)xC = (AxXC)-(BxC)

(ACBACCD) = AXCCBXxD.

Exercise 16 Prove that if A and B are finite sets, with A having n elements and B m elements, then:
o A X B has n-m elements, and
o A ® B has n+ m elements.

This shows that the notations A X B and A @ B are well-chosen to suggest multiplication and addition, since cartesian
product and disjoint union generalize to arbitrary sets the usual notions of number multiplication and addition.

4.4 Infinity

The set theory axioms we have considered so far only allow us to build finite sets, like the numbelﬂ7 , or the
powersets P(7) and P(P(7)), or the sets P(7) X 7, and P(7) ® 7, and so on. It is of course very compelling
to think that, if we have all the natural numbers 1, 2, 3, ..., n, ..., as finite sets, there should exist an infinite
set containing exactly those numbers, that is, the set of all natural numbers. Note that this set, if it exists,
satisfies two interesting properties: (i) 0 = @ belongs to it; and (ii) if x belongs to it, then s(x) = x U {x}
also belongs to it. We call any set satisfying conditions (i) and (ii) a successor set. Of course, the set of
natural numbers, if it exists, is obviously a successor set; but one can construct other sets bigger than the
set of natural numbers that are also successor sets.

Even though in a naive, unreflective way of doing mathematics the existence of the natural numbers
would be taken for granted, in our axiomatic theory of sets it must be explicitly postulated as a new axiom,
called the axiom of infinity, which can be stated in plain English as follows:

There is a successor set.

This can be precisely formalized in our set theory language by the axiom:

Unf) @)@ ey A (Yxey)((xU{x}h e y).

Note that the successor set y asserted to exist by this axiom is not unique: there can be many successor
sets. So this axiom does not directly define for us the natural numbers. However, it does define the natural
numbers indirectly. To see why, first consider the following facts:

Exercise 17 Prove that:

o [fS and S’ are successor sets, then S US’" and S NS’ are also successor sets.

4In what follows, all numbers will always be understood to be represented as sets in the von Neumann representation. Except for
a brief appearance in §14.4.2} the alternative, Zermelo representation will not be further used.
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o [fS is a successor set, then the set of all successor sets S’ such that S’ C S can be precisely defined as the
following subset of P(S):

{(S"ePS)|(@eS A (VxeSH(xU{x}) e S
This set is of course nonempty (S belongs to it) and its intersection
m{S' ePS)|I(@eS A (VxeS ) ((xU{x})eS )
is a successor set.

Exercise 18 Prove that if X is a set having an element 7 € X such that for all x € X we have 7 C x, then X = z.

We can then use these easy facts to define the set N of natural numbers. Let S’ be a successor set, which
we know it exists because of the (Inf) axiom. We define N as the intersection:

N = ﬂ{S'GP(S)I((beS’ A (Yx e SH((xU {x}) € S)}

which we know is a successor set because of Exercise [[Z7}

The key question, of course, is the uniqueness of this definition. Suppose we had chosen a different
successor set T and had used the same construction to find its smallest successor subset. Can this intersec-
tion be different from the set N that we just defined for S ? The answer is emphatically no! It is the same!
Why is that? Because by Exercise for any successor set 7, S N T is also a successor set. And, since
S NT C S, this implies that N C (S N T) C T. That is, any successor set contains N as a subset. Then,
using Exercise[I8] we get that for any successor set T

N = ﬂ{T’ ePT)|(@eT AN (VxeT)(xUix})eT))

as claimed. The fact that any successor set contains N as a subset has the following well-known induction
principle as an immediate consequence:

Theorem 2 (Peano Induction) If T C N is a successor set, then T = N.

The above induction principle is called Peano Induction after Giuseppe Peano, who first formulated it in
his logical axiomatization of the natural numbersE] It is an indispensable reasoning principle used routinely
in many mathematical proofs: to prove that a property P holds for all natural numbers, we consider the
subset T C N for which P holds; then, if we can show that P(0) (that is, that O € T') and that for each n € N
we have the implication P(n) = P(s(n)) (thatis, thatn € T = s(n) € T), then we have shown that P holds
for all n € N. Why? Because this means that we have proved that T is a successor set, and then by Peano
Induction we must have 7 = N.

Note that, although a successor set must always contain all the natural numbers, in general it could also
contain other elements that are not natural numbers. The set N we have defined, by being the smallest
successor set possible, contains all the natural numbers and only the natural numbers.

Exercise 19 Recall that in the von Neumann natural numbers we have n < m iff n € m. Use Peano induction to prove
that the < relation is a “linear order” on N, that is, to prove the formula

MVMa,meN)n<mV m<nVn=m.

(Hint: Note that the property P(n) stated by the formula (Nm e Ny n <m V m <n V n = m, defines a subset T C N of
the natural numbers).

SPeano’s axioms are discussed in
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Chapter 5

Relations, Functions, and Function Sets

Relations and functions are pervasive, not just in mathematics but in natural language and therefore in
ordinary life: we cannot open our mouth for very long without invoking a relation or a function. When
someone says, “my mother is Judy Tuesday,” that person is invoking a well-known function that assigns
to each non-biologically-engineered human being his or her natural mother. Likewise, when someone says
“our four grandparents came for dinner,” he/she is invoking a well-known relation of being a grandparent,
which holds between two human beings x and z iff z is a child of some y who, in turn, is a child of x. One
of the key ways in which set theory is an excellent mathematical modeling language is precisely by how
easily and naturally relations and functions can be represented as sets. Furthermore, set theory makes clear
how relations and functions can be composed, giving rise to new relations and functions.

5.1 Relations and Functions

How does set theory model a relation? Typically there will be two sets of entities, say A and B, so that the
relation “relates” some elements of A to some elements of B. In some cases, of course, we may have A = B.
For example, in the “greater than” relation, >, between natural numbers, we have A = B = N; but in general
A and B may be different sets.

So, what is a relation? The answer is quite obvious: a relation is exactly a set of ordered pairs in some
cartesian product. That is, a relation is exactly a subset of a cartesian product A X B, that is, an element of
the powerset P(A X B) for some sets A and B. We typically use capital letters like R, G, H, etc., to denote
relations. By convention we write R : A = B as a useful, shorthand notation for R € (A X B), and say
that “R is a relation from A to B,” or “R is a relation whose domairﬂ is A and whose codomain (or range)
is B.” Sometimes, instead of writing (a, b) € R to indicate that a pair (a, b) is in the relation R, we can use
the more intuitive infix notation a R b. This infix notation is quite common. For example, we write 7 > 5,
to state that 7 is greater than 5, instead of the more awkward (but equivalent) notation (7,5) € >.

Note that given a relation R C A X B we can define its inverse relation R™' C B X A as the set R™! =
{(y,x) € BXA | (x,y) € R}. The idea of an inverse relation is of course pervasive in natural language:
“grandchild” is the inverse relation of “grandparent,” and “child” is the inverse relation of “parent.” It
follows immediately from this definition that for any relation R we have, (R™')"! = R.

What is a function? Again, typically a function f will map an element x of a set A to corresponding
elements f(x) of a set B. So the obvious answer is that a function is a special kind of relation. Which kind?
Well, f is a relation that must be defined for every element x € A, and must relate each element x of A to a
unique element f(x) of B. This brings us to the following question: we know that, given sets A and B, the
set of all relations from A to B is precisely the powerset P(A X B). But what is the set of all functions from
A to B? Obviously a subset of P(A x B), which we denote [A— B] and call the function set from A to B. Can
we define [A— B] precisely? Yes, of course:

[A-B]l ={f €e P(AXx B)| YacA)A!b € B) (a,b) € f}.

I'This does not necessarily imply that R is “defined” for all a € A, that is, we do not require that (Ya € A)(3b € B)(a,b) € R.
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We can introduce some useful notation for functions. Typically (but not always) we will use lower case
letters like f, g, h, and so on, to denote functions. By convention, we write f : A — B as a shorthand
notation for f € [A-B]. We thenread f : A — B as “f is a function from A to B,” or “f is a function
whose domain is A, and whose codomain (also called range) is B.” Also, if f : A — B and a € A, the
unique b € B such that a f b is denoted f(a). This is of course the standard notation for function application,
well-known in algebra and calculus, where we write expressions such as factorial(7), 2 + 2 (which in the
above prefix notation would be rendered +(2, 2)), sin(rr), and so on.

Exercise 20 Let A and B be finite sets. If A has n elements and B has m elements, how many relations are there from
A to B? And how many functions are there from A to B? Give a detailed proof of your answers.

5.2 Formula, Assignment, and Lambda Notations

This is all very well, but how can we specify in a precise way a given relation or function we want to use?
If set theory is such a good modeling language, it should provide a way to unambiguously specify whatever
concrete relation or function we want to define. The fact that we know that the set of all relations from A to
B is the powerset P(A X B), and that the set of all functions from A to B is the set [A—B] is well and good;
but that does not tell us anything about how to specify any concrete relation R € P(A X B), or any concrete
function f € [A—B].

Essentially, there are two ways to go: the hard way, and the easy way. The hard way only applies under
some finiteness assumptions. If A and B are finite sets, then we know that A X B is also a finite set; and then
any R € P(A X B), that is, any subset R C A X B is also finite. So we can just /ist the elements making up the
relation R, say, R = {(a;,by),...,(an, b,)}. This is exactly the way a finite relation is stored in a relational
data base, namely, as the set of tuples in the relationE] For example, a university database may store the
relationship between students and the courses each student takes in a given semester in exactly this way: as
a finite set of pairs. In reality, we need not require A and B to be finite sets in order for this explicit listing
of R to be possible: it is enough to require that R itself is a finite set. Of course, for finite functions f we
can do just the same: we can specify f as the set of its pairs f = {(a;,b1), ..., (a,, b,)}. However, since a
function f : A — B must be defined for all a € A, it follows trivially that f is finite iff A is finite.

So long for the hard way. How about the easy way? The easy way is to represent relations and functions
symbolically, or, as philosophers like to say, intensionally. That is, by a piece of language, which is always
finite, even though what it describes (its “extension”) may be infinite. Of course, for this way of specifying
relations and functions to work, our language must be completely precise, but we are in very good shape in
this regard. Isn’t set theory a precise formal language for all of mathematics? So we can just agree that a
precise linguistic description of a relation R is just a formula ¢ in set theory with exactly two free variables,
x and y. Then, given domain and codomain sets A and B, this formula ¢ unambiguously defines a relation
R C A X B, namely, the relation

R={(x,y) € AXB| ¢}

For example, the greater than relation, >, on the von Neumann natural numbers can be specified by the set
theory formula y € x, since we have,

>={(x,y) e NXN|yex}

Similarly, the square root relation on real numbers is specified by the formulzﬂ y? = x, defining for us the set
of pairs SORT = {(x,y) € R? | y* = x}, which geometrically is a parabola. Note that what we are exploiting
here is the axiom scheme (Sep) of separation, which endows set theory with enormous expressive power to
use its own “metalanguage” in order to specify sets. Let us call this syntactic way of defining relations the
Sformula notation.

How can we likewise define functions symbolically? Since functions are a special kind of relation,
we can always use the above formula notation to specify functions, but this may not be a very good idea.

2The fact that the tuples or “records,” may have more than two elements in them does not really matter for our modeling purposes,
since we can view, say, a triple (a, b, ¢) as a pair (a, (b, ¢)), and, similarly, and n-tuple (ay, ..., a,) as a pair (ar, (a2, . . ., an)).

3 Admittedly, the expression y? for squaring a real number does not belong to our basic set theory language; however, as explained
in what follows, such a language can be extended so that it does belong to an extended set theory language. Such language extensions
are the natural result of modeling all of mathematics within set theory, and are also very useful for set theory itself.
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Why not? Because just from looking at a formula ¢(x,y) we may not have an obvious way to know that
for each x there will always be a unique y such that ¢(x,y) holds, and we need this to be the case if
o(x,y) is going to define a function. A better way is to use a set-theoretic ferm or expression to define
a function. For example, we can use the set-theoretic expression x U {x} to define the successor function
s : N — N on the von Neumann natural numbers. We can do this using two different notations, called,
respectively, the assignment notation and the lambda notation. In the assignment notation we write, for
example, s : N — N : x — x U {x} to unambiguously define the successor function. More generally, if
#(x) is a set-theoretic term or expression having a single variable x (or having no variable at all), then we
can write f : A — B : x — t(x) to define the function f. In which sense is f defined? That is, how is f
specified as a set? Of course it is specified as the set

f=1{x,y) € AXB|y=1(x)}

Ok, but how do we know that such a set is a function? Well, we do not quite know. There is a possibility
that the whole thing is nonsense and we have not defined a function. Certainly the above set is a relation
from A to B. Furthermore, we cannot have (a, b), (a,b’) € f with b # b’, since #(x) is a term, and this forces
b = t(a) = b’. The rub comes from the fact that we could have a € A but #(a) ¢ B. In such a case f will
not be defined for all a € A, which it must be in order for f to be a function. In summary, the assignment
notation, if used senselessly, may not define a function, but only what is called a partial function. In order
for this notation to really define a function from A to B, we must furthermore check that for each a € A the
element #(a) belongs to the set B. An alternative, quite compact variant of the assignment notation is the
notation A 3 x — #(x) € B.

What about the lambda notation? This notation is also based on the idea of symbolically specifying
a function by means of a term #(x). It is just a syntactic variant of the assignment notation. Instead of
writing x — #(x) we write Ax. #(x). To make explicit the domain A and codomain B of the function so
defined we should write Ax € A. #(x) € B. Again, this could fail to define a function if for some a € A we
have #(a) ¢ B, so we have to check that for each a € A we indeed have #(a) € B. For example, assuming
that we have already defined the addition function + on the natural numbers, we could define the function
double : N — N by the defining equality double = Ax € N. x + x € N. A good point about the lambda
notation Ax. #(x) is that the A symbol makes explicit that it is used as a “binder” or “quantifier” that binds
its argument variable x. This means that the particular choice of x as a variable is immaterial. We could
instead write Ay. #(y) and this would define the same function. Of course, this also happens for the assigment
notation: we can write A 3 y — #(y) € B instead of A 3 x — #(x) € B, since both notations will define the
same function.

Both the assignment and the lambda notations have easy generalizations to notations for defining func-
tions of several arguments, that is, functions of the form f : A; X...xA, — B. Instead of choosing a term

t(x) with (at most) a single variable, we now choose a term #(xy, . . ., x,) with (at most) n variables and write
FiAIX. .. XA, — B:(x1,...,x,) = HX1,...,%,), 0t A] X ...XA,; 3 (X1,...,%,) = HX,...,X,) €B
in assignment notation; or A(xy,...,x,;) € A] X...XA,. #(xy,...,x,) € Bin lambda notation. For example,

we can define the average function on a pair of real numbers by the assignment notation: av : R?> —
R : (x,y) = (x +y)/2. Of course, the function f defined by the assignment notation A; X ... X A, >
(x1,...,%x,) > t(x1,...,x,) € B, or the lambda notation A(xy,...,x,) € A X...XA,. t(x1,...,x,) € B, is:

f={(x1,.... %), ) €A X...XA)XB|y=1tx1,...,x)}.

Perhaps a nagging doubt that should be assuaged is what terms, say, #(x) or #(xy, ..., X,), are we allowed
to use in our set theory language. After all, in the original formal language of set theory presented in §2]
the only terms allowed were variables! This certainly will not carry us very far in defining functions. The
answer to this question is that we are free to use any terms or expressions available to us in any definitional
extension of the set theory language. The idea of a definitional extension of a first-order language is very
simple: we can always add new, auxiliary notation, provided this new notation is precisely defined in terms
of the previous notation. We have been using this idea already quite a lot when introducing new auxiliary
symbols like @, C, |, (), B, ®, @, X, or P, in our set theory language. For example, we defined the
containment relation C in terms of the basic notation of set theory —which only uses the € binary relation
symbol and the built-in equality symbol— by means of the defining equivalence x Cy & (Vz)(z € x =
z € y). Similarly, the term x U {x} that we used in defining the successor function on von Neumann natural
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numbers became perfectly defined after singleton sets were formally defined by means of the (Pair) axiom
and the union operation was formally defined by means of the (Union) axiom.

More precisely, given any formula ¢ in our language whose free variables are exactly x,..., x,, we
can introduce a new predicate symbol, say P, of n arguments as an abbreviation for it, provided we add
the axiom P(xi,...,x,) © ¢, which uniquely defines the meaning of P in terms of ¢. For example,
the predicate C is defined in this way by the equivalence x C y & (¥z € x) z € y. Similarly, if we
have a formula ¢ in our language whose free variables are exactly x,..., x,,y, and we can prove that the
formula (Vxi, ..., x,)(Aly) ¢ is a theorem of set theory, then we can introduce in our language a new function
symbol f of n arguments, and we can define the meaning of f by adding the axiom f(x},...,x,) =y © .
For example, we have done exactly this to define {xi, x,}, [J x, and P(x), using the uniquely existentially
quantified variable y in, respectively, the (Pair), (Union), and (Pow) axioms. Of course, this language
extension process can be iterated: we can first define some new function and predicate symbols this way, and
can later introduce other new symbols by defining them in terms of the formulas in the previous language
extension. For example, the sucessor function can be defined in terms of binary union _ U _ and the pairing
operation {_, _} by means of the term x U {x}, which abbreviates the term x U {x, x}. Finally, by repeatedly
replacing each predicate or function symbol by its corresponding definition, we can always “define away”
everything into their simplest possible formulation in the basic language of set theory presented in § 2]

Exercise 21 Define away the formula y = s(x), where s is the successor function, into its equivalent formula in the
basic language of set theory, which uses only variables and the € and = predicates.

5.3 Images

Given a relation R C A X B, we can consider the image under R of any subset A’ € P(A), that is, those
elements of B related by R to some element in A’. The obvious definition is then,

RIA)=1{be B|(JacA) (ab)eR).

For example, for SORT the square root relation on the set R of real numbers we have SORT[{4}] = {2, -2},
SORT[{-1}] = @, and SORT[R] = R.
Of course, given B’ C B, its inverse image under R,

R'B1=lacA|@beB)(ab)eR),

is exactly the image of B’ under the inverse relation R~'. For example, since the inverse relation SQRT !
is the square function R 3 x - x> € R, we have SORT'[{—1}] = {1}, and SORT'[R] = Ry, where Ry
denotes the set of positive (or zero) real numbers.

Given a relation R C A x B, we call the set R[A] C B the image of R. For example, the image of the
square root relation SORT is SORT[R] = R; and the image of the square function is square[R] = Ryg.

Note that for any relation R C A X B, the assignment P(A) 3 A’ — R[A’] € P(B) defines a function
R[] : P(A) — P(B). In particular, for the inverse relation R~! we have a function R'[_] : P(B) — P(A).

Note, finally, that when f C A X B is not just a relation but in fact a function f : A — B, then for each
a € A we have two different notations, giving us two different results. On the one hand f(a) gives us the
unique b € B such that a f b, while on the other hand f[{a}] gives us the singleton set whose only element

is f(a), thatis, f[{a}] = {f(a)}.

Exercise 22 Prove the following:

1. Forany sets A, B, and C, if f € [A—»B] and B C C, then f € [A—C], that is, [A—B] € [A—C], so that we can
always enlarge the codomain of a function to a bigger one.

2. Given f € [A—B], prove that for any set C such that f[A] € C C B we have f € [A—C]; that is, we can restrict
the codomain of a function f to a smaller one C, provided f[A] C C.

3. If f e [A-Bland A C A’ then f ¢ [A’>B)], that is, we cannot strictly enlarge the domain of a function [ and
still have f be a function. Come up with a precise set-theoretic definition of partial function, so that, under this
definition, if f € [A—>B] and A C A’ then f is a partial function from A’ to B. Summarizing (1)—(3), the domain
of a function f € [A—B] is fixed, but its codomain can always be enlarged; and can also be restricted, provided
the restricted codomain contains f[A)].
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4. Call a relation R from A to B totaﬂ iff for each a € A we have R[{a}] # @. Show that any function from A to B is
a total relation. Show also that if f € [A—B] and A C A’, then f, as a relation from A’ to B, is not total (so that
calling f a partial function from A’ to B makes sense). Come up with the most natural and economic possible
way of extending any relation R from a set A to itself, that is, R € P(A?), to a total relation R®, so that if R is
already total, then R = R°.

5. For any sets A, B, C, and D, if R € P(A x B), A C C, and B C D, then R € P(C X D), that is, we can always

enlarge both the domain and the codomain of a relation. However, show that if R € P(A X B) is total from A to
Band A c C, and B C D, then, R, as a relation from C to D, is never total.

Exercise 23 Given a function f € [A—B] and given a subset A’ C A we can define the restriction f 4 of f to A" as the
set

fla=A{(ab)e flac A}
Prove that the assignment f — f|4 then defines a function _ 4: [A—B] — [A’—B). Show, using the inclusion N C Z
of the natural numbers into the set Z of integers, as well as Exercise [22}(1)-(2), that the addition and multiplication
functions on natural numbers are restrictions of the addition and multiplication functions on integers in exactly this
sense.

Similarly, given a relation R € P(A X B) and given a subset A’ C A we can define the restriction Rl» of R to A’ as

the set

Riay={(a,b)eR|acA’}.

Prove that the assignment R — R[4 then defines a function _ 4: P(A X B) — P(A’ X B).

5.4 Composing Relations and Functions

Given relations F' : A = Band G : B = C, their composition is the relation F;G : A = C defined as
the set
F;G={(x,2) €AXC|(Tye B)(x,y) € F A (y,2) €G)}.

Similarly, given functions f : A — B and g : B — C, their composition is the relation f; ¢ : A — C,
which is trivial to check it is a function. The notation F'; G (resp. f; g) follows the diagrammatic order, so
that F (resp. f) is the first relation (resp. function) from A to B, and G (resp. g) the second relation (resp.
function) from B to C. Sometimes the composed relation F'; G (resp. composed function f; g) is denoted in
application order as G o F (resp. g o f). This is due to the convention of applying functions to an argument
on the left of the argument, so to apply f;g to a € A we have to apply f first to get f(a), and then g to
get g(f(a)). The notation (g o f)(a) = g(f(a)) then follows the application order for functions on the left,
whereas the notation f; g is easier to indicate that f is the first function applied, and g the second. We will
allow both notations, but will favor the diagrammatic one.

Given any set A, the identity function on A is the function idy = {(a,a) | a € A}, or, in assignment
notation, id4 : A — A : a — a. The following lemma is trivial to prove and is left as an exercise.

Lemma 2 (Associativity and Identities for Relation and Function Composition)

1. Given relations F : A= B, G: B= C, and H : C = D, their composition is associative, that is,
we have the equality of relations (F;G); H = F;(G; H).

2. Given functions f : A — B, g : B— C, and h : C — D, their composition is likewise associative,
that is, we have the equality of functions (f;g);h = f;(g; h).

3. Given a relation F : A = B, we have the equalities id; F = F, and F;idg = F.

4. Given a function f : A — B, we have the equalities ida; f = f, and f;idg = f.

“4Please note that this use of the word “total” means “totally defined” and is opposed to “partial,” in the sense of “partially defined,”
that is, a relation R : A = B is total iff it is defined for every a € A, and should be called partial otherwise. All functions are total
relations in this sense; and we call a relation f : A = B a partial function iff there is a subset A’ C A such that f : A’ — Bisa
(total) function. Note that this notion of total relation is completely different from another notion in which R : A = A is called “total”
iff (Yx,y € A) xRy V yRx. This second sense of “total” is used in the notion of a fotally ordered set with an order relation < in Section
To make things even more confusing, an ordered set that is not total in this second sense is called a partially ordered set or poset;
but here “partial” just means not (necessarily) total in this second and completely different sense. In what follows, the context will
always make clear which of these two senses of “total” or “partial” is meant.
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Closely related to the identity function id4 on a set A we more generally have inclusion functions. Given
a subset inclusion A’ C A, the inclusion function from A’ to A is the function jﬁ, ={(a,d") | d € A}, or,
in assignment notation, jﬁ, :A’ — A :d — d'. Thatis, the function j4, is just the identity function idy
on A’, except that we have extended its codomain from A’ to A (see Exercise[22}(1)). To emphasize that an
inclusion function identically includes the subset A into A, we will use the notation jﬁ, : A’ — A. Note that
inclusion functions are also closely connected with the notion of restriction f[4- of a function f : A — B
or, more generally, restriction F [ 4 of a relation F : A = B to a subset A’ C A of its domain defined in
Exercise Indeed, it is trivial to check that we have the equalities: fl4 = jﬁ, 3 f,and Fly= jﬁ,; F.

We call a function f : A — B injective iff (Va,a’ € A)(f(a) = f(a’) = a = a’). Obviously, any
inclusion function is injective. For another example of an injective function, consider multiplication by 2
(or by any nonzero number) on the natural numbers: 2-_: N — N : n — 2 - n. Similarly, addition by 2 (or
by any natural number) 2+ _: N — N : n — 2 +n is an injective function. We use the notation f : A > B
as a shorthand for “f is an injective function from A to B.” Note that since an inclusion jﬁ, A > Als
always injective, it could also be written j4, : A’ > A.

We call a function f : A — B surjective iff B is the image of f, that is, iff f[A] = B. For example,
the absolute value function || : Z — N, with |n| = n if n € N, and |-n| = n for negative numbers, is
clearly surjective. Similarly, the projection to the horizontal plane 7 : R? — R? : (x,y,2) — (x,y) is also
surjective. We use the notation f : A —» B as a shorthand for “f is a surjective function from A to B.”
Note that, taking into account Exercise 22} it is immediate to check that any function f : A — B can be
expressed in a unique way as a composition of its “surjective part” (the restriction of its codomain to f[A]),
followed by the inclusion of f[A] into B. That is, we always have f = f; j?[ 4> according to the composition

o
A L a1 B

Since any inclusion function is injective, the above composition f = f; j}lf[ 4) shows that any function can
always be expressed as the composition of a surjective function followed by an injective function.

We call a function f : A — B bijective iff it is both injective and surjective. Obviously, the identity
function id, is bijective. Similarly, the function mapping each point of the three dimensional space to its
“mirror image” on the other side of the x — z plane, mirror : R> — R? : (x,y,z) = (x, -y, z) is also clearly
bijective. We use the notation f : A—B as a shorthand for “f is a bijective function from A to B.” We
also use the notation A = B as a shorthand for “there exists a bijective function from A to B.” For example,
P{0,1,2}) = 8.

Since any function f : A — Bis a special case of a relation, its inverse relation f~! : B = A is always
defined. However, in general f‘l is a relation, but not a function. We have already encountered instances
of this phenomenon. For example, given the square function square : R — R : x > x2, its inverse relation
square™' : R = R is precisely the square root relation SQRT, which is not a function. It is then interesting
to ask: given a function f : A — B, when is its inverse relation f~! a function? More generally, how is the
inverse relation f~! related to the injective, surjective, or bijective nature of a function?

Exercise 24 Given a function f : A — B, prove the following:

1. We always have inclusions f~'; f C idg, and id, C f; f~'. Furthermore, a relation R : A = B is a function iff
R R Cidg andid, CR;R™".

f is surjective iff for each b € B, f~'[{b}] # @.

f is surjective iff f~'; f = idp.

f is injective iff for each b € B, f~'[{b}] is always either a singleton set or the empty set.
f is injective iff f; f~' = idy.

is bijective iff the relation =" is a function.
fis bij

N S A W

[ is bijective iff there exists a function g : B — A such that f;g = ids and g; f = idg. Furthermore, g satisfies
these conditions iff =" is a function and g = f7".

The last characterization of Exercise [24]clearly tells us that if we have two sets A and B such that there
is a bijective function f : A — B between them, then in all relevant aspects these sets are “essentially the
same,” because we can put each element a of A in a “one-to-one” correspondence with a unique element of
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b, namely, f(a), and conversely, each element b of B is put in a one-to-one correspondence with a unique
element of A, namely, f~'(b). This means that f and f~! act as faithful encoding functions, so that data
from A can be faithfully encoded by data from B, and data from B can be faithfully decoded as data from
A. Tt also means that the sets A and B have “the same size,” something that we will explore in more depth
in §§8][12] and[14]

We can illustrate the way in which a bijection between two sets makes them “essentially the same”
by explaining how the powerset construction $(A) and the function set construction [A—2] are intimately
related in a bijective way. Given any set A, the sets (A) and [A—2] are essentially the same in this precise,
bijective sense. P(A) and [A—2] give us two alternative ways of dealing with a subset B C A. Viewed as an
element B € P(A), B is just a subset. But we can alternatively view B as a boolean-valued predicate, which
is true for the elements of B, and false for the elements of A — B. That is, we can alternatively represent B
as the function

xp:A—2:a if a € Bthen 1 else O fi

where yp is called the characteristic function of the subset B. The sets P(A) and [A—2] are essentially the
same, because the function y_ : P(A) — [A-2] : B — xp is bijective, since its inverse is the function
O'H1 - [A52] — PA) : f - L

We call a function f : A — B a left inverse iff there is a function g : B — A such that f; g = idj.
Similarly, we call g : B — A a right inverse iff there is a function f : A — B such that f; g = id4. For
example, composing

& I
N—Z7Z —» N

the inclusion of the natural numbers in the integers with the absolute value function, we obtain jﬁ; || = idy,
and therefore jﬁ is a left inverse and |_| is a right inverse.

Exercise 25 Prove the following:
1. If f : A — B is aleft inverse, then f is injective.
2. If f: A — Bis injective and A # @, then f is a left inverse.
3. If f : A —> Bis aright inverse, then f is surjective.
4. f: A — Bisboth a left and a right inverse iff f is bijective.

Is every surjective function a right inverse? As we shall see, that depends on the set theory axioms that
we assume. We shall revisit this question in §10.2]

Exercise 26 (Epis and Monos). Call a function f : A — B epi iff for any set C and any two functions g,h : B— C, if
fig=f:htheng=h. DuallyE] call a function f : A — B mono iff for any set C and any two functions g,h : C — A,
if g; f = h; f then g = h. Prove the following:

f 1A — Bisepiiff fis surjective.

f 1A — Bismono iff f is injective.

If f:A— Band g : B— C are epi, then f; g is epi.

If f:A— Band g : B— C are mono, then f; g is mono.
Given f: A— Band g : B— C with f; g epi, then g is epi.

S N e

Given f: A — Band g : B— C with f; g mono, then f is mono.

In the von Neumann representation of the natural numbers as sets, the number 1 is represented as the
singleton set 1 = {@}. Given any set A, we can then consider the function sets [1-A] and [A—1]. As the
exercise below shows, the set [A—1] is always a singleton set. How about the set [1-A]? Exercise shows
that we always have a bijection A = [1-A].

Exercise 27 Prove the following for any set A:

1. The function set [A—1] is always a singleton set. Describe explicitly the unique function, let us denote it l4, in
the singleton set [A—1].

3 By “dually” T mean that, by “reversing the direction of all the arrows,” e.g., from A —> B to A «— B, in the definition of “epi”
we then obtain the definition of “mono” as its “dual concept.”
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2. Prove that for all sets A, except one of them, the function !5 is surjective. For which A does !4 fail to be surjective?
In this failure case, is !4 injective? Can you give a necessary and sufficient condition on A so that |, is bijective
iff your condition holds?

Note that, since for any set A we have the set equality @ X A = @, then we also have the set equalities
P(@x A) = P(@) = {@} = 1. Furthermore, the unique relation @ : @ = A is obviously a function. As
a consequence, we have the additional set equalities P(@ X A) = [@—-A] = {@} = 1. That is, for any set
A there is always a unique function from the empty set to it, namely, the function @ : @ — A, which is
precisely the inclusion function /4 : @ < A, and therefore always injective. What about the function set
[A—»@]? We of course have [A-2] € P(A X @) = P(@) = {@} = 1. Butif A # @ the unique relation
@ : A = @ is not a function. Therefore, if A # @ we have [A—~@] = @, that is, there are obviously
no functions from a nonempty set to the empty set. What about the case A = @? Then we have the set
equalities: [0-2] = P(@ X @) = P(@) = {@} = 1. Furthermore, the unique function @ : @ — @ is
precisely the identity function id,.

Given any two sets A and B, we can associate to their cartesian product two functions, p; : AX B —
A :(a,b) » aand p; : AXB — B : (a,b) — b, which are called the projection functions from the
cartesian product A X B into their first and second components, A and B.

Exercise 28 The above definitions of the functions p, and p, are quite high-level, since they hide the representation of
(a, b) as the set {{a}, {a, b}}. Prove that, using the concrete representation of pairs, the functions p, and p, are exactly the
functions: p; = Ax € AXB. | J(\x€ A, andp, = Ax € AXB.if (Jx—(\x) =@ then |J(xelse JUx—Nx)fiecB.
(Hint: use ExerciseH).

Exercise 29 Given any three sets A, B, and C, and given any two functions f : C — A and g : C — B, we can define
the function (f,g) : C — A X B : ¢ — (f(c), g(c)). Prove that:
L (f,8hpi =1

2. (f.esp2=8

3. (1) and (2) uniquely determine (f, g), that is, any function h : C — A X B such that h;p, = fand h;p, = g
must necessarily satisfy h = (f, g).

We can compactly express properties (1)-(3) in Exercise[29]in a precise graphical notation by means of

the following commutative diagram:
¢
/(ﬁg)\4
Y

A o AXB ” B

where:

¢ Different paths of arrows having the same beginning and ending nodes are pictorially asserted to have
identical function compositions. In the above diagram the left triangle asserts equation (1), and the
right triangle asserts equation (2). This is called “diagram commutativity.”

e A dotted arrow pictorially denotes a unique existential quantification. In the above diagram the fact
that the arrow for (f, g) is dotted, exactly means that (f, g) is the unique function that makes the two
triangles commute, that is, such that (1) and (2) hold; which is statement (3).

Given any two sets A and B, we can associate to their disjoint union A @ B two injective functions,
ii:A— A®B:aw— (a,0)and i, : B— A® B : b+ (b, 1), which are called the injection functions into
the disjoint union A @ B from their first and second components, A and B.

Exercise 30 Given any three sets A, B, and C, and given any two functions f : A — C and g : B — C, we can define
the function [f,gl : A® B — C : x — if x € A x {0} then f(p;(x)) else g(p;(x)) fi, where p; : A X {0} — A, and
p1 2 Bx {1} — B are the projection functions.

Prove that:

Loislf.el= 1,
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2. islf.gl=g

3. (1) and (2) uniquely determine [ f, g, that is, any function h : A® B — C such that i\; h = f and i; h = g must
necessarily satisfy h = [ f, gl.

Properties (1)—(3) can be succinctly expressed by the commutative diagram:

C
A
[f.8]

A — A® B < B

1 2

Note the striking similarity between Exercises [29] and [30] since, except for “reversing the direction of
all the arrows,” the product A X B and the disjoint union A @ B have the exact same properties with respect
to functions from a set C to their components A and B (resp. to a set C from their components A and B).
As already mentioned for epis and monos in Footnote [5|to Execise this striking coincidence, obtained
by “reversing the direction of the arrows” is called duality. Therefore, the cartesian product A X B and
the disjoint union A & B are dual constructions. For this reason, the disjoint union is sometimes called the
coproduct of A and B.

In fact, this kind of duality is at work not just between epis and monos and between products and
disjoint unions. In a similar way, the empty set @ and the set 1 are dual of each other, since for any set A,
the function sets [@—A] and [A—1] are both singleton sets. That is, for any set A there is a unique function
@ : @ — A from @ to A, and, dually, there is also a unique function !4 : A — 1 from A to 1. That is,
“reversing the direction of the arrows” @ and 1 behave just the same. For this reason, @ is sometimes called
the initial set, and its dual, 1, the final set.

5.5 Abstract Products and Disjoint Unions

Exercises [30]and [29) are much more than just two average exercises: they give us the key for arriving at the
abstract notions of “disjoint union” and “cartesian product,” thus freeing them of any “representation bias.”

Let me begin with cartesian products and explain how we can use the properties stated in Exercise [29]
to arrive at the right abstract notions of “cartesian product” and “ordered pair.” As we discussed in
the set-theoretic representation of an ordered pair as (x,y) = {{x}, {x, y}} is just one choice of representation
of ordered pairs among many. Since cartesian products are defined as sets of ordered pairs, our defini-
tion of cartesian product is based on the above representation of ordered pairs, and is also one choice of
representation of cartesian products among many. But how could we characterize all the possible correct
representations of the ordered pair and cartesian product notions? And how could we precisely express the
corresponding abstract concepts for such notions within our set theory language? We can do all this very
easily by turning Exercise[29]on its head and using it as the abstract definition of a cartesian product. That
is, we can ignore for the moment our earlier representations for ordered pairs and cartesian products and
adopt the following definition:

Definition 2 (Abstract Product) Given two sets A and B, a cartesian product for A and B is a set, denoted
A X B, together with two functions p; : AXB — A and p, : AX B — B, satisfying the following property:
for any other set C, and any two functions f : C — A and g : C — B, there exists a function, which we
denote (f,g) : C — A X B, such that:

1 (f,9sp1 =1,

2. (f,.ehsp=¢8

3. (1) and (2) uniquely determine (f, g), that is, any other function h : C — A X B such that h; p, = f
and h; p, = g must necessarily satisfy h = (f, g).

In view of this abstract definition, Exercise [29| now becomes just checking that our concrete choice of
representation for ordered pairs and cartesian products is a correct representation of the abstract concept.
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But, since Definition [2| does not tell us anything about the internal representation of the elements in the
set A X B, it describes such set as what, both in object-oriented programming and in the theory of algebraic
data types, is called an abstract data type: it makes the internal representation of ordered pairs hidden,
giving the “implementer” enormous freedom to internally represent ordered pairs as he/she chooses. Any
representation will be correct if and only if it satisfies the requirements specified in the abstract definition.

For example, instead of the standard representation of ordered pairs that we have used so far, we could
have chosen the alternative representation discussed in Exercise |3} With the appropriate definition of p,
and p, for this alternative representation (as an exercise, give concrete definions of p; and p, for this
new representation in a way entirely similar to Exercise [28)), this does of course also satisfy the abstract
requirements in Definition 2] A more striking example of a very different choice of representation for
ordered pairs and the corresponding cartesian product is provided by the Godel numbering technique used
—not only in logic, but also in cryptography— for encoding pairs and, more generally, terms in a language
as numbers. Suppose that we want to represent the cartesian product N X N this way. We can do so by
defining for any two numbers n,m € N their ordered pair as the number: (n,m) = 2"*! . 3"*1 Then
we can define N x N = {2"*1 . 3"l ¢ N | n,m € N}, and give to p; and p, the obvious definitions:
p1 i NXN — N2 .3+ gy - NXN — N @ 270 3m s gy where the correctness of
this representation of pairs and the well-definedness of the functions p; and p, are trivial consequences of
the Fundamental Theorem of Arithmetic, that ensures that any natural number greater than 1 has a unique
factorization as a product of powers of its prime factors. Given functions f,g : C — N, the unique
function (f, g) : C — N X N such that (f, g); p1 = f and (f, g); p» = g is then given by the assignment:
¢ 2f@+1 3+

Note that the abstract notion of “ordered pair” and its extensionality property (Lemma [I)) now appear
as trivial consequences of the abstract notion of “cartesian product.” Given any set A, we can exploit the
bijection A = [1-A] : a — a, explored in detail in Exercise to faithfully represent any element a € A
as a functiona@ : 1 — A : 0 — a. Then, specializing the set C to 1 in Deﬁnition what we get is that
for any two functions @ : ’1\ — A, l) : 1 — B, there exists a unique function (@, b) : 1 — A X B such
that (a,b); py = @ and (a,b); p, = b. Defining an ordered pair as an element (a,b) = (a,b)(0) € A X B,
this trivially implies that the extensionality Lemma [I| holds for any representation of pairs provided by
any abstract product. This is of course an enormously more general extensionality result than Lemma
Furthermore, it has a much simpler proof (just given above) than that of Lemma[I] This is just one instance
of what I like to call the “generalize and conquer” principle, where many times the more general a result is,
the simpler its proof becomes!

Having identified the duality between products and disjoint unions provides a great economy of thought,
because we then get two abstract concepts for the price of one. That is, we get the concept of “abstract
disjoint union,” just by reversing the arrows in Definition

Definition 3 (Abstract Disjoint Union) Given two sets A and B, a disjoint union for A and B is a set,
denoted A ® B, together with two functions iy : A — A® B and i, : B— A @ B, satisfying the following
property: for any other set C, and any two functions f : A — C and g : A — C, there exists a function,
which we denote [f,g] : A® B — C, such that:

]- il;[f’g]:f,

2. inl[f.el=g

3. (1) and (2) uniquely determine [f, gl, that is, any function h : A® B — C such that i;;h = f and
ir; h = g must necessarily satisfy h = [ f, gl

As before, Exercise [30] now becomes checking that our concrete representation for A @ B as the set
(Ax{0)hU(Bx1), together with our choice of inclusion functions i; and i, for (A x{0}) U(BX 1) is a correct
representation of the abstract concept of disjoint union.

But once we have the abstract concept, there is again great freedom from any “representation bias;”
because we do not need to care about how the elements inside A & B are internally represented: we just treat
A ® B as an abstract data type. There are, indeed, many possibilities. For example, whenever AN B = @ we
can choose A® B = AU B, with i; and i, the inclusion functions j{“8 : A < AUBand j3’% : B AU B,
which trivially satisfies properties (1)—(3) in Definition[3|by taking [f, g] = f U g. For another example, we
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can choose a disjoin union representation N @ N = N, with i; and #,, the functions: 2 - _ : N — N and
1+(2-.):N— N. Itis trivial to check that this gives us a correct representation of the abstract notion of
disjoint union N @ N, with [f, g](n) = if even(n) then f(n/2) else g((n — 1)/2) fi.

Anybody in his right mind would expect that all these different representations of an abstract product
A X B, (resp. an abstract disjoint union A @ B) are “essentially the same.” This is actually the case, not only
in the weak sense that there are bijections between these different representations, but, as shown in Exercise
[31]below, in the much stronger sense that those bijections preserve what in computer science are called the
“interfaces” of the corresponding abstract data types. For products the “interface” is given by the projection
functions p; and p,, whereas for disjoint union the “interface” is given by the injection functions i; and #,.
Such bijections preserving the interfaces are called isomorphisms.

Exercise 31 (All products (resp. disjoint unions) of A and B are isomorphic). Prove that:

1. Given any two sets A, B, and given two different representations A X B and A X' B of the abstract product of A
and B, with projections p; : AX B — Aand py : AXB — B, resp., pj :Ax'B— Aand p, : Ax'B— B,
there is a unique bijection h : A x B=>A X’ B such that: (i) hyp, = pi, and h; p, = ps; and (ii) k™' py = pi,
and h™'; p, = P5.

2. State and prove the dual statement for disjoint unions. Can you “reuse” your proof of (1) to obtain “automati-
cally” a proof of (2), just by reversing the arrows?

Exercise 32 (® and X are Functorial Constructions). Disjoint union and cartesian products are set-theoretic construc-
tions that act naturally not only on sets, but also on functions between sets. For example, given functions f : A — A’
and g : B — B’, we can define the function f® g : A® B — A’ @ B’ by the defining equation f & g = [f;i1,8; 2]
Applying the definition of [ f i1, g; 2], we easily see that f ® g behaves like f on the disjoint copy of A and like g on
the disjoint copy of B. That is, (f ® g)(a,0) = (f(a),0), and (f ® g)(b,1) = (g(b), 1). Dually, by replacing injections
by projections and inverting the direction of the functions, we can define the function f X g : AX B — A’ X B’ by the
defining equation f X g = (p1; f, p2; ). Applying the definition of (py; f, p2; &), we easily see that f X g behaves like f
on the first coordinate, and like g on the second, that is, (f X g)(a,b) = (f(a), g(b)).

Any set-theoretic construction is called functorial if it satisfies three properties. First, it acts not only on sets, but
also on functions relating such sets, so that the constructed function then relates the sets so constructed. We have
already checked this first property for ® and X by our definitions for f ® g and f X g. Second, it preserves function
composition. For & and X this means that if we also have functions f' : A’ — A” and g’ : B — B”, then we have
equalities

(feg:(ffeg) =01 oEg) resp. (fxgs(f'xg)=(ff)x(gg).

Third, it preserves identity functions. For @ and ® this means that for any two sets A and B we have
idA @ ldB = idA@B resp. ldA X ldB = idAxB~
Prove that the above four equalities hold, and therefore that ® and X are indeed functorial constructions.

Exercise 33 (if-then-else-fi) Let f,g : A — B be any two functions from A to B, and let ¢(x) be a formula in the
language of set theory having a single free variable x. Prove that there is a unique function, denoted if ¢ then f else g fi,
such that for each a € A, (if p then f else g fi)(a) = f(a) if p(a) holds, and (if ¢ then f else g fi)(a) = g(a) if p(a) doesn’t
hold. (Hint: decompose A as an abstract disjoint union.)

5.6 Relating Function Sets

We can view relation and function composition as functions. For example, composing relations from A to
B with relations from B to C, is the function

Gt PAXBXPBXC)—PAXC): (F,G)— F,G
Similarly, composing functions from A to B with functions from B to C, is the function
-i- 1 [A-BI X [B-C] — [A-CT: (f.9) = fi8
Also, given sets A, B and B’, and a function g : B — B’, we can define the function

[A-gl : [A=B] — [A=B']:h hg
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Likewise, given sets A, A’ and B, and a function f : A” — A, we can define the function
[f-B]:[A-»B] — [A’»B] : h f;h

More generally, given sets A,A’, B and B’, and functions f : A” — A and g : B — B’, we can define
the function
[f-gl:[A»Bl — [A'>B1:hw— fihg

so that we then get [A—g] = [idsa—g], and [f—B] = [ f—idp] as special cases.

Exercise 34 ([_.—_] is a Functorial Construction). The above definition of [ f—g] strongly suggests that [.—_] acts
on both sets and functions and is a functorial construction. However, in the case of the [-—_] construction, its action
on functions comes with a twist, since [f—g] reverses the direction of the function in its first argument: we give it
f A — A, but we get back [f—B] : [A—»B] — [A’—>B]. This twist is called being “contravariant” on the first
argument. Prove that [——_] satisfies the other two functoriality requirements: it preserves both function composition
and identity functions. Because of the contravariance on the first argument, what now has to be proved is that given
functions
A a g BB LB

we have [f—gl;[f'—=g'] = [(f’; f)—(g:8)]. The requirement for identity preservation is as expected: given any two
sets A and B one has to prove the equality [ids—idg] = idjs—p).

For any function set [B—C1, function evaluation is itself a function
o) @ [B-CIxXB— C: (f,b)— f(b).
Also, for any cartesian product A X B, we have a function
columnsyp : A — [B—(AX B)] :a— Ay € B. (a,y) € A X B.

Note that the name column,yxp is well-chosen, since if we visualize the cartesian product A X B as a two-
dimensional table, where each a € A gives rise to the “column” {(a,y) € AX B |y € B}, and each b € B
gives rise to the “row” {(x,b) € A X B | x € A}, then column,xp(a) maps each y € B to its corresponding
position (a, y) in the column {(a,y) € AX B |y € B}.

Exercise 35 Prove the following for any set A:
1. The first projection map ps : A X 1 — A : (a, @) = a is bijective.
2. The evaluation function ()1 —a; : [15A] X 1 — A is bijective.

3. Combine (1) and (2) to prove that the function [1-A] — A : f — f(@) is bijective. That is, for all practical
purposes we can think of an element a € A as a function'a € [1-A), namely the unique function a such that
a(2) = a, and, conversely, any function f € [1—A] is precisely of the form f ='a for a unique a € A.

Exercise 36 Prove that for any set A there is a bijection A> = [2—A). That is, except for a slight change of represen-
tation, the cartesian product A X A and the function set [2—A] are “essentially the same set.”

Generalize this for any n > 1, adopting the notational convention that for n = 1, A coincides with the “I-fold
cartesian product” of A. That is, show that for any n > 1 there is a bijection A" = [n—A], between the n-fold cartesian
product of A (as defined in f|for n > 2, and here also for n = 1), and the function set [n—A]. Note that for n = 1 this
yields the bijection between A and [1-A] already discussed in Exercise[33}(3).

Regarding the above exercise, note that if A is a finite set with m elements, then, recalling Exercise @
the n-fold product of A has m- .”. -m elements, and the function set [n—A] has (how many? See Exercise
. Therefore, the above bijection A" = [n—A] tells us two things. First, that the same way that the cartesian
product construction generalizes number multiplication, the function set construction generalizes number
exponentiation. Second, that the bijection A” = [n—A] generalizes the arithmetic identity m- .". -m = m".

Exercise 37 (Currying and un-Currying of Functions). Prove that for any three sets A, B and C, the function
curry : [A X B->C] — [A->[B-C]] : f — columnayp; [B— f]

is bijective, since it has as its inverse the function
curr)f1 : [A-[B-C]] — [A X B5Cl : h = (h, p2); -(Oa—q)

where (h, p;) : A x B—> [B—C] X B is the unique function associated to h and p, in Exercise[29|
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Currying (after Haskell Curry) allows us to transform a function f : A X B — C of two arguments into
a higher-order-valued function curry(f) : A — [B—C] of its first argument. Given an element a € A, then
curry(f)(a) = Ax € B. f(a, x) € C. Therefore, for any (x,y) € A X B we have the equality, curry(f)(x)(y) =
f(x,y). Un-currying is the inverse transformation, that brings down a higher-order-valued function of this
type into a function of two arguments. Therefore, for any 4 € [A—[B—C]] and any (x,y) € AX B we have the
equality, curry™'(h)(x,y) = h(x)(y). In functional programming, currying can be used in combination with
the technique called “partial evaluation” to speed up function evaluation. The idea is thatif f : AXB — C
is a function of two arguments, but we know that its first argument in a certain situation will always be
a fixed value a, we may be able to use symbolic evaluation to derive a specialized algorithm for the one-
argument function curry(f)(a) that is more efficient than the general algorithm available for f.

We finish this section with an exercise exploring in depth the relationships between the set of relations
P(A x B) and the set of functions [A—-P(B)].

Exercise 38 (Relations as Functions). Given a relation F : A = B, we can associate to it the function F:A—
P(B) : a — F[{a}]. Of course, F and F contain the same information, since any function f : A — P(B) is always
of the form f = I?for a unique relation F, namely, for F = {(a,b) € AX B | b € f(a)}. Prove that the mapping
(D):PAXB)— [A-P(B)] . F F is in fact a bijection.

Note that if we have relations F : A = B and G : B = C, we can compose them to obtain F;G : A = C,
but F and G cannot be composed anymore in the standard way, since their domains and codomains do not match.
However, we can give a different definition of composition so that they do compose, in a way that mimics perfectly
the composition of their corresponding relations F and G. Specifically, we can define the following new composition
operation:

F %G =F;(GL))
where composition in the right side of the equality is the usual function composition, since now the codomain of
F:A— P(B) and the domain of G[_] : P(B) — P(C) do match. .

Note, finally, that for id, the identity function the corresponding function idy : A — P(A) is just the function
{_Ja: A — P(A) : a — {a}, mapping each a € A to the corresponding singleton set {a}.

Prove the following:

1. This composition mimics perfectly relation composition, that is, we have the equality F.G=F %G.

G)* H.
Fx{_}.

2. Itis associative, that is, given F : A = B, G : B= C, and H : C = D, we have: Fx(GxH)=(Fx

3. The maps i;z:; = {_}a act as identities, that is, given F:A= P(B) we have the equalities {_}5 *F=F=
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Chapter 6

Simple and Primitive Recursion, and
the Peano Axioms

The natural numbers can be used to define recursive functions by simple recursion and by primitive recur-
sion. They satisfy some simple axioms, due to Giuseppe Peano and reformulated by F. William Lawvere,
which are intimately related to simple recursion.

6.1 Simple Recursion

We routinely define all kinds of functions inductively. For example, consider the function double : N —
N : n — 2. n, which doubles each natural number. We can define it inductively in terms of the successor
function by means of the inductive definition:

e double(0) =0
e double(s(n)) = s(s(double(n)).

Such a definition is just a special case of a general way of defining functions inductively by simple recursion.
The general idea is as follows. We are given a set A, an element a € A, and a function f : A — A. Then
these data always define a function rec(f, a) : N — A that satisfies:

o rec(f,a)(0) =a
o rec(f,a)(s(n)) = f(rec(f,a)(n)).

Why is this, admittedly quite intuitive, way of inductively defining functions sound? That is, how do we
know that such a method uniquely defines a function? The answer is that this is a consequence of the Peano
Induction (Theorem [2)), as the following theorem shows.

Theorem 3 (Simple Recursion). For any set A, element a € A, and function f : A — A, there exists a
unique function rec(f,a) : N — A such that:

o rec(f,a)(0) =a
o rec(f,a)(s(n)) = f(rec(f, a)(n)).

Proof. We first prove that such a function exists, and then that it is unique. Let R(f, @) be the set of all
relations R € N X A such that:

1. (0,a) € R

2. ¥neN) ((n,a’)eR = (s(n), f(a@)) € R).
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Since (N X A) € R(f,a), R(f,a) is nonempty. Let rec(f,a) = (R(f,a). It is trivial to check that, by
construction, rec(f,a) satisfies (1)—(2). We will be done with the existence part of the proof if we show
that rec(f,a) is a function. Let X C N be the set of natural numbers n such that the set rec(f,a)(n) is
a singleton set. If we show X = N we will be done with the existence part. But by Peano Induction,
to show X = N it is enough to show that X is a successor set. We reason by contradiction. Suppose
that 0 ¢ X. Then we must have (0,a),(0,a’) € rec(f,a), with a # a’. But then it is trivial to show
that (rec(f,a) — {(0,a")}) € R(f,a), against the minimality of rec(f,a). Suppose, instead, that there is
an n € X such that s(n) ¢ X, and let (n,a’) be the unique pair in rec(f,a) with n its first component.
Then we must have (s(n), f(a’)), (s(n),a”) € rec(f,a), with f(a’) # a”. But then it is trivial to show that
(rec(f, a) — {(s(n),a”)}) € R(f, a), against the minimality of rec(f, a).

To prove uniqueness, suppose that there is another function, say, rec’(f, a), satisfying the conditions
stated in the theorem. Then we must have rec’(f, a) € R(f, a), which forces the set-theoretic containment
rec(f,a) C rec’(f,a). But this implies rec(f, a) = rec’(f, a), since, in general, given any two sets X and Y,
and any two functions f, f’ € [X—Y], whenever f C f’ we must have f = f'. O

The Simple Recursion Theorem can be precisely understood as the statement that the set N of von
Neumann natural numbers satisfies the following more general axiom due to F. William Lawvere [18].
Recall from Exercise that an element a € A can be alternatively represented as a functiona : 1 — A :
@ — a. Using this representation of set elements as functions, the Simple Recursion Theorem is then the
statement that the von Neumann naturals satisfy the following axiom, called the Peano-Lawvere axiom.

(Peano-Lawvere) There exists a set N and functions 0:1— Nands : N — N, such
that given any set A, and functionsd : 1 — A and f : A — A, there is a unique function
rec(f,a) : N — A making the triangle and the square commute in the diagram:

N— N

1 rec(f,a) rec(f,a)

N

that is, such that @, rec(f, a) = 6 and rec(f,a); f = s;rec(f,a).

\ \
A—A

7

Obviously, Theorem [3] can be equivalently reformulated as the statement that the set N of the von
Neumann natural numbers, guaranteed to exist as a set by the (Inf) axiom, together with the functions
0:1 —N,and s : N — N : n > n U {n} satisfies the Peano-Lawvere axiom. But note that the Peano-
Lawvere axiom is completely abstract, and does not depend on any particular representation of the natural
numbers, such as the von Neumann representation. For example, the set N claimed to exist by Peano-
Lawvere could be the binary or decimal representation of the naturals, with s the function s : n — n + 1;
or it could be the Zermelo encoding 0 = @, 1 = {@}, 2 = {{@}}, ..., etc., with s : x — {x}. This abstract
formulation is actually better than having a specific representation of the natural numbers, such as the von
Neumann representation, which is implicitly built into the (Inf) axiom because of its formulation in terms of
successor sets. The reason why the more abstract an axiomatization is, the better, is that then the properties
that follow from the given axioms can be directly applied to any set satisfying the axioms, and not just to a
particular set encoding a particular representation.

Note the striking similarity of the Peano-Lawvere abstract definition of the natural numbers as an ab-
stract data type, in which we do not have to care about the internal representation chosen for numbers, and
the concepts of abstract product and abstract disjoint union defined in §5.3] where, similarly, we viewed a
product or a disjoint union as an abstract data type and became liberated from any representation bias. In
Exercise [31] we saw that all representations of an abstract product A X B (resp. an abstract disjoint union
A @ B) were* isomorphic,” in the precise sense that there was a unique bijection between any two such
representations “preserving the interfaces,” i.e., preserving the projections (resp. injections). For the ab-
stract data type of the natural numbers, the “interface” is of course given by the functions 0 : 1 — N and
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s : N — N. Again, as anybody in his right mind would expect, all such representations are isomorphic, in
the precise sense that there is a unique bijection preserving the interfaces.

Exercise 39 (All natural number representations are isomorphic). Let N and N’ be two representations of the natural
numbers satisfying the properties asserted in the Peano-Lawvere axiom with associated functions 0:1— Nand
s:N— N and0' : 1 — N and s’ : N' —s N'. Prove that there is a unique bijection h : N—5N’ such that: (i)
0:h=0, and h;s' = s;h; and (ii) 0;h™' =0, and h™'; s = s"; A\,

Exercise 40 (Peano-Lawvere implies Induction). Prove that any set N with associated functions 0:1— Nand
s : N — N satisfying the Peano-Lawvere axiom also satisfies the following induction property: (YT C N) ((0 €
T AN((VxeT)s(x)eT)) =T =N).

6.2 Primitive Recursion

Consider the following recursive definition of the addition function:
1.O+m=m
2. s(n) + m = s(n + m).

The syntactic format of this definition does not fit the format of definitions by simple recursion. It is instead
an instance of a general method for defining functions called primitive recursion. The general scheme is as
follows. We are given two sets A and B, and two functions g : B— A and f : A — A. Then we define a
function prec(f, g) : N X B — A as the unique function obtained from f and g that satisfies the equations:

1. prec(f, g)(©0,b) = g(b)
2. prec(f,8)(s(n),b) = f(prec(f, g)(n,b))

For the case of the addition function we have A = B =N, g = idy, and f = s, so + = prec(s, idy).

Note that, in essence, primitive recursion contains simple recursion as a special case, namely, the case
when B = 1. I say, “in essence” because givena : 1 — A and f : A — A, the function prec(f,a) is
not exactly the function rec(f,a) : N — A, since it has a slightly different typing, namely, prec(f,a) :
Nx1 — A. But we can use the bijection k : N—Nx 1 : n + (1, @) to obtain simple recursion as a special
case of primitive recursion, namely, rec(f, a) = k; prec(f, q).

Two obvious questions to ask are: (i) is primitive recursion a sound method for defining functions, that
is, does it always define a function, and a unique function? and (ii) is primitive recursion essentially more
general than simple recursion, that is, are there functions that we can define from some basic set of functions
by primitive recursion but we cannot define by simple recursion? These two questions are answered (with
respective “yes” and “no” answers) in one blow by the proof of following theorem:

Theorem 4 (Primitive Recursion). For any sets A and B, and functions g : B— A and f : A — A, there
exists a unique function prec(f,g) : N X B — A such that:

1. prec(f,8)(0,b) = g(b)
2. prec(f,8)(s(n),b) = f(prec(f, g)(n, b))

Proof. We can reduce primitive recursion to simple recursion as follows. Since g € [B—A], and f in-
duces a function [B—f] : [B—A] — [B—A], simple recursion ensures the existence of a unique func-
tion rec([B—f],g) : N — [B—A] such that: (i) rec([B—f],2)(0) = g, and (ii) rec([B—f1], g)(s(n)) =
rec([B—f],g)(n); f. We can then define prec(f,g) : N X B — A by “un-currying” rec([B—f], g) (see
Exercise . That is, we define prec(f, g) = curry™'(rec([B—f1, g)). It is then an easy exercise in currying
and uncurrying to check that prec(f, g) satisfies (1)—(2) iff rec([B— f1, g) satisfies (i)—(ii). O

The claim that simple recursion is as general a method as primitive recursion for defining some new
functions out of some preexisting ones is clearly vindicated by the proof of the above theorem, provided we
allow ourselves the freedom of currying and uncurrying functions. For example, we can define the addition
function on the natural numbers by simple recursion as the function + = curry™ (rec([N—s], idy)).
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Exercise 41 Define natural number multiplication by primitive recursion using the primitive recursive definition of
addition as a basis. Give then a recursive definition of natural number exponentiation based on the previously defined
multiplication function.

Primitive recursion is obviously an effective method to define computable functions (intuitively, func-
tions that we can program in a digital computer) out of simpler ones. But not all total computable functions
on the natural numbers can be defined by primitive recursion (plus function composition and tupling, that
is, functions induced into cartesian products as explained in Exercise from O, the successor function,
the identity function idy : N — N, and the projection functions p; : N* — N : (x,...,X,) — X;,
n >2,1<i<n. Aparadigmatic example of a total computable function that cannot be defined this way is
Ackermann’s function:

A(0,n) s(n)
A(s(m),0) = A@m,1)
A(s(m), s(n)) A(m, A(s(m), n)).

However, the claim that Ackermann’s function cannot be defined by primitive recursion (proved in detail in,
e.g., [14], §13) has to be carefully qualified, since it essentially depends on explicitly forbidding the currying
and uncurrying of functions, so that the only functions we ever define are always of the form f : N* — N
for some n € N. Instead, if we allow ourselves the freedom to curry and uncurry functions— that is, besides
composition, tupling, identities, and projections, we also allow functional application functions of the form
(1), as well as functions of the form column, and [f—g], where f and g have already been defined— it
then becomes relatively easy to define Ackermann’s function by primite recursion from 0 and the successor
function as follows.

Lemma 3 If currying and uncurrying of functions (plus composition, tupling, identities, projections, _(_),
column, and [ f—g] for previously defined f, g), is allowed in the sense explained above, then Ackermann’s
function can be defined by primitive recursion from 0 and the successor function.

Proof. First of all, we can obtain A : N X N — N by uncurrying its curried version A = curry(A) :
N — [N-N]. Second, I claim that A is just the simple recursive (and a fortiori primitive recursive)
function A = rec(Iter, s), where Iter is the iterator function Iter : [NoN] — [NoN] @ f - An. £50(1).
This claim is easy to prove by observing that: (i) by definition, A\(n)(m) = A(n,m); and (ii) Iter satisfies
the equation Irer(f)(s(n)) = f(lter(f)(n)). We can then prove the equality A = rec(Iter, s) by applying
the definitions of A(O) and rec(lter, s)(0) to verify the base case, and then proving by induction on n the
equality A(s(n)) = Iter(A(n)) To complete our proof we just need to show that Ifer is definable by primitive
recursion. This is easy to do with some currying yoga. Specifically, it is just a matter of unpacking the
definitions to check that Ifer satisfies the defining equation Iter = It/e70; [N—p,], where It/e70 is the currying
of Itery, and where Iter is itself defined by primitive recursion as Itery = prec((p1, (1)), (idn—ny, -(1))),
where (p1, (2)) : [INoN] XN — [NoN] XN @ (f,n) = (f, f(n)), and (idn—ny, (1)) @ [NoN] —
[NSN]XN: £ (f, f(1)). O

The moral of this story is that, by allowing “primitive recursion on higher types,” that is, by using not
only cartesian products of N but also function sets like [N—N], [[N-N]—[N-N]], and so on, as types in our
function definitions, we can define a strictly bigger class of computable functions than those definable using
only product types. This kind of recursion on higher types is what higher-order functional programming
languages are good at, so that we can define not only recursive functions, but also recursive “functionals”
like Iter, that is, recursive functions that take other functions as arguments.

But even allowing primitive recursion on higher types, we still do not have the full power of recursive
definitions. To begin with, al/l primitive recursive functions are of course fotal, and therefore terminating.
But, because of the halting problem for Turing machines, we know that some Turing-computable functions
on the natural numbers are not total but only partial; and Turing computability is of course co-extensive
with computability in a general-purpose programming language supporting recursive function definitions.
sketches how the unique extensional partial function associated to a recursive function definition can
be defined by fixpoint semantics. Furthermore, a very general method to define total computable functions
that can handle Ackermann’s function and much more without having to go up to higher types will be

presented in
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6.3 The Peano Axioms

The Peano axioms are due to Giuseppe Peano and axiomatize the natural numbers as the existence of a set
N having an element O € N and a function s : N — N such that:

1. (VneN)0 # s(n)
2. s : N — Nis injective, and
3. (Peano Induction) VT CN) (0eT A (VxeT)s(x)eT)) = T =N).

Note that, exactly as in the case of the Peano-Lawvere axiom, the Peano axioms give us an abstract
characterization of the natural numbers. That is, they do not tell us anything about the particular way in
which numbers are represented in the set N.

We have already seen in Theorem [2] that the von Neumann representation of the natural numbers, guar-
anteed to exist as a set by the (/nf) axiom, satisfies the third axiom of Peano Induction. It is relatively easy,
but somewhat tedious, to show that it satisfies also the first two Peano axioms (see, e.g., [13]).

However, proving that the Peano axioms hold for the von Neumann representation of the naturals is in
a sense proving too little: we should prove that the Peano axioms hold for any representation of the natural
numbers satisfying the Peano-Lawvere axiom (part of this proof is already contained in Exercise[40). This,
in turn, will imply it for the von Neumann representation thanks to Theorem

In fact, we can prove more than that. As implicit already in [18]], and shown in Prop. 17 of [25] as a
consequence of a more general result that applies not only to the natural numbers but to any so-called initial
algebraﬂ we have in fact an equivalence:

Peano < Peano-Lawvere

in the precise sense that a set N together with an element O € N and a function s : N — N satisfies the
Peano axioms iff it satisfies the properties stated for N, 0 € N and s : N — N in the Peano-Lawvere axiom.

Exercise 42 Give two set theory formulas expressing precisely the Peano axioms (as a single formula) and the Peano-Lawvere
axiom (again, as a single formula).

The Peano-Lawvere axiom can be trivially reformulated in algebraic terms as the claim that an initial algebra exists for the class
of algebras whose only operations are a constant 0 and a unary operation s.
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Chapter 7

Binary Relations on a Set

The case of binary relations whose domain and codomain coincide, that is, relations of the form R € P(AXA)
is so important as to deserve a treatment of its own. Of course, any relation can be viewed as a binary relation
on a single set, since for any sets A and B, if R € P(A X B), then R € P((A U B) X (A U B)) (see Exercise
[22}(5)). That is, the domain and codomain of a relation R is not uniquely determined by the set R. To avoid
this kind of ambiguity, a binary relation on a set A should be specified as a pair (A, R), with A the given set,
and R € P(A X A).

7.1 Directed and Undirected Graphs

The first obvious thing to observe is that a directed graph with set of nodes N and a binary relation G €
P(N X N) are the same thing! We just use a different terminology and notation to skin the same cat. For
example, we now call a pair (a, b) € G a directed edge in the graph G, and then use the graphical notation:

a—b cO

for, respectively, a pair (a,b) with a # b, and a pair (c, c¢). To make the set N of nodes unambiguous, we
then specify the graph as the pair (V, G). One important notion in a directed graph is that of a path, which
is defined as a finite sequence of edges ap — a; — ay...a,-;1 — a, withn > 1. A directed graph (N, G).
is strongly connected iff for each a,b € N, if a # b then there is a path from a to b. (N, G) is acyclic iff no
node a € N has a path from a to a. A directed graph (N, G) is connected iff the directed graph (N,G U G™')
is strongly connected. The identity between graphs and binary relations on a set is very useful, since any
notion or construction on relations can be interpreted geometrically as a notion or construction on directed
graphs. For example:

Exercise 43 Prove the following:
1. G € P(N X N) is a total relation iff G is a directed graph where each node has at least one edge coming out of it.
2. f € [N-N]iff fis a directed graph where each node has exactly one edge coming out of it.

3. f € [N-N] is surjective iff f is a directed graph where each node has exactly one edge coming out of it and at
least one edge coming into it.

4. f € [N-N] is injective iff f is a directed graph where each node has exactly one edge coming out of it and at
most one edge coming into it.

5. f € [N->N] is bijective iff f is a directed graph where each node has exactly one edge coming out of it and
exactly one edge coming into it.

6. A directed graph G € P(N X N) is strongly connected iff for each a,b € N with a # b there exists an n > 1 such
that (a,b) € G", where we deﬁneﬂ G' =G, and G™' = G; G".

"Note that this definition is based on simple recursion. Note also the potential ambiguity with the totally different use of the
notation G” for the n-th cartesian product of G with itself. Here, of course, what the notation G" denotes is the n-th composition
G;.".; G of G with itself.
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7. A directed graph G € P(N x N) is connected iff for each a,b € N with a # b there exists an n > 1 such that
(a,b) e (GUG™ ",
8. A directed graph G € P(N x N) is acyclic iff for eachn > 1, G" Nidy = @.

What is an undirected graph U on a set N of nodes? Of course it is just a subset U of the form U € N®N,
that is, an element U € P(N ® N). In other words, an undirected graph with nodes N is exactly a set of
unordered pairs of elements of N. Again, to make the set N of nodes unambiguous, we specify an undirected
graph as a pair (N, U), with U € P(N ® N).

This is part of a broader picture. The same way that a relation R from A to B is an element R € P(A X B),
we can consider instead elements U € (A ® B). Let us call such a U a linking between A and B, since
it links elements of A and elements of B. An undirected graph on nodes N is then a linking from N to N.
Each particular link in a linking U € P(A ® B) is exactly an unordered pair {a, b}, witha € A and b € B,
which we represent graphically as:

a—>b cO
when, respectively, a # b, and when the pair is of the form {c, ¢} = {c} for some c € AN B.

We can then introduce some useful notation for linkings. We write U : A &< B as an abbreviation for
U € P(A®B). Note that the bidirectionality of the double arrow is very fitting here, since AQ B = B®A (see
Exercise[I4)), and therefore P(A® B) = P(B®A). That is, U is a linking from A to B iff it is a linking from B
to A. Given linkings U : A & Band V : B < C, we can then define their composition U;V : A < C
as the linking

U;V={{a,c} e A®C|(3be B){a,b}c U A {b,c} € V}.
Note that, in particular, for any set A we have the linking z?lA = {{a} € A® A | a € A}, which we call the
identity linking on A. We say that an undirected graph (N, U) is connected ift for each a,b € N witha # b
there exists an n > 1 such that (a, b) € U, where we define U' = U, and U™! = U; U".

Note that every relation, by forgetting about directionality, determines a corresponding linking. This is
because for any two sets A and B we have a surjective function

und :AXB —»AQ®B: (x,y) — {x,y}

which has the equivalent, intensional definition Ax. |J x, since und(a, b) = und({{a}, {a, b}}) = U{{a}, {a,b}} =
{a, b}. Note that und induces a surjective function

und[_] : P(A X B) —» P(A® B) : R — und[R)].

In particular, for G € P(N X N) a directed graph on nodes N, und[G] is the undirected graph obtained by
forgetting the directionality of the edges a — b (resp. ¢ O) in G and turning them into bidirectional links
a— b (resp. cQ).

We call a binary relation R € P(A X A) on a set A symmetric iff R = R U R™!. Given any relation
R € P(A x A), the smallest symmetric relation containing R is precisely R U R™!, which is called the
symmetric closure of R. Note that und[R] = und[R U R™!]. That is, a relation and its symmetric closure
determine the same linking.
Exercise 44 Give a necessary and sufficient condition ¢ on A and B, so that the surjective function und : AXB —» A®B
is bijective iff ¢ holds. Note that if ¢ holds, then the surjective function und[_] : P(AX B) —» P(A® B) is also bijective,

which means that we can then uniquely recover the relation R from its corresponding linking und(R). Give examples of
sets A and B such that und is not bijective, so that in general we cannot uniquely recover R from und(R).

Exercise 45 Prove the following:

1. Given linkings U : A < B,V : B C, and W : C < D, their composition is associative, that is, we have
the equality of linkings (U; V); W = U;(V; W).

2. Given alinking U : A < B, we have the equalities z?z’A; U =UandU, z?iB =U.

3. Given linkings U : A < BandV : B < C, their composition is commutative, that is, we have the equality
of linkings U;V = V; U.

4. Given relations F : A = B and G : B = C, show that und[F; G| C und[F];und[G]. Exhibit concrete
relations F and G such that und[F; G] C und[F]; und|G]. Prove that if F,G € P(A X A) are symmetric relations
then und[F; G| = und[F]; und|G].

5. For any set A we always have undlid,] = ZJA.

6. A directed graph G € P(N X N) is connected iff its corresponding undirected graph und|G] is connected.
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7.2 Transition Systems and Automata

What is a transition system on a set A of states? Of course, it is exactly a binary relation on the set A. So,
this is a third, equivalent skinning of the same cat. In other words, we have the equality:

Binary Relation = Directed Graph = Transition System

where, depending on what kinds of applications we are most interested in, we adopt a somewhat different
notation and terminology. But although the words are different, the underlying concepts are the same. Now
instead of calling the elements of A nodes, we call them states. And instead of using letters like F', G, etc. to
denote the binary relation, we define a transition system as a pair A = (A, = #), where A is its set of states
and — 4 € P(A X A) is its transition relation. And instead of calling a pair (a,a’) € — .4 and edge, we call it
a transition, and write it a — 4 a’, or just a — @’ when the given A is understood. So, we have changed the
terminological window dressing, but essentially we have not changed anything: we are still talking about
the same thing.

In a transition system many of the issues we care about are reachability issues: given an initial state a,
can we reach a state @’ by a sequence of system transitions? We also care about deadlocks: are there states
in which we get stuck and cannot go on to a next state? Futhermore, we care about termination: does every
sequence of transitions always eventually come to a stop? These are all obvious relational notions disguised
under a systems-oriented terminology.

Definition 4 A binary relation R € P(A X A) is called reflexive iff ids C R. And it is called irreflexive iff
idi NR = @.
A binary relation R € P(A X A) is called transitive iff

Va,d’,a’ € A) (((a,a’)eR A (d',a”’)€R) = (a,d”’) €R)
The following, trivial lemma is left as an exercise.

Lemma 4 Given any binary relation R € P(A X A), the smallest reflexive relation containing it is the
relation R= = R U id4, which we call its reflexive closure.
Given any binary relation R € P(A X A), the smallest transitive relation containing it is the relation

R = U{R" €EPAxA)|neN-{0})

which we call its transitive closure (for the definition of R" see Exercise[d3}(6)).
Given any binary relation R € P(A X A), the smallest reflexive and transitive relation containing it is
the relation R* = R* U id,, which we call its reflexive and transitive closure.

Given a transition system A = (A, —4), what does it mean to say that a state a’ is reachable from a
state a? It means exactly that @ —7; a’. And what is a deadlock state? It is a state a € A such that there is
no a’ € A with a — 4 a’. And what does it mean to say that A = (A, — ) is deadlock-free (has no deadlock
states)? It means exactly that — 4 is a fotal relation.

The best way to make precise the notion of termination of A = (A, = #) is to explain what it means for
A = (A, > 5), not to terminate. This obviously means that there is a function a : N — A such that for
each n € N we have a(n) — 4 a(n + 1). We call a function a satisfying this property an infinite computation

of A = (A, —#), and display such infinite computations graphically as follows:
a(0) » g a(l) -4 a2) >4 a3) ... an) »zan+1) ...

We then say that A = (A, —5) is terminating iff it has no infinite computations.

Of course, since Binary Relation = Directed Graph = Transition System, we likewise call a binary
relation (A, R) (resp. a directed graph (A, G)) terminating (or well-founded, see , iff there is no infinite
computation in (A, R) (resp. in (A, G)). With the obvious slight change of notation, this exactly means that
there is no function a : N — A such that for each n € N we have (a(n), a(n+ 1)) € R (resp. a(n) — a(n+1),
or a(n) O if a(n) = a(n + 1), is a directed edge in (A, G)).

Automata are just a variant of transition systems in which transitions have labels, which we think of as
inputs or events or actions of the system.
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Definition 5 A labeled transition system or automaton is a triple A = (A, L, > g), where A is its set of
states, L is its set of labels or inputs, and — € P(A X L X A) is its transition relation.

I
The triples (a,l,a’) € — .4 are called the labeled transitions, and are denoted a — # a'.

Note, again, that due to the identity Directed Graph = Transition System, the above definition is (up
to a trivial change of terminology, changing “state” by “node,” and “labeled transition” by “labeled edge”)
exactly the definition of a labeled graph. Relation? graph? transition system? They are all the same!

Finally, note that the usual description of a (nondeterministic) automaton as a triple A = (A, L,d4),
where A is the set of states, L is the set of inputs, and 64 : L X A = A is the transition relation, is
equivalent to the above definition A = (A, L, = #), just by swapping the order of the first two components
in the corresponding triple. That is, for the same A and L we can obtain two equivalent representations of
the same automaton A (one with — g, and another with §#) by means of the defining equivalence:

(La)d)ebn & a—ad

Of course, a deterministic automaton is the special case when d4 : L X A = A is not just a relation, but a
function 64 : L X A — A, called the automaton’s transition function.

7.3 Relation Homomorphisms and Isomorphisms

Given graphs (N, G) and (N’,G’), we call a function f : N — N’ a graph homomorphism from (N, G)
to (N',G) iff Vx,y € N) (x,y) € G = (f(x),f(y)) € G’. We use the notation f : (N,G) — (N’,G’)
as a shorthand for: “f is a graph homomorphism from (N, G) to (N’,G’).” Note that: (i) idy is always a
graph homomorphism from (N, G) to itself; and (ii) if we have f : (N,G) — (N’,G’)and g : (N',G") —
(N”,G"), then we have f; g : (N,G) — (N”',G"). The notion of graph homomorphism is of course heavily
used in combinatorics and graph algorithms (or special cases of it, such as that of a graph isomorphisnﬂ)
and is very intuitive: we map nodes of G to nodes of G’, and require that each edge in G should be mapped
to a corresponding edge in G’.

But we mustn’t forget our identity: Binary Relation = Directed Graph = Transition System. So, why
calling f : (N,G) — (N’, G") a graph homomorphism? This terminology is just in the eyes of the beholder.
We may as well call it a relation homomorphism (since it respects the corresponding relations G and G’),
or, alternatively, a simulation map between transition sytems, since (changing notation a little), if we have
transition systems A = (A, - 4) and B = (B, —g), then a graph homomorphism f : (A, 54) — (B, —3g)
exactly tells us that any transition a —# a’ in system A can always be simulated via f by a transition
f(@) —g f(a’) in system B. Therefore, we again have the same notion under different names, that is, the
identity:

Relation Homomorphism = Graph Homomorphism = Simulation Map.

Of course, the general idea of a “homomorphism” of any kind is that of a function that “preserves the
relevant structure.” For relation homomorphisms the relevant structure is that of a graph that, alternatively,
can be regarded as a transition system, or just as a relation on a set, and the preservation of structure
for f : (N,G) — (N’,G’) is precisely the condition (Vx,y € N) (x,y) € G = (f(x),f() € G
In a completely analogous way, we have seen that certain data types, such as products, disjoint unions,
and models of the natural numbers, have a relevant “structure,” namely, what in computer science are
called their “interfaces,” that is, the projection functions p;, p, for products, the injection functions iy, i, for
disjoint unions, and the zero, 0, and successor function, s, for models of the natural numbers. Implicitly, in
Exercises[31]and 39 we were using the adequate notion of homomorphism preserving the relevant structure
for products, coproducts, and models of the natural numbers in the special case of isomorphisms, that is, of
bijective homomorphism (for the relevant structure) whose inverse is also a homomorphism (again, for the
relevant structure).

2 A graph homomorphism f : (N,G) —s (N’,G’) is called a graph isomorphism iff f is bijective and, furthermore, f~! is also a
graph homomorphism ! : (N’,G’) — (N, G).
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For relation homomorphism the definition of isomorphism is obvious. A relation homomorphism
f 1 (N,G) — (N’,G’) is called a relation isomorphism iff f is bijective and f~! is also a relation ho-
momorphism f~!' : (N’,G’) — (N, G). When we take the graph-theoretic point of view this is exactly the
well-known notion of graph isomorphism, that is, two graphs that are esentially the same graph except for
a renaming of their nodes. The graphs ({a, b, ¢}, {(a, D), (b, ¢), (c, a)}), and ({e, f, g}, {(e, f), (f, g), (g, e)}) are
isomorphic graphs; and the function a — e, b — f, ¢ — g, and also the functiona — f, b g, c > e,
are both examples of graph isomorphisms between them. Therefore, abstractly they are the same graph.

Of course, we call a relation homomorphism f : (N,G) — (N’,G’) injective, resp. surjective, resp.
bijective iff the function f is injective, resp. surjective, resp. bijective. Note that, although every relation
isomorphism is necessarily bijective, some bijective relation homomorphisms are not relation isomorphisms
(can you give a simple example?).

A special case of injective relation homomorphism is that of a subrelation, that is, we call (N, G) a
subrelation of (N’,G’) if N C N’ and the inclusion map /Y is a relation homomorphisms j% : (N,G) —
(N’,G"). Note that (N, G) is a subrelation of (N’,G’) iff N ¢ N’ and G c G’; for this reason we sometimes
use the suggestive notation (N, G) C (N’,G’) to indicate that (N, G) is a subrelation of (N’, G’). Note that,
from a graph-theoretic point of view, a subrelation is exactly a subgraph. Of course, viewed as a transition
system, a subrelation j%/ 1 (N,G) — (N',G’) is exactly a transition subsytem.

We call a relation homomorphism f : (N,G) — (N',G’) full iff Vx,y € N) (x,y) € G & (f(x), f(y)) €
G’. Likewise, we call a subrelation j%' : (N,G) — (N’,G’) a full subrelation iff j%' is a full relation
homomorphism. Note that j%/ : (N,G) = (N’,G’) is a full subrelation iff G = G’ N N2. Therefore, to
indicate that (N, G) C (N’, G’) is a full subrelation, we write G = G’ \N? = G|y, write (N, G’|y) € (N, G’),
and call G’|y the restrictiorﬂ of G’ to N. Graph-theoretically, a full subrelation (N,G’|y) € (N',G’) is
exactly a full subgraph, that is, we restrict the nodes to N, but keep all the edges from G’ that begin and end
in nodes from N.

Exercise 46 Prove that f : (N,G) — (N’,G’) is a relation isomorphism iff f is a bijective and full relation homomor-
phism.

Exercise 47 (Pulling back binary relations). Let (B, G) be a binary relation and let f : A — B be a function. Prove
that: (i) f : (A, f~1(G)) — (B, G) is a relation homomorphism, where, by definition, a f'(G)a’ & f(a)G f(a'); and
(ii) f : (A,R) — (B, G) is a relation homomorphism iff R C f~1(G).

Exercise 48 (Peano-Lawvere is an “Infinity Axiom”). Prove that any set N with associated functionsa :1 — Nand
s : N — N that satisfies the Peano-Lawvere axiom must be infinite. This tells us that we can use the Peano-Lawvere
axiom as an alternative to (Inf) to ensure the existence of infinite sets in out set theory. (Hint: Use Exercise 43|(2) to
view (N, s) as a directed graph.)

7.4 Orders

A (strict) order on a set A is a relation < € P(A X A) that is both transitive and irreflexive. We read a < a’
as “a is less than a’,” or “a is smaller than @’ The inverse relation <~! is denoted >, and we read a > a’ as
“a is greater than a’.” An ordered set is a set with an order on it, that is, a pair (A, <), with < a (strict) order.

Note the pleasing fact that if < is transitive and irreflexive, then > is also transitive and irreflexive.
Therefore if we adopt > as our “less than” relation, we get another order on A, namely (A, >), which is
called the opposite, or inverse, or dual order relation. For example, we can order the natural numbers in
either the usual ascending order, or in their opposite, descending order.

Examples of ordered sets are everywhere. The < relation on the natural numbers N, the integers Z, the
rationals Q, and the reals R, make all these sets ordered sets. Likewise, the strict containment relation C
makes any powerset £(A) into an ordered set (P(A), C). A different order on N—{0, 1} is given by divisibility,
where we write n|m, read “n (strictly) divides m,” to abbreviate the formula (3k € N—{0, 1}) k-n = m. Then

(N —{0, 1}, _|.) is an order.

3Note that this notion of restriction is similar to, but in general different from, the notion of restriction of a function or a relation
to a subdomain defined in Exercise The difference is that forR : A = B,and A’ C A, Rl4= RN (A’ X B). Even when A = B,
in general this yields a different notion of restriction than R|4» = RN A’%. For this reason, the two different notions: R[4/, and, when
A = B, R|a, are each given a different notation.
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Exploiting again the equality Directed Graph = Relation, what is an ordered set when viewed as a
graph? It is exactly a directed transitive and acyclic graph. So talk about an ordered set and talk about a
directed transitive and acyclic graph is just talk about the same thing.

Of course, the transitive closure G* of any directed acyclic graph G is a directed transitive and acyclic
graph. This is exploited pictorially in the so-called Hasse diagram of an ordered set, so that the ordered
set is pictured as a directed acyclic graph (with the bigger nodes depicted above the smaller nodes without
explicitly drawing the arrowheads), and without explicitly drawing the remaining edges in the transitive
closure, although they are understood to also be there. For example, the Hasse diagram of the ordered set
(P(3), ©) is the following directed acyclic graph:

{0, 1,2}

1} {0,2} {1
0} {n {

L

Given an ordered set (A, <), the reflexive closure <~ of its (strict) order relation is always denoted <.
We then read a < @’ as “a is less than or equal to @’,” or “a is smaller than or equal to a’.” Of course, the
inverse relation <! is always denoted >, and we read a > a’ as “a is greater than or equal to a’.” Note that,
since < is irreflexive, the mappings: (i) < > <, with < = (< Uid,), and (ii) < — <, with < = (< —id,), are
inverse to each other, so that we can get the strict order < from its nonstrict version <, and vice versa. So
we can equivalently talk of an ordered set as either the pair (A, <), or the pair (A, <), specifying either the
strict order <, or its reflexive closure <.

Sometimes an ordered set (A, <) is called a partially ordered set, or a poset for short. This is to em-
phasize that elements in an ordered set may be incomparable. For example, in the ordered set ((3), ),
the singleton sets {0} and {1} are incomparable, since {0} ¢ {1} and {1} ¢ {0}. Instead, any two different
numbers in (N, <), or (Z, <), or (Q, <), or (R, <) can always be compared. An ordered set where elements
can always be compared is called a fotally ordered set (also called a lineally ordered set, or a chain). The
precise definition of a poset (A, <) being totally ordered is that it satisfies the formula

{0, .2}
{ }

2

VMx,yeA)(x<yVx=yVx>y).

(or, equivalently, it satisfies the formula (Vx,y € A) (x <y V x > y).) For example, (N, <), (Z, <), (Q, <),
and (R, <) are all total orders. So are (P(@), C) and (P(1), C), the only two powersets where set containment
is a total order. The alternate description of a total order as a “linear”” order, or a “chain,” comes from its
pictorial representation as a graph, since in such a representation all the elements are arranged on a single
vertical line.

One consequence of the partial nature of non-linear orders is that, in general, a partially ordered set may
have zero, one, or more than one element such that there is no other element bigger than such an element.
For example, in the poset (£(3) — {3}, ©), the elements {0, 1}, {0, 2}, and {1, 2}, are exactly those elements
such that there is no other element bigger than any of them, since 3 = {0, 1,2} has been removed. Such
elements, if they exist, are called the maximal elements of the poset. More precisely, an element a € A is
called a maximal element in a poset (A, <) iff it satisfies the formula (Vx € A)—(x > a); equivalently, a is
maximal iff <[{a}] = @.

One very stupid and unfair, yet very common, fallacy in human affairs comes from the deeply confused
idea that if there is an order ranking human beings under some criteria (already a questionable matter), that
order must surely be linear. Unfortunately, the thought that an order could be partial does not even enter
into many confused minds. This leads to unrestricted talk about the best person in some respect or another.
But such talk is often both false and unfair.
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First of all there is the problem of determining how “good” in relation to some criteria people are, which
often may involve a lot of subjective perceptions. For the sake of argument, let us grant that a fair, objective
evaluation may be possible in some cases. Even under such ideal circumstances, and assuming we can
honestly conclude that an individual is unsurpassed in the qualities being measured, which exactly means
that he/she is a maximal element under the agreed criteria of comparison (for example, a better parent, a
better researcher, a better employee, a better student), it is in general fallacious to conclude that there is a
unique unsurpassed individual, that is, that there is such a thing as “the best” parent, researcher, employee,
student, or whatever. A little applied set theory can go a long way in seeing through the falsity of such
deeply unfair, yet very common, social practices.

Of course, the maximal elements of the poset (A, >) are called the minimal elements of the poset (A, <).
That is, an element a € A is called a minimal element in a poset (A, <) iff it satisfies the formula (Vx €
A)-(x < a); equivalently, a is minimal iff >[{a}] = @. For example, the minimal elements of the poset
(P3) — {@}, ©) are exactly {0}, {1}, and {2}. And of course the minimal elements of (P(3) — {3},D) are
exactly {0, 1}, {0,2}, and {1, 2}.

Given posets (A, <4) and (B, <p), we call a function f : A — B monotonic (or monotone) from (A, <4)
to (B,<p) iff Va,a’ € A) a <4 @ = f(a) <p f(a’). We use the notation f : (A,<4) — (B,<p) as
a shorthand for: “f is a monotonic function from (A, <4) to (B, <p).” Have we seen this guy before? Of
course! This is just our good old friend Mr. Relation Homomorphism, a.k.a. Mr. Graph Homomorphism,
a.k.a. Mr. Simulation Map, disguised under yet another alias! That is, a monotonic function f : (A, <4) —
(B, <p) is exactly a relation homomorphism f : (A, <4) — (B, <p).

We call a monotonic function f : (A, <4) — (B, <p) strictly monotonic iff in addition it satisfies that
Va,a’ € A) a <q a = f(a) <g f(a’). That is, a strictly monotonic function f : (A,<4) — (B,<p)
is exactly a relation homomorphism f : (A, <4) — (B, <p). Of course, as is more generally the case for
relation homomorphisms, we also have that: (i) id4 is always a monotonic (and also strictly monotonic)
function from (A, <) to itself; and (ii) if f : (A, <a) — (B,<p) and g : (B, <p) — (C, <¢) are monotonic
(resp. strictly monotonic), then so is f; g.

For example, the function Ax € N. 2 eNisa strictly monotonic function from (N, <) to itself. And
the function A(x, y) € N2, max(x,y) € N, where max(x, y) denotes the maximum of numbers x and y in the
order (N, <), is a monotonic but not strictly monotonic function from (N X N, <pxn) to (N, <) (see Exercise
[51] for the definition of (N X N, <jav)).

By definition, a poset isomorphism f : (A,<s) — (B,<p) is exactly a relation isomorphism. We
call (X, <") a subposet of (A, <) iff (X,<’) C (A,<) is a subrelation. Similarly a subposet of the form
(X, <|x) € (A, <) is called a full subposet of (A, <). The same definitions apply replacing < by < everywhere;
for example, a subposet (X, <) C (A, <) is exactly a subrelation.

Exercise 49 Call a relation R C A X A asymmetric iff RNR™! = @. Prove that (A, <) is an ordered set iff < is transitive
and asymmetric.

Call a relation R C A X A antisymmetric iff RN R™! C idy. Prove that (A, <), with < irreflexive, is an ordered set
if and only if the relation < = (< Uid,) is reflexive, transitive, and antisymmetric. Therefore, it is equivalent to define
an ordered set as a pair (A, <), with the (strict) order < irreflexive and transitive, or as a pair (A, <) with < reflexive,
transitive and antisymmetric.

Exercise 50 Prove the following:
1. f:(A,<4) — (B,<p) is a poset isomorphism iff f : (A, <a) — (B, <p) is a strict poset isomorphism.
2. If (A, <4) and (B, <p) are chains, then a strictly monotonic function f : (A, <4) — (B, <g) is a poset isomor-

phism iff f is surjective.

Exercise 51 Given posets (A, <,) and (B, <p), define on the cartesian product A X B the relation <,yp, called the
product order, by the equivalence

(a,b) <axp (@', b)) © (@<yd ANb<gh)

Prove that <,p is reflexive, transitive, and antisymmetric, and therefore (by Exercise (A X B, <uxp) is a poset.

Show that (AX B, <axp) is “almost never” a total order, by giving a (in fact quite restrictive) necessary and sufficient
condition involving the cardinalities of A and B, and the orders (A, <) and (B, <p), so that (AX B, <axp) is a total order
iff your condition holds.
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State and prove the analogue of Exercise 29 for posets, replacing everywhere the word “set” by “poset,” and the
word “function” by “monotonic function,”

Can you dualize all this? Give a definition of disjoint union of posets (A, <4) ® (B, <), and show that it is the right
definition by proving that it satisfies the properties in the analogue of Exercise[30|for posets, replacing everywhere the
word set by “poset,” and the word “function” by “monotonic function.”

Exercise 52 Given posets (A, <4) and (B, <p), define on the cartesian product A X B the relation <p,ya.p), called the
lexicographic order, by the equivalence

(@,b) <pexap (@',0") © (a<ad V(a=d Ab<pl))

Prove that <, p) is an order relation, and therefore (A X B, <p.xa,p)) IS a poset.
Prove that if (A, <) and (B, <) are total orders, then (A X B, <pexa,p)) is also a total order.

Exercise 53 Consider the following statement:

If the set of maximal elements of a poset (A, <) is nonempty, then for any x € A there is a maximal element

yof (A, <) such that y > x.
Is this statement true or false? The way to answer any such question is to either give a proof of the statement or to give
a counterexample, that is, an example where the statement fails.

Exercise 54 (Embeddings, and Representing a Poset in its Powerset). A monotonic function f : (A, <) — (B,<p) is
called a monotonic embedding iff it is a full relation homomorphism. Prove the following:
1. A monotonic embedding is a strictly monotonic function and is injective.
2. For any poset (A, <), the function >[{_}] = da € A. >[{a}] € P(A) defines a monotonic embedding from (A, <)
to (P(A), Q). In particular, the function >[{-}] defines a poset isomorphism (A, <) = (=[{_}1[A], ©). This is a way
of “faithfully representing” any poset (A, <) inside its powerset poset (P(A), C).
3. Given a poset (A, <), the function >[{_}] = da € A. >[{a}] € P(A) is a strictly monotonic function from (A, <)
to (P(A), Q). Show that in general this function is not injective (therefore, is not a monotonic embedding either).
Show that, however, if (A, <) is a chain, then the function >[{_}] is a monotonic embedding and defines a poset
isomorphism (A, <) = (>[{_}1[Al, ©), providing yet another way of “faithfully representing” a chain (A, <) inside
its powerset poset (P(A), Q).

7.5 Sups and Infs, Complete Posets, Lattices, and Fixpoints

Given a poset (A, <) and a subset X C A, we define the set ubs(X) of upper bounds of X in (A, <) as the set
ubs(X) = {x € A | (Vy € X) x > y}. Dually, we define the set Ibs(X) of lower bounds of X in (A, <) as the
set of upper bounds of X in (A, >). That is, Ibs(X) = {x € A | (VYy € X) x < y}. For example, in the poset
(P(3), Q) for X = {{0}, {2}} we have ubs(X) = {{0,2},{0, 1,2}}, and Ibs(X) = {@}.

Given a poset (A, <) and a subset X C A, we say that X has a least upper bound (or lub, or sup) in (A, <)
iff ubs(X) # @ and there exists an element of ubs(X), denoted \/ X € ubs(X), such that (Vy € ubs(X)) V X <
y. Of course, \/ X, if it exists, is unique, since it is the smallest upper bound of X. Dually, we say that X
has a greatest lower bound (or glb, or inf) in (A, <) iff X has a least upper bound in (A, >). That is, iff there
exists an element of [bs(X), denoted A X € Ibs(X), such that (Vy € Ibs(X)) A\ X > y. Again, A X, if it exists,
is unique, since it is the biggest lower bound of X. For example, in the poset (P(3), ©) for X = {{0}, {2}} we
have \V X ={0,2},and A X = 2.

Many posets (A, <) have sups and/or infs for some choices of subsets X C A, leading to useful notions
such as that of a poset with top and/or bottom element, a lattice, a chain-complete poset, or a complete
lattice. We can gather several of these notions{z_f]together in the following definition:

Definition 6 Given a poset (A, <), we say that (A, <):
1. has a top element iff \/ A exists. We then use T4, or just T, to denote \/ A.

2. has a bottom element iff \ A exists. We then use L4, or just L, to denote )\ A.

4There are many others. The classic textbook in this area is the excellent [4]]; there are also many more recent basic and advanced
textbooks. For a detailed study of the different families of subsets of a poset for which one can require to have sups (or dually infs),
and the corresponding category-theoretic properties of the complete posets thus obtained see [24].
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3. is alattice iff it has a top and a bottom element, T 4 and L4, and for any two elements a,b € A, both
\/{a, b} and N{a, b} exist. We then use the notation a Vv b = \/{a, b}, and a A b = \{a, b}.

4. is chain-complete iff for every subposet (C,<|c) C (A, <) such that (C,<|c) is a chain, the sup \/ C
exists in (A, <). The sup \/ C is usually called the limit of the chain C.

5. is a complete lattice iff for any subset X C A both \/ X and N\ X exists. This in particular implies that
both Ty = \/ A, and 14 = )\ A exist.

Note that if (A, <) is a lattice (resp. complete lattice), then (A, >) is also a lattice (resp. complete lattice)
with all the operations dualized, that is, T becomes L and L becomes T, \/ becomes A and /A becomes \/,
and V becomes A and A becomes V.

Note also that in any complete lattice (A, <), if X C A, it follows trivially from the definitions of ubs(X)
and /bs(X), and of \/ X and A X that we have the identities:

\/ X /\ ubs(X)
A X v Ibs(X)

It also follows trivially (one could fittingly say “vacuously”) from the definitions of ubs and Ibs that we have
ubs(@) = Ibs(?) = A. Therefore, we have the, at first somewhat confusing, identities: \/ @ = A A = L, and
A @ =\ A = T. However, they should not be foo confusing, since we have already encountered them in
the case of the complete lattice (indeed, complete boolean algebra) (P(X), S), where \/ = |J and A = ).
Indeed, we saw in that in (P(X), ) we have (| @ = X, where X is the top element of (P(X), C), and of
course we have | @ = @, where @ is the bottom element of (P(X), ©).

Let us consider some examples for the above concepts. For any set X, the poset (P(X),C) is a com-
plete lattice and therefore satisfies all the properties (1)—(5). Given any U C P(X) we of course have
VU =U,and \ U = U. The lattice operations are just the special case of finite unions and finite in-
tersections, i.e., AV B = AUB, and A A B = AN B. In particular, the powerset P(1) = P({@}) = {@,{2}} = 2
is a complete lattice and therefore a lattice with the inclusion ordering. We call 2 the lattice (in fact more
than that, the boolean algebra) of truth values, with 0 = @ interpreted as false, and 1 = {@} interpreted
as true. Note that the lattice operations V and A are exactly logical disjunction and logical conjunction of
truth values in (P(1), ©) = (2, ©). Therefore, there is no confusion possible between the use of v and A for
logical operations and for lattice operations, since the second use generalizes the first.

For any set X, the poset (P, (X)U{X}, ©) of finite subsets of X plus X itself is a lattice, with AVB = AUB,
and A A B = AN B, but if X is infinite, then (P, (X) U {X}, C) is not a complete lattice.

The interval [0, 1] in the real line, [0,1] = {x € R | 0 < x < 1}, is a complete lattice with the
usual ordering < on real numbers. Given a subset X C [0, 1] we use the notation \/ X = max(X), and
A X = min(X). max(X) is the smallest real number r such that » > y for each y € X, and min(X) is the
biggest real number r such that r < y for each y € X. The lattice operations V and A are also called max
and min, with max(x,y) the biggest of x and y, and min(x,y) the smallest of the two. This lattice is the
foundation of fuzzy logic [35)], which is used in the fuzzy control systems of many electronic devices. The
basic idea is that [0, 1] can be viewed as a set of “fuzzy truth values,” generalizing the standard truth values
in 2 = {0, 1}. Now logical disjunction is max and logical conjunction is min.

The poset (R, <) with max and min of two real numbers defined again as maximum and minimum is
almost a lattice, since the only things it lacks to be a lattice are a top and a bottom element. If we add them,
using the standard notation T = +4co, and L = -oo, then (R U {400, -00}, <) becomes a complete lattice,
with max(X) either the smallest real number bigger than all the elements in X, if X is bounded above, or
+o00 otherwise, and with min(X) either the biggest real number smaller than all the elements in X, if X is
bounded below, or -co otherwise.

The poset (N, <) has a bottom element (namely 0), but has no top element. It is also almost a lattice, with
V = max and V = min; it just lacks a top element. Also, for any nonempty subset X C N, A X = min(X)
is always defined as the smallest natural number in X, but \/ X = max(X) is only defined as the biggest
number in X if X is finite and nonempty, and as 0 if X = @, but is not defined if X is infinite. However, if
we add to N a top element, denoted as usual T = oo, then (N U {oo0}, <) becomes a complete lattice, where
for any infinite subset X C N we have max(X) = oo.
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A very useful example of a chain-complete poset is provided by partial functions. If you did Exercise
you already know what a partial function is. If you missed the fun of Exercise 22} here is the definition.
A partial function from A to B, denoted f : A — B, is arelation f C A X B such that for each a € A, f[{a}]
is always either a singleton set or the empty set. The set [A—B] of all partial functions from A to B is then:

[A—~B] = {f € P(Ax B) | (Ya € A)¥b,b’ € B)(((a,b), (@, b)) € f) = b =b')}.

We then have the obvious inclusions [A—B] C [A—B] € P(A X B). Ordered by subset inclusion, the poset
([A—B], Q) is then a subposet of the complete lattice (P(A X B),C). ([A—B], <) has a bottom element,
namely @. But as soon as A # @ and B has more than one element, ([A—B], €) cannot be a lattice, and
cannot have a top element. Indeed, the set [A— B] is exactly the set of maximal elements of ([A—B], €); and
under those assumptions on A and B, we can always choose a € A, and b, b’ € B with b # b, so that we have
partial functions f = {(a, b)}, and g = {(a,b’)}, but f U g = {(a, b), (a,b’)} is not a partial function. Indeed,
then ubs{f, g} = @, where ubs{f, g} denotes the set of upper bounds of {f, g} in the poset ([A—B], C). The
important fact, however, is that ([A—B], ©) is chain-complete. Indeed, let C C [A—B] be a chain. Then its
limit is the set | J C, which is a partial function, since if we have (a, b), (a,b") € |J C, then we must have
f>g € C with (a,b) € f and (a,b") € g. But since C is a chain, we have either f C g or g C f. Assuming,
without loss of generality, that f C g, then we also have (a, b) € g, and therefore, b = b’, so | J C is indeed a
partial function.

Given a function f : A — A, an element a € A is called a fixpoint of f iff f(a) = a. The following
theorem, due to Tarski and Knaster, is choke-full with computer science applications:

Theorem 5 (Tarski-Knaster). If (A, <) is a complete lattice, then any monotonic function f : (A,<) —
(A, <) has a fixpoint. Furthermore, any such f has a smallest possible fixpoint.

Proof. Consider the set U = {x € A | f(x) < x}, and let u = A U. Therefore, for any x € U, since f is
monotonic and by the definition of U, we have f(u) < f(x) < x, which forces f(u) < u. Therefore, u € U.
But since f is monotonic, f[U] € U, and we have f(u) € U. Hence, f(u) > u. Therefore, f(u) = u, sou
is our desired fixpoint. Furthermore, u is the smallest possible fixpoint. Indeed, suppose that v is another
fixpoint, so that f(v) = v. Then f(v) < v. Therefore, v € U, and thus, u < v. O

A very useful, well-known variant of the Tarski-Knaster theorem, also choke-full with even more com-
puter science applications, can be obtained by simultaneously relaxing the requirement of (A, <) being a
complete lattice to just being chain-complete with a bottom; and strengthening instead the condition on f
from being just a monotone function to being chain-continuous. A monotone f : (4, <) — (A, <) is called
chain-continuous iff for each chain C in (A, <) having a limit \/ C, we have f(\/ C) = \ f(C), thatis, f
preserves limits of chains.

Theorem 6 If (A, <) is a chain-complete poset with a bottom element L, then any chain-continuous function
f (A, <) — (A, <) has a fixpoint. Furthermore, any such f has a smallest possible fixpoint.

Proof. Obviously, L < f(1). Since f is monotonic, we then have a chain {f"(L) | n € N} of the form
L < f)< ... <) <) < ...

Then our desired fixpoint is \/{f"(L) | n € N}, because, since f is chain-continuous, we have f(\/{f"(L1) |
neNp =V fAf"(L) [ neNp) = V{1 (L) neN} = V{f'(L) | n € N} Also, V{f"(L) | n € N} is the
smallest possible fixpoint of f, since if a is any other such fixpoint, then L < a forces f*(L1) < f"(a) = a.
Therefore, a € ubs({f"(L) | n € N}), and therefore \/{f"(L) | n € N} < a, as desired. O

One of the great beauties and mysteries of mathematics is that seemingly abstract and extremely general
theorems like the one above give rise to extremely concrete and useful applications; in this case, computer
science applications, among others. Theorem [6]is at the heart of the semantics of recursive function defi-
nitions in a programming language. If we define a function by simple recursion or by primitive recursion,
we are always sure that the function so defined is a fotal function, and therefore terminates. But a recursive
function definition may never terminate, and therefore its extensional meaning or semantics in general is
not a total function, but a partial one.

The importance of Theorem [6] for the semantics of programming languages is that it can be used to
precisely define the partial function associated to a recursive function definition as a fixpoint, thus the name
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fixpoint semantics for this method, proposed by the so-called denotational semantics approach pioneered
by Dana Scott and Christopher Strachey (see, e.g., [30, 31} 27]). Let me illustrate the basic idea with a
simple example. Consider the following recursive function definition to compute the factorial function on
natural numbers:

factorial(n) = if n = 0 then 1 else n - factorial(p(n)) fi

where p denotes the predecessor partial function on the natural numbers, so that p(s(n)) = n, and p(0) is
undefined. The basic idea is to see such a recursive definition as a functional, which is just a fancy word for
a function whose arguments are other functions. Specifically, we see the recursive definition of factorial as
the (total) function:

Stacrorial - IN=N] —> [N=N] : f > dn € N. if n = 0 then 1 else - f(p(n)) fi.

It is not hard to check that 6fucsoria 1S monotonic and chain-continuous in the chain-complete poset of partial
functions ([N—N], ©). Then, the fixpoint semantics of the factorial function definition is precisely the least
fixpoint of dfcrorial, that is, the function \/{5;;6[0”01(@) | n € N}, which in this example happens to be total,
since the factorial function definition terminates. Let us look in some detail at the increasing chain of partial
functions

ctorial

@ C Spctorial(@) S -+ S Fypronial(@) S 6}‘;‘ @) C ...

Just by applying the definition of d4ci0ricr We can immediately see that this is the sequence of partial func-
tions:

@ Cc{0,1)} € ... € {0, D1,(1,2),...,(n,n)} € {(0,1),(1,2),...,(n,n!),(n+1),(n+ 1} C ...

Therefore, if we denote by !_ the factorial function, we have, V{d}’acwriul(@) | n € N} =!_, which is the
expected fixpoint semantics of the factorial function definition. The above sequence of partial functions has
a strong computational meaning, since it represents the successive approximations of the factorial function

obtained by a machine implementation computing deeper and deeper nested function calls for factorial.

Exercise 55 Call (A, <) a complete sup semilattice (resp. a complete inf semilattice) iff for any subset X € A, \/ X
always exists (resp. N\ X always exists). Prove that any complete sup semilattice (resp. any complete inf semilattice) is
always a complete lattice.

Exercise 56 Given a set A, consider the following subsets of P(AXA): (i) TransRel(A), the set of all transitive relations
on A; and (ii) EquivRel(A), the set of all equivalence relations on A (see below). Prove that (TransRel(A), Q)
and (EquivRel(A), C) are both complete lattices. Similarly, given a poset (A, <), consider the set Sub(A, <) of all its
subposets, that is the set Sub(A,<) = {(A’,<") € P(A) X P(A X A) | (A,<") C (A, <) A poset(A’,<")}, where, by
definition, the predicate poset(A’, <") holds iff (A’, <’) is a poset. Prove that (Sub(A, <), C) is a complete poset. (Hint:
in each of the three proofs you can cut your work in half using Exercise[53])

Exercise 57 Let (A, <) and (B, <p) be posets, and assume that both have a top element (resp. have a bottom element,
resp. are lattices, resp. are chain-complete, resp. are complete lattices). Prove that then (A X B, <axp) has also a top
element (resp. has a bottom element, resp. is a lattice, resp. is chain-complete, resp. is a complete lattice).

7.6 Equivalence Relations and Quotients

Given a set A, the identity relation id, is what we might call the absolute equality relation on A. Yet, life
is full of situations where we are not interested in absolute equality but in some kind of relative equality.
Consider, for example, money. Any two one-dollar bills that are different in the physical, absolute sense,
are nevertheless equal from the relative standpoint of paying with them. Similarly, any two quarter coins
are equal for paying purposes. In general, any two bills or coins of the same denomination are equal for
paying purposes, or, if you wish, equivalent (equi-valent: of the same value). Money works as an exchange
of wealth precisely because we do not care about the individual identities of bills or coins, except up to
equivalence.

More precisely, let Money be the finite set of dollar bills and coins of different denominations currently
in circulation. We can define a binary relation = ¢ Money?, where x = y iff x and y are money items of the
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same denomination. For example, x can be a dollar bill and y can be a dollar coin. Note that this defines a
partition of the set Money into “buckets,” with one bucket for money items of value 1 cent (only cent coins
go here), 5 cents (only nickels here), another for those of value of 10 cents (only dimes), another for those
of value 25 cents (only quarters), another for value 1 dollar (both dollar bills and dollar coins), another for
those of value 5 dollars, and so on.

We can generalize this a little by considering the set P(Money) of subsets of Money. Then we say the
two subsets U, V C Money are equivalent, denoted U = V iff their value adds up to the same amount. For
example, U can be a set of two dollar bills, a quarter, a dime, and three nickels; and V can be a set with a
dollar coin and six quarters. They are equivalent, that is, they have the same value, namely, 2 dollars and 50
cents. Again, this partitions P(Money) into “buckets,” with one bucket for each concrete amount of money.
We now have buckets for 1, 5, 10, and 25 cents, but also buckets for other values from 2 up to 99 cents and
beyond. In general we have buckets for any amount of money of the form n.xy with n a natural number,
and xy two decimal points, and with n.xy smaller than or equal to the total value of the finite set Money of
money in circulation. Note that there are two buckets containing each a single subset, namely, the bucket
containing the empty set (whose value is 0), and the bucket containing the set Money, which is the bucket
of biggest value.

Definition 7 Given a set A, an equivalence relation on A is a binary relation = C A? such that it is reflexive,
symmetric, and transitive.

Obviously, both = on Money, and = on P(Money), are equivalence relations in this precise sense. Sim-
ilarly, given n € N — {0}, the relation x =, y defined by the logical equivalence x =, y & |x—y| € nis
an equivalence relation on N (namely the relation of having the same remainder when divided by n), which
partitions the set N into n “buckets,” namely,

N/n={nn+1,....n+n-1))

(see also Exercise [6)).
Given an equivalence relation = on a set A, and given an element a € A, we call the equivalence class
of a, denoted [a]=, or just [@] if = is understood, the set

[al=={x€A|x=al

The equivalence classes are precisely the “buckets” we have been talking about in the above examples.
For example, in Money we have one equivalence class for each denomination; and in N we have one
equivalence class for each remainder after division by n. Note that it is trivial to show (exercise) that a = @’
iff [a]= = [@']=. Therefore, equivalence classes are of course pairwise disjoint:

Lemma 5 Given an equivalence relation = on a set A, the set A/= = {[a]= € P(A) | a € A} is a partition
of A. Conversely, any partition of A, U C P(A) defines an equivalence relation =q; such that A/=q = U.
Furthermore, for any equivalence relation = on A we have the equality = = =4 .

Proof. If A = @, then the only equivalence relation is @ = @ X @, and @/@ = @, which is a partition of
Uo =@. If A # @, obviously A/= # @, and @ ¢ A/=, and we just have to see that any two different
equivalence classes [a]= and [a’]= are disjoint. We reason by contradiction. Suppose [a]= # [a’]= and let
a” € al=N[d’']=. Thena = a” and a” = a’. Therefore, since = is transitive, a = a’. Hence, [a]= = [d']=, a
contradiction.

Conversely, given a partition of A, U C P(A), we define the equivalence relation =¢; by means of the
logical equivalence

a=zyd & AU e U)a,a € U.

This is trivially an equivalence relation such that A/=¢, = Y. It is also trivial to check that = = =4 . O
The above lemma tells us that equivalence relations on a set A and partitions of such a set are essentially
the same thing, and are in bijective correspondence. That is, the assignments = — A/= and U - =q
are inverse to each other. Therefore, partitions and equivalence relations give us two equivalent (no pun
intended) viewpoints for looking at the same phenomenon of “relative equality.” The equivalence relation
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viewpoint emphasizes the intuition of two things being equal in such a relational sense. The partition
viewpoint emphasizes the fact that this classifies the elements of A into disjoint classes.

Indeed, the mapping a +— [a]= is precisely the process of classification, and is in fact a surjective
function

g=:A —A/=1a [a]=

called the quotient map associated to the equivalence relation =. We can generalize this a little, and regard
any function f : A — B as a process of classifying the elements of A, or, what amounts to the same,
as a way of defining a notion of relative equality between the elements of A, namely, a and &’ are equal
according to f iff f(a) = f(a’). Thatis, any f : A — B classifies the elements of A according to the
partition { (b)) € P(A) | b € f[A]}, whose associated equivalence relation =; can be characterized by
means of the logical equivalence

(Va,d e A)a=rd & f(a) = f(a")).

Note that the equivalence relation =/ is exactly our old friend f; f~!, which we encountered in Exercise
That is, for any function f we have the identity =7 = f; f~1. Of course, when f is the function g- :
A —Al=, weget=s, ==,

In all the examples we have discussed there is always a function f implicitly used for classification
purposes. For the money examples the functions are den : Money — Q, mapping each coin or bill to its
denomination as a rational number, and val : P(Money) — Q, mapping each set U of coins and bills to its
total value. Likewise, for the residue classes modulo r, the relevant function is rem, : N — N, mapping
each number x to its remainder after division by n.

The following lemma has a trivial proof, which is left as an exercise.

Lemma 6 For any binary relation R C A X A, the smallest equivalence relation R on A such that R C R is
precisely the relation R = (RUR™')*.

Lemma 7 For any binary relation R C A X A and any function f : A — B such that (¥(a,a’) € R) f(a) =
f(a’), there is a unique function f A/R — B such that f = qR,f

Proof. Since g5 is surjectlve it is epi (see Exercise b and therefore f if it exists, is unique. Let us prove
that it does exist. We define f A/R — B : [d]» i f (a). This will be a well-defined function if we prove

that aRa’ = f(a) = f(a’), so that the definition of f does not depend on our choice of a representative
a € [alz. Note that, by our assumption on f, we have R C =;. and since R is the smallest equivalence

relation containing R we also have RC= r. Therefore, aRd’ = a = ra. Buta =fad o fla) = fla).
Therefore, aRa’ = f(a) = f(a’), as desired. O

Corollary 1 (Factorization Theorem). Any function f : A — B factors as the composition f = q= f;f' j]lf[ n

with q=, surjective, f bijective, and j2 14 4N inclusion, where f is the unique function associated by Lemma
[?]to f and the relation =¢. This factorization is graphically expressed by the commutative diagram:

Proof. Obviously, by Lemmawe have a factorization f = g=; f Furthermore, fis injective, since

fllalz) = f(d)=) & fla) = f(d) ® a=;d & [als, = [d]-,.
Furthermore, ffactors as
A= Lo a1 B

But since f: A/=y — Bis injective, by Exercise(Z) and (6), then f: A/=; —>» f[A] s also injective,
and therefore bijective, as desired. O
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Exercise 58 Give a precise and succinct description of all the equivalence relations on the set 3 = {0, 1,2}, describing
each one of them explicitly. (Hint: describing each such equivalence relation as a set of pairs is certainly precise, but
not succinct).

Exercise 59 Given a finite set A with n elements, give a numeric expression depending on n that counts the total number
of equivalence relations on A, and prove its correctness.

Exercise 60 (Extends Exercise[20).

1. Given sets A and B, use the (Sep) axiom to give explicit definitions by means of set theory formulas of the subsets
[A—Bliyj, [A—= Bl [A=Bly; © [A—B] of, respectively, injective, surjective, and bijective functions from A to
B.

2. If A and B are finite, with respective number of elements n and m, prove that: (i) [A-Bly; # @ iff n < m, (ii)
[A>Bloj # @ iff n > m, and (iii) [A-Bly; # @ iff n = m.

3. Under the respective assumptions n < m, n > m, and n = m, give explicit numeric expressions, using n and m,
that calculate the exact number of functions in, respectively, [A—Bl,;, [A— Bl.j, and [A— Bly;;, and prove their
correctness. (Hint: use the Factorization Theorem, Exercise[3] and some elementary combinatorics).

Given the essential identity Relation = Directed Graph = Transition System, a natural question to ask
is: how does an equivalence relation look like as a graph?

Exercise 61 Given a set N of nodes, the complete graph on N is the relation N*. Prove that, given a graph (N, G), G is
an equivalence relation iff there exists a partition U of N such that:

1. Foreach U € U, G|y is the complete graph on U.
2. G=UIGly e PINXN)| U e U).

Likewise, it is natural to ask: how does an equivalence relation look like as a transition system?

Exercise 62 Call a transition system A = (A, — ) reversible iff (V(a,a’) € —a) (a',a) € —%. Intuitively, in a
reversible system we can always “undo” the effect of a transition a — g a’ by taking further transitions.
Prove that A = (A, > #) is reversible iff =7, is an equivalence relation.

Finally, we can give a graph-theoretic interpretation to the smallest equivalence relation G generated by
arelation G.

Exercise 63 Given a graph (N, G), and given a node n € N, the set of nodes n’ € N connected to n (including n itself)
can be defined as, [nlg = {n' € N | (n,n’) € (G U G™")*}). We call [n]g the connected component of node n. Prove the
following (in whichever order you think best, but without using Lemma [6| until you give a proof of it; some choices of
order can make proofs of other items in (1)—(3) trivial):

1. The set {[n]g € P(N) | n € N} of connected components of (N, G) is a partition of N.
2. Give a detailed proof of Lemmal6]
3. We have a set identity {[n]g € P(N) | n € N} = N/G.

7.7 Constructing Z and Q

To give some flavor for both how set theory is used to define —that is, to build mathematical models of— all
mathematical objects of interest, and how useful the notion of a quotient set under an equivalence relation
is, I show how the integers Z and the rationals Q can be easily defined as quotient sets.

Let us begin with the set Z of integers. Any integer can be obtained as the difference between two
natural numbers. For example, 7 is 7 — 0, or, equivalently, 15 — 8. Likewise, —7 is O — 7, or, equivalently,
8 — 15. This suggests defining the integers as the quotient set Z = N? /=, where = is the equivalence relation

xyy=W,y) & x+y =x"+y

in particular, the number 7 is represented as the equivalence class [(7,0)] = [(15, 8)], and the number —7
as the equivalence class [(0,7)] = [(8,15)]. Note that, given any such equivalence class, we can always
choose either a representative (n,0), which we denote by n, or a representative (0, n), which we denote by

62



—n (of course, we denote (0,0) by 0 = —0). We can define addition, subtraction, and multiplication of
integers in the obvious way: [(x, )]+ [(x,y)] = [(x+ X,y + )], [(x, )] = [, )] = [(x +¥',y + x')], and
[, ][, Y] =[((x- X))+ (), (x-Y')+ (y-x'))]. One of course has to show that the above definitions
of addition, subtraction, and multiplication do not depend on the choice of representatives (x,y) € [(x,y)],
but this is a trivial exercise.

Once we have the integers, it is equally easy to define the rationals. Each rational number can be
represented as a fraction n/m, with n € Z and m € Z — {0}, where 0 = [(0,0)]. Of course the fractions
1/2, 2/4, and 3/6 are all equivalent. This suggests defining the rational numbers as the quotient set Q =
(Z x (Z —{0}))/=, where = is the equivalence relation

Ly =W.,y) & x-y =x"y

and where we typically use the notation [(x,y)] = x/y, and usually pick a representative (x,y) € [(x,y)]
such that x/y is an irreducible fraction with y a natural number, which uniquely represents the equivalence
class [(x,y)]. Addition, subtraction, multiplication, and division of rational numbers is now defined in the
obvious way: [(x, y)] + [(x, )] = [((x - y) + (v - X)),y - V)L, [, ] = [, 9] = [((x-y) = - XD,y - Y],
[, ][, y)] = [(x- 2", y-y)], and [(x, Y)]/[(x",¥)] = [(x-y',y-x")], where in the last definition we must
require that x” # 0. As before, one has to show that the definition of each operation does not depend on the
choice of representatives (x, y) € [(x,y)], again a trivial exercise.
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Chapter 8

Sets Come in Different Sizes

Obviously, two sets A and B such that A = B, that is, such that there is a bijection f : A— B are essentially
the same set, since their elements are placed by f in a one-to-one correspondence. Therefore, the relation
A = B gives us a precise way of capturing the intuition that A and B have the same size.

Definition 8 (Finite and Infinite Sets). A set A is called finite iff there is an n € N such that A = n. A set A
is called infinite iff it is not finite.

The relation A = B is sometimes called the equinumerosity (or equipotence) relation. In particular, it
is trivial to prove (exercise) that if A is finite, A = B iff B is finite and has exactly the same number n of
elements as A. That is, any finite set can always be placed in one-to-one correspondence with exactly one
neN.

How can we capture the notion of a set A having a size smaller than (or equal to) that of another set
B? Obviously this means that B must contain a subset B’ such that A = B’. But this is equivalent to the
existence of an injective function f : A > B, since then A = f[A], and f[A] € B. Therefore we can
introduce the notation A < B to abbreviate the existence of an injective function f : A > B, with the
intuitive meaning that the size of A is “smaller than or equal to” that of B. Similarly, the notation A < B
abbreviates A < B and A # B, that is, the size of A is strictly smaller than that of B. For example, for each
natural number n we have n < N; and for natural numbers n and m, we have n < m iff n < m.

Note that if A and B are finite sets, and we have f : A »» B with f[A] # B, then A # B, since A
must have strictly fewer elements than B. However, for infinite sets we may easily have f : A » B,
fIA] # B, and A = B. For example, both the successor function Ax € N. s(x) € N, and the double function
Ax € N. (2 - x) € N define injective functions N »» N whose images do not fill all of N. The image of
Ax € N. s(x) € N is the set of nonzero natural numbers, and the image of Ax € N. (2 - x) € N is the set of
even numbers.

Richard Dedekind took this fact of a set being in bijection with one of its proper subsets as the very
definition of an infinite set. That is, he proposed the following:

Definition 9 A set A is called Dedekind-infinite iff it has a proper subset B C A such that A = B.

Trivially, since no finite set can be Dedekind-infinite, any Dedekind-infinite set is infinite in the standard
sense of Definition[8] But is every infinite set Dedekind-infinite? The answer to this question will be given

in §10.2] Corollary 2}

8.1 Cantor’s Theorem

A very reasonable question to ask is: are there different sizes for infinite sets? Are some infinite sets
intrinsically bigger than others? Intuitively, for example, the “countable infinity” of the natural numbers
N seems to be a smaller size of infinity than the infinity of the “continuum” represented by the real line R
(which we shall see in §12.3]has a bijection R = P(N)). A precise answer to this question, on the affirmative,
is given by the following beautiful theorem due to Georg Cantor.
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Theorem 7 (Cantor’s Theorem). For any set A we have A < P(A).

Proof. The function {_}4 : A — P(A) : x — {x} sending each x € A to the corresponding singleton set
{x} € P(A) is clearly injective because of extensionality. Therefore we have A < P(A). We now need to
show that A # P(A), that is, that there is no bijective function f : A — P(A). For this it is enough to show
that there is no surjective function f : A —» P(A). Suppose that such a surjective f were to exist. Consider
the set C = {x € A | x ¢ f(x)}. Since f is surjective, there must exist an element a € A such that f(a) = C.
We then have two possibilities: either a € C,ora ¢ C. If a € C, then a € f(a), and therefore, a ¢ C, a
contradiction. If a ¢ C, then a € f(a), and therefore, a € C, again a contradiction. Therefore f cannot be
surjective. O

Note that Cantor’s theorem immediately gives us an infinite ascending chain of strictly bigger infinite
sets, namely,

N < P(N) < P’(N) < ... < P"(N) < P™(N) < ...

where, by definition, P"*!(N) = P(P"(N)).

8.2 The Schroeder-Bernstein Theorem

Another very simple but important question to ask is the following. Suppose we have two sets A and B such
that we have been able to show A < B and B < A. Can we then conclude that A = B? The answer, in the
affirmative, is another key theorem of set theory, namely, the Schroeder-Bernstein Theorem. Proofs of this
theorem can be a bit messy; I give below a very simple proof due to Peter Johnstone [16]].

Theorem 8 (Schroeder-Bernstein). Given any two sets A and B, if A < Band B < A, then A = B.

Proof. By hypothesis we have injections f : A > Band g : B > A. Let us try to place ourselves in the
best possible situation to define a bijection between A and B. The best possible situation would be to find a
subset X C A such that X = A — g[B — f[X]]. If such a subset were to exist, we could immediately define
a bijection between A and B. Indeed, since f is injective, we could place X in bijective correspondence
with its image f[X] using f. But then the complement of f[X] in B, that is, B — f[X] is mapped by g to
the complement of X in A, namely, A — X. Therefore, since g is also injective, we could place B — f[X] in
bijective correspondence with A — X using g, and therefore, A — X in bijective correspondence with B — f[X]
using g~!. Therefore, the disjoint union of functions:

{(x, f(x) € AXB|xeX}U{(g(),y) € AXB|ye B- fIX]}

would be our desired bijection, proving A = B. So all we need to do is to find a subset X C A such that
X = A — g[B — f[X]]. This obviously looks like the fixpoint of some function. If we can show that it is
the fixpoint of a monotonic function from a complete lattice to itself, we will be done, since Theorem E]
(Tarski-Knaster) guarantees the existence of such a fixpoint. The complete lattice in question is (P(A), ©),
and the monotonic function is just the following composition of monotonic functions:

@).0) L @B).0) I @B).2) £ P1).2) T Pa). o)

where one should note the double reversal of the subset orderings due to the second and fourth functions,
which perform complementation in, respectively, £(B) and P(A). O

Exercise 64 Prove that for any A, A < A. Prove that if A < B and B < C then A < C. Prove that if A < Band B < C
then A < C.
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Chapter 9

I-Indexed Sets

I-indexed sets, are, intuitively, families of sets {A;};c; indexed or parameterized by the elements of another
set I. For example, if I = 5, we could consider the /-indexed set {A;};c4, where Ag = 13, A} =7, A, = N,
Az =7,and Ay = @. So, we can think of {A;};e; as the listing or sequence of sets

13,7, N, 7, @

which is of course different from the set {@, 7, 13, N}, both because the elements in the set {@, 7, 13, N} are
unordered, and because our list has repetitions, like 7.

Under closer inspection, an /-indexed set turns out to be nothing new: just a completely different, but
very useful, new perspective, deserving a notation of its own, on a surjective function.

9.1 I[-Indexed Sets are Surjective Functions

What is a sequence? Consider, for example, the sequence of rational numbers {1/s(n)},cn, which we would
display as
1, 1/2, 1/3, 1/4, ... 1/n,

and which has 0 as its limit. Or maybe the sequence of even numbers {2 - n},cn, which we can display as
0, 2, 4,6, ... 2-m,

In a similar manner, we could consider finite sequences like {1/s(n)},ex, or {2-n},er, with k a natural number,
which would just truncate the above infinite sequences to the first k elements in the sequence.

I ask the question “what is a sequence?” on purpose, as an Occam’s razor type of question: do we
essentially need a new concept to get a precise mathematical definition of a sequence, or is it just a conve-
nient notation denoting a concept we already know? The answer is that, clearly, we do not need any more
concepts, since a sequence is just a (sometimes) handy notation to describe a function. For example, the se-
quence {1/s(n)},en is just a convenient, alternative notation for the function 1/s(_) : N — Q : n +— 1/s(n).
Likewise, {2 - n},en is just a convenient notation for the function 2- - : N — N : n = 2 - n. In a similar
way, the corresponding finite sequences would be convenient notation for the functions 1/s(_) : k — Q :
n— 1/s(n),and2-_:k—>N:n— 2 n.

There is, however, a slight indeterminacy between the sequence notation and the corresponding function
it denotes, because the sequence notation does not mention the codomain of such a function. So, we could
instead have considered (in the infinite sequence case, for example) the corresponding surjective functions
1/s(.): N —»{1/s(n) eQ|neN}:n— 1/s(n),and2 - _: N —» i: n — 2 - n. Note, by the way, that
the subsets {1/s(n) € Q | n € N} c Q, and ic N are totally different from the sequences that generate them,
since in such sets we have lost completely all information about the way in which the elements of the set
are enumerated by the corresponding sequence.

So, a more careful answer to the above question “what is a sequence?” would be that it is a convenient
notation for a surjective function from either the set N of natural numbers (infinite sequence), or from a
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natural number k (finite sequence), to some other set. This way, the indeterminacy about the codomain of
the function is totally eliminated.

But why do we need to restrict ourselves to countable or finite sequences? Why couldn’t we consider
the uncountable “sequence” {x?}er as a convenient notation for the function square : R —» Ryg : x > x2?
And why do we have to restrict ourselves to numbers? Given any set I, why couldn’t we consider, for
example, the “sequence” {(i,7)};c; as a convenient notation for the surjective (and injective) function d; :
I —id; : i — (i,i), mapping each i € I to the pair (i, i) in the identity function id;?

Now we have to remember something very important, namely, that in pure set theory any set element
is itself a set. Therefore, the elements in all these, increasingly more general kinds of “sequences” like
{1/5()}news (X2 }xer, and {(i, 1)}ies, are always “sequences” of sets! In the first sequence the elements are
rational numbers, that can be represented as equivalence classes of integers; in the second sequence they
are real numbers, again representable as sets (e.g., as “Dedekind cuts”), and in the third sequence they are
ordered pairs, which we have seen are a special kind of sets. But this is always the case: in pure set theory
the elements of any set are always other sets. Furthermore, any function f : A — B is always a function
of the form f : A — P(C) for some C. Indeed, let C = (J B. Then, by the (Union) axiom we have
(Vb € B) b C | B, and therefore, (Vb € B) b € P(|J B), which implies B € P(|J B). Therefore, we have the

following factorization of f:
J¢’(U B)

AL, P B
so that f maps each a € A to a subset f(a) € |J B.

We have now arrived at a very useful general notion of “family of sets,” extending that of a sequence
indexed by numbers, and co-extensive with that of a surjective function f : I —» T. Instead of using the,
too overloaded, word “sequence,” given a set I of indices, we will speak of an I-indexed set, or an I-indexed
Sfamily of sets. We write the I-indexed set co-extensive with f as {f(i)}ic;. The elements i € [ are called
indices, since they are used to index the different sets in the given family of sets.

Definition 10 (/-indexed set). A surjective function f : 1 —» T can be equivalently described, in a
sequence-like notation, as the I-indexed family of sets {f(i)}ic;. In this notation, we call such a surjec-
tive f an I-indexed set.

I-indexed sets are a generalization of ordinary sets, since we can view an ordinary set X as the 1-indexed
set associated to the surjective function X:1 —»{X}:0~ X. The only difference is that in the 1-indexed
set case, there is only one set in the family, whereas in general we have a family of sets (and not just a
single set) indexed by /. To emphasize that an /-indexed set is a family of sets indexed by I, we will use
the suggestive notation A = {A;};c;, where A is the name of the entire /-indexed set (that is, the name of a
surjective function A : I —» A[I]), and A; is the set assigned to the index i € I (making the slight change
of notation of writing A; instead of A(7)). The use of A for the name of the entire /-indexed set helps our
intuition that it is “just like an ordinary set,” except that it is more general.

In which sense more general? How should we visualize an I-indexed set? We can think of it, in F.
William Lawvere’s words [20], as a continuously varying set, thus adding dynamics to set theory. In which
sense “varying”? Well, we can think of I as a parameter along which the set is varying. For example, if
I = N, then we can think of N as discrete time, so that in the N-indexed set A = {A,},en, A, is the “snapshot”
of A at time n.

For example, a digital version of the movie Casablanca, which we abbreviate to C, can be mathemat-
ically modeled as a family of sets (the movie’s frames) indexed by natural numbers corresponding to the
different “instants” of the projection (each instant happening each 1/30th of a second). Indeed, Casablanca
has naturally this intuitive meaning of a time-varying set. Suppose we have a two-dimensional 3000 X
5000 pixel screen, with 3000 x 5000 the cartesian product of the sets 3000 and 5000 (therefore, since
3000 - 5000 = 15000000, this is a 15 Megapixel screen), where each pixel in the screen is shaded by a
shade of grey represented by a 16-bit vector. Such vectors are just the elements of the 16-fold cartesian
product 2'®. Therefore, each frame in our digital version of Casablanca, for example, the frame number
360, denoted Cig, is just a function

Cie0 : 3000 x 5000 —> 2'°

which in computer science would be called a “two-dimensional array of 16-bit numbers.”
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Figure 9.1: C, for some ¢ € 183600 in the Casablanca movie (from The Economist, June 14th-20th, pg.89, 2008.).

Our version of Casablanca lasts 102 minutes, and the movie projects 30 frames per second. Then we
have a total of 102-60-30 = 183600 frames. Therefore, Casablanca is a 183600-indexed set C = {C}};c183600>
where each C; is precisely the specific function from the cartesian product 3000 x 5000 to the cartesian
product 2'¢ corresponding to the z-th frame in the movie. Of course, C is just another notation for a
surjective function C : 183600 —» C[183600], where C[183600] = {C; | + € 183600} is the set of all
frames in the movie.

There is, again, a crucial distinction between the 183600-indexed set C = {C,}c183600, and the set
C[183600] = {C, | t € 183600}, where all information about the order in which the frames are arranged is
totally lost. Intuitively, and reverting from digital to celluloid to drive the point home, we can think of the
set C[183600] = {C; | t € 183600} as a bag in which, after cutting with scissors each of the 183600 frames,
we have thrown them all together in a jumbled and chaotic way, with no order whatsoever between them.
Of course, Casablanca is just an an example. What this example illustrates is a general method to model
mathematically any digital movie as an indexed set. This can of course be quite useful, since any software
for digital videos will implicitly or explicitly manipulate such a mathematical model.

The word “continuously” must be taken with a few grains of salt, since for / = N, or I = 183600,
we might rather talk of a “discretely varying set,” (although our eyes are fooled into seeing Casablanca
as a continuously varying set of images). But if we take as parameter set / = Ry, then the expression
“continuously varying set” fully agrees with our intuition, since in the varying set A = {A;}ser,,, A/ is the
“snapshot” of A at continuous time ¢. For example, we can completely describe the time evolution of a
billiard ball on a billiards table from the time when it is hit by a player, say at time 0, as a continuously
varying set in exactly this sense, namely, as a Ry(-indexed set of the form B = {B,}r.,, where for each
t € Rsq, B, is a pair B, = (S, (u;, d,, i;)), where S, ¢ P(R3) is a solid sphere, representing the points in space
occupied by the ball at time ¢, and (u,,d;,i;) € (R*)® are the coordinates at time ¢ of three chosen points
on the surface of the ball, namely, the “up,” “down,” and “impact” points. At time 0 we choose the three
points (up, dy, ip) to be: (i) the point at the top of the ball as it rests on the table, (ii) the opposite point on the
surface of the ball under the table, and (iii) the point of impact chosen by the player to hit the ball (which
we idealize as a “point,” and we can reasonably assume is different from both 1, and dj). Then, the points
(u;, dy, i;) will be those points on the surface of the solid sphere S, where the original points (ug, dy, ip) have
been carried by the motion of the ball at time . Note that S, tells us where the ball is at time ¢ as a solid
sphere, but does not tell us anything about the ball’s spin. All spin information is captured by the simpler
continuously varying set {(u;, d;, i;)}ier., -
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Exercise 65 Prove that the continuously varying set {(u;, d;, i;)}ier,, completely determines all aspects of the dynamic
evolution of the billiard ball over time. That is, at any time t we can always “reconstruct” the solid sphere S from the
three points (u;, d,, i,).

Use the bijection (R?)® = R°, guaranteed by Exercises and to show that we can, equivalently, com-
pletely characterize the dynamic evolution of a billiard ball by the indexed set associated to a surjective function
B : Ryg —» Cp, where Cy C R® is a curve in the 9-dimensional euclidean space R°. This curve is parameterized of
course by the time t € Ry, which is the whole idea of a Ryo-indexed set. The representation of the ball’s dynamics
by our original Rsg-indexed set B is very intuitive, but our equivalent representation as the Ryy-indexed set B is much
simpler. It illustrates a very general idea used to represent the dynamics of a physical systems in a “phase space.”
That is, we represent the state of a possibly complex system as a point in an n-dimensional euclidean space, so that its
dynamic evolution traces a curve parameterized by the time t € Ry in such a space, that is, a Rs-indexed set .

A somewhat different, but also quite intuitive, way of thinking about an /-indexed set is as what is called
a dependent type in some functional programming languages. For example, the data type of rational-valued
arrays of length n for any n is not a single data type, but rather a family of data types that depend on the
value of the length parameter n € N. It is the N-indexed set Array(Q) = {[n—Q]},en. Here it is not helpful
to think of the parameter set N as a set of “times.” Instead, we think of it as a set of “sizes.”

Yet another family of examples comes from algebraic data type specifications, where the index set / is
a set of names for the types of a data type. For example, I can be the set of names I = {Bool, Nat, Int, Rat}.
Then, an I-indexed set is an actual family of data types, that is, an interpretation for the type names,
assigning a concrete set of data elements to each type name. For example, a typical I-indexed set A = {A;}ie;
for I = {Bool, Nat, Int, Rat} may have Ap,o; = 2, Anas = N, Ay = Z, and Ag,, = Q. But this is not the only
possibility: we may wish to interpret the sort Nar as naturals modulo 2, and the sort Inf as 64-bit integers,
and then we could have an /-indexed set B = {B;}ic; With Bgoos = 2, Bvar = N/2, By = 2%, and Bgy = Q.

The key idea common to all these intuitions about, and uses for, an /-indexed set —continuously varying
set, dependent type, algebraic data type, and so on— is that I is a parameter set, so that A = {A;}ies is
a family of sets which vary along the parameter set /. We can graphically represent such a parametric
dependence of A = {A;};; on I by displaying each set A; as a vertical “fiber” right above its index element
i € I, where the “gaps” in the way the sets A; are spread out above their indices i indicate those cases where

{Ai}ier A; o o
1 Z‘, :-’ Z_-,, Z;,, 7;13'“

Figure 9.2: Histogram-like display of an /-indexed set {A,};c;

A; = @; and where the different sizes of the sets A; are suggested by their histogram-like display.

It is always instructive to look at corner cases of a definition. Note that in our definition of /-indexed
set, the index set / can be any set. In particular, we can have the somewhat strange case where I = @. So the
question then becomes: how many @-indexed sets are there? The obvious answer is: as many as surjective
functions from @ to some other set. But the only such surjective function from @ is the identity function
idy : @ — @. Therefore, idy is the only @-indexed set.

Note that the possibility that the sets A; in an /-indexed set A = {A;} can vary does not imply that they
have to vary. We may happen to have A; = Ay for all i,i" € I, so that A; is constant and does not change at
all as we vary the parameter i € I. For example, we may have an avant-garde short movie, called AVG, that
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Figure 9.3: Based on a painting by Andy Warhol in http://www.warholprints.com/portfolio/Mao.html.

lasts 2 minutes and projects during the whole time the single frame Mao : 3000 x 5000 — 2'¢ shown in
Figure@ That is, since 2 - 60 - 30 = 3600, we have AVG = {Mao};c3600-

In general, given any ordinary set X, we can define the constant I-indexed set X; = {X};e/, that is,
the constant family where the set assigned to each i € I is always the same set X, which is precisely the
I-indexed set associated to the constant surjective function X; : I —» {X} : i = X. More precisely:

Definition 11 (Constant I-indexed sets). If I # @, then, for any set X, the constant I-indexed set denoted
Xy is, by definition, the surjective function X; : I —»{X} : i X. If I = @, then for any set X, the constant
@-indexed set denoted Xy is, by definition, id.

A perceptive reader might have wondered how, in our example of arrays of rational numbers, is the
surjective function Array(Q) : N —» Array(Q)[N], defining the N-indexed set Array(Q) = {[n—Ql},en,
precisely defined. This is a nontrivial question, since for such a function to be defined there must exist a set
T such that for each n € N, [n—Q] € T. But how do we know that such a set exists?

Exercise 66 Find a set T such that for each n € N, [n—Q] € T. Then define the N-indexed set Array(Q) = {[n—>Q]},en
explicitly as a surjective function. (Hint: use partial functions).

For the dependent type of arrays we can indeed find a set 7', so that such a dependent type is a surjective
function Array(Q) : N —» T. In general, however, we may be able to describe a “family of sets” as a
sequence {A;};,e; without having much of a clue about how to find a set 7' such that for each i € I we have
A; € T. How do we know that in general such a set T always exists? Note that in Definition[I0]an /-indexed
set was defined to be a surjective function A : I —» A[I]. Therefore, with that definition the above problem
does not explicitly arise, since the family notation {A;};c; is just a notational convention for such a function.
The unsolved issue, however, is whether given a family {A;};c;, now taken as the primary concept —so that
we are not explicitly given a set T such that for each i € I we have A; € T— we can always find a surjective
function A : I —» A[I] such that for each i € I, A(i) = A;. Situations where such a set T is not at all obvious
are not hard to come by. Consider, for example, the sequence of sets

2, P(@), PP@D)), ...,P"(Q), ...

which we could describe as the family of sets (in this alternative sense, where the surjection is not given)
{P"(@)}nen. It is indeed not at all obvious how to find a set T such that for each n € N we have P"(@) € T.
The answer to the question of whether such a set 7 always exists will be in the affirmative. However, to
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make this answer precise we will need two additional ideas: (i) a notion of intensional function that will
allow us to precisely charaterize a family {A;};; as a primary notion; and (ii) a new axiom of set theory,
called the replacement axiom, that will indeed ensure that a correspoding surjective function A : I —» A[I]
always exists. All this will be developed in detail in §13] which will fully justify the claim that, indeed,
I-indexed sets are surjective functions. Until we will only use the formulation of Definition [I0} where
an I-indexed set is explicitly specified by its corresponding surjective function.

Exercise 67 (I-Indexed Sets as Surjective Relations). Call a relation R : X = Y surjective iff R[X] = Y. An alternative
way to define an I-indexed set is as a surjective relation A : | = B. We then can use the notation A = {A[{i}]}ies to
view A as an S -indexed family of sets. Prove that this, alternative definition of an I-indexed set is equivalent to the one
in Definition[I0|in the following sense:
1. By Exerctse. A C IxXBwith A[I] = B defines a function A:l— P(B) : i = AU}, and therefore a surjective
function A : [ —» Al such that, by construction, for each i € I we have A(i) = A(l) Therefore, A and A define
the same family of sets.

2. Given a surjective function A : I —T, let B = UT, and define the relation ACIXB by means of the
equzvalence (i,b) € Ao be A(i). Obviously, by construction, for each i € I we have A(i) = A[{ ). Therefore,
Aand A define the same family of sets.

Prove that A C I X B satisfies the equality A[I] = B. Prove also the equalities A=A and A = A, where in the first
equality A is a surjective relation, and in the second equality A is a surjective function.

The above proofs then show that the two definitions of an I-indexed set are equivalent. However, the definition of
an I-indexed set as a surjective relation is more general, because it does not depend on the assumption that our set
theory is a pure set theory, where every element of a set is itself a set. In a version of set theory where some atoms may
themselves not be sets, the definition of an I-indexed set as a surjective function would not work, whereas the definition
as a surjective relation works perfectly well.

9.2 Constructing /-Indexed Sets from other /-Indexed Sets

I-indexed sets behave like ordinary sets in many respects. We can perform set-theoretic constructions on
them, like union, intersection, disjoint union, cartesian product, and so on, to obtain other /-indexed sets.

The idea is that we can carry out such set-theoretic constructions in a “componentwise” manner: for
each index i € I. For example, we can define the union of two /-indexed sets A = {A ,},GI and B = {Bi}icr
as the /-indexed set A U B = {A; U B;};;. Note that 1f X and Y are ordinary sets, and X and Y are their
corresponding 1-indexed sets, we have the identity: XUY = XUY. That is, union of I-indexed sets is
an exact generalization of union of ordinary sets (which are viewed here as 1-indexed sets). But union is
just an example: many other set-theoretic constructions can be generalized to the I-indexed setting in a
completely similar manner. Here are some:

Definition 12 Given I-indexed sets A = {A;}ic; and B = {B;}ic;, we can define their union, intersection, dif-
ference, symmetric difference, cartesian product, disjoint union, function set, and powerset as the following
I-indexed sets:

e AUB={A;UBi}ies
e ANB={A;N Bi}ies
* A-B={A; - Bilie
e Al B={A 8B}

e AX B ={A; X Bi}ici

A®B={A;® Bi}ics

[A-B] = {[Ai-»Bl}ier

P(A) = (P(Aier
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Similarly, given /-indexed sets A = {A;}ic; and B = {B;};c;, we can define their containment relation
A C B by means of the equivalence

ACB & (Viel)A; CB;

and if this containment relation holds, we call A an I-indexed subset of B. How is the empty set generalized
to the /-indexed case? It is of course the /-indexed set @; = {@};, that is, the constant /-indexed set
associated to @. Obviously, the containment relation @; C A holds true for any /-indexed set A = {A;} ;.

9.3 [-Indexed Relations and Functions

How are relations and functions generalized to the /-indexed setting? Given /-indexed sets A = {A;};e; and
B = {Bi}ici, an I-indexed relation R from A to B, denoted R : A = B, is an [-indexed subset R C A X B.
That is, an I-indexed family of relations R = {R;};c; such that for each i € I we have R; C A; X B;. Similarly,
an I-indexed function from A to B, denoted f : A — B, is an [-indexed relation f = {f;};; such that
for each i € I, f; € [A;—B;]. Of course, an [-indexed function f : A — B is called injective, surjective,
or bijective iff for each i € I the function f; is injective, surjective, or bijective. For each /-indexed set
A = {A;}ier, the I-indexed identity function idy is, by definition, ids = {id s, }ies.

Also, relation and function composition is defined in the obvious, componentwise way: given /-indexed
relations R : A = Band G : B = C, the [-indexed relation R;G : A = C is defined componentwise
by the equality R; G = {R;; Gi};c;. Likewise, given I-indexed functions f : A — Band g : B — C, the
I-indexed function f; g : A — C is defined componentwise by the equality f; g = {f}; &i}ier-

The following lemma is a trivial generalization to the /-indexed case of Lemma [2] and is left as an
exercise.

Lemma 8 The following facts hold true for I-indexed relations and functions:

e Given I-indexed relations F : A = B, G : B = C, and H : C = D, their composition is
associative, that is, we have the equality of I-indexed relations (F;G); H = F;(G; H).

o Given I-indexed functions f : A — B, g : B— C, and h : C — D, their composition is likewise
associative, that is, we have the equality of I-indexed functions (f; g); h = f;(g; h).

o Given an I-indexed relation F : A = B, we have the equalities ids; F = F, and F;idg = F.
o Given an I-indexed function f : A — B, we have the equalities ids; f = f, and f;idg = f.

Let us consider some interesting examples of /-indexed functions. Given A = {A;}ie; and B = {B;}ies,
consider their /-indexed cartesian product AX B and disjoint union A®B. Then, we have I-indexed projection
functions py : AX B — A and p, : A X B — B, defined in the obvious, componentwise way, namely,
P = {p] : Ai X B,‘ —> Ai}ie] and P2 = {p2 . Ai X B, — Bi}iel- S1m11ar1y, we have the I-indexed
injection functions into the I-indexed disjoint union, i; : A — A@® Band i, : B — A & B, defined by:
ip ={i1 : Ai — A;®Bj}icrand iy = {ir : B; — A; ® Bi}ies.

Similarly as for the case of ordinary functions, we can specify /-indexed functions using lambda expres-
sions. Given [-indexed sets A = {A;};c; and B = {B;}scs, a lambda expression Ai € I.Ax; € A;. t(x;,i) € B;
defines in this way an /-indexed function from A = {A;};c; to B = {B,}ses, provided that we can prove the
formula (Vi € I)(Vx; € A;) t(x;,i) € B;. Indeed, in such a case, for each i € I, the function f; thus specified
is the set of pairs f; = {(a;,#(a;,i)) € A; X B; | a; € A;}. For example, the /-indexed projection functions
p1 = {p1 : Ai X Bi — Aj}ieg and py = {p2 : A; X B — Bj}ie;, have the obvious lambda expression
specifications p; = Ai € L.A(x;,y;) € A; X B;. x; € A;jand p, = Ai € I. A(x;,y;) € A; X B, y; € B;.
Similarly, the I-indexed injection functions into the I-indexed disjoint union, i; : A — A @ B and
i © B — A @ B have the lambda expression specifications i; = Ai € I. Ax; € A;. (x;,0) € A; @ B;,
andi; = Ai € I. dy; € B;. (y;, 1) € A; ® B;. Likewise, the I-indexed identity function idy : A — A can be
specified by the lambda expression Ai € I. Ax; € A;. x; € A;.

To give a couple of additional examples, illustrating the use of /-indexed functions as parameter-
ized functions for dependent types, consider the following two N-indexed functions from Array(Q) =
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{[n—-Ql},en, the dependent type of rational-valued arrays of length n for any 7, to, respectively, P, (Q), the
data type of finite sets of rationals, and N, where the first function maps an array a = {(0, xg), . . ., (n-1, x,-1)}
to the finite set {x, ..., x,}, and the second function maps an array a = {(0, x), . . ., (n-1, x,-1)} to its length
n. Since an ordinary data type can always be viewed as a constant dependent type, we can describe these
two (parametric in n € N) functions as N-indexed functions set : Array(Q) — Pp,(Q)w and length :
Array(Q) — Ny, defined by the respective lambda expressions: set = An € N.4a € [n-Q)]. a[n] € Ps,(Q),
and length = An € N. da € [n—-Q]. n € N.

Exercise 68 (Generalizes Exercise @) Given any three I-indexed sets A, B, and C, and given any two I-indexed
functions f : A — C and g : B — C, we can define the function [f,g] : A® B — C by the defining equation
Lfs 8] = {Lfis il}ies- Prove that:

L ilf.el=f
2. islf.el=¢

3. (1) and (2) uniquely determine [f, gl, that is, any I-indexed function h : A® B — C such that i;;h = f and
ip; h = g must necessarily satisfy h = [f, g.

Properties (1)—(3) are compactly expressed by the following commutative diagram of I-indexed functions:
C

[f.8]

A — A® B < B

1 ]

Exercise 69 (Generalizes Exercise 29). Given any three I-indexed sets A, B, and C, and given any two I-indexed
functions f : C — A and g : C — B, we can define the I-indexed function (f,g) : C — A X B by means of the
defining equation (f, g) = {(f;, &) }ic1. Prove that:
L (f.ehp=f
2. (f.8sp2=¢
3. (1) and (2) uniquely determine (f, g), that is, any I-indexed function h : C — A X B such that h; p; = f and
h; py = g must necessarily satisfy h = (f, g).

Properties (1)—(3) are compactly expressed by the following commutative diagram of I-indexed functions:

C
/ ‘ \
(f:8)
\
A AXB B
P1 23
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Chapter 10

From /-Indexed Sets to Sets, and the
Axiom of Choice

We can gather into a single set data from an /-indexed set in various ways; in particular, the ordinary set
XA, which is a generalized cartesian product of all the sets A; in an I-indexed set A = {A;};;, is intimately
connected with another key axiom of set theory: the axiom of choice.

10.1 Some Constructions Associating a Set to an /-Indexed Set

There are several very useful constructions such that, given an /-indexed set A = {A;};;, associate to it an
ordinary set. Specifically, we will consider four constructions that exactly generalize the four set-theoretic
constructions of union, intersection, disjoint union, and cartesian product from constructions on pairs of
sets to constructions on arbitrary /-indexed families of sets.

Let us begin with the union | A, also denoted | J,.; A;, of an I-indexed set A = {A;};c;, which when we
view A as a surjective function A : I —» A[I], is just the union of its codomain set, that is, it is defined by

the equation
| Ja={]Jamn.

For example, the union |JArray(Q) of the dependent type Array(Q) = {[n—Q]},an of rational-valued
arrays of length n for any n is, of course, the ordinary set Lis#(Q) of lists of rational numbers, another very
useful data type.

Instead, for C = {C\},c183.600 the digital version of Casablanca, the set | J C does not seem particularly
useful. Since each frame C, is a function from 3,000 x 5,000 to 2!¢, and therefore a set of pairs of the form
(@, j),v), with (i, j) € 3,000 x 5,000 and v € 216 the set (U C is just the set of all such pairs for all frames
in the movie. If we find a given pair ((i, ), v) in | C, all we know is that for some (one or more) frames in
the movie, the pixel (i, j) has the shade of gray v.

In a dual way (since union and intersection are dual concepts), if I/ # @ we can define the intersection
(N A, also denoted ();c; A;, of an I-indexed set A = {A;};; as the intersection of the codomain set of the
function A : I —» A[I]. That is, we define () A by the equation

(a=[ AL

For example, the intersection (),c[7—Q] of the dependent type Array(Q) = {[n—Q]} ey of rational-
valued arrays of length n for any # is, of course, the empty set, since no array can have two different sizes.
I strongly conjecture that for C = {C/},c183,600 the digital version of Casablanca, the intersection () C is the
empty set, since it would be amazing to have a coordinate (i, j) such that its pixel never changes shade in
the entire movie! Instead, in the AVG movie we have (JAVG = Mao. More generally, for any / # @, and
for any set X, if we consider the constant /-indexed set X;, we always have (N X; = U X; = X.
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Yet another very useful construction is the disjoint union of an I-indexed set A = {A;};;, Which is
denoted €D, A;, or just 5 A. It is the set defined by the equation

@Ai ={(a,i) e (UA)x1|aeA,-}.

iel

Note that this is an exact generalization of the, already defined, binary disjoint union operation Ay®A, since
for I = 2, we can view A = {A, },» as a 2-indexed set, and then we have the set identity @neZ A, =AgDA;.
In this generalization, the two injection functions from Ay and A; to Ag @A are generalized by an /-indexed
family of injection functions

i : A; — @A a; o (g, Der

which we can view as a single /-indexed functioni: A — (@ A);.

What the Ayg & A; construction achieved was to first make disjoint copies of Ay and A; and then form
the union of those copies. This is now generalized to a disjoint union construction for an /-indexed family
of sets, so that for each 7,7’ € [ with i # 7', the sets A; X {i} and A; X {i’} are by construction always disjoint.
Therefore, the set {A; x {i} | i € I} is always a partition of EBiE,Ai, and @ielAi is just the union of all the
sets in such a partition.

For example, the disjoint union € Array(Q) = €, ,[n—Q] of the dependent type of rational-valued
arrays of length n for any n, Array(Q) = {[n—Q]},av is the set of pairs (a, n), where a is a rational-valued ar-
ray and 7 is its size. Here the disjoint union is not terribly useful, since if n # m, then [n-Q] N [m-Q] = @.
That is, the sets in this family are already pairwise disjoint, so there was really no need to make them
pairwise disjoint again. Nevertheless, P Array(Q) is a very useful and well-known data type construc-
tion in functional programming, where it is called the X-type (because it is typically denoted X Array(Q))
associated to the dependent type Array(Q).

Instead, for C = {C,}e183.600 the digital version of Casablanca, the sets in this family are not pairwise
disjoint: there can be many contiguous frames where relatively few pixels change shade (say, those cor-
responding to the faces of Humphrey Bogart and Ingrid Bergman), but the pixels corresponding to the
furniture and the walls in the room do not change at all. Therefore, in this case the construction € C gives
us something different from, and more interesting than, the quite useless set of shaded pixels | JC. Now
the elements of @ C are pairs (((i, ), v), 1), with ((i, j), v) the shaded pixel for coordinates (i, j) in the ¢-th
frame. Unlike the case of the set | J C, where we had no way to reconstruct the movie from | C, we can
now reconstruct all of Casablanca (admittedly, in a somewhat painful way) out of the set € C, since we can
recover each frame C; as the set C; = {((i, j),v) € UC | ((G, )),v), 1) € EB C}. Of course, this recoverability
property holds true not just for Casablanca, but for any disjoint union @ie ;A for any I-indexed set A, since
we can always recover each A; asthe set A; = {a € | JA | (a,i) € EBA}.

The construction dual to disjoint union is of course that of product. The product X;c;A; of an I-indexed
set A = {A;}ic;, which can be abbreviated to just XA, is defined as the set

XA ={ae[l- UA] | (Vi e ) ali) € A;).

The elements a € XA are sometimes called choice functions, since what they do is to choose for each
index i € I an element a(i) € A; of the corresponding set A;. The same way that given a surjective function
A : I —» A[I] we use the sequence notation A = {A;};e; for it to emphasize that it is an /-indexed set
(making the slight change of notation of writing A; instead of A(i)), given a choice function a € XA, we
can use the sequence notation a = {a;};; for it, likewise making the slight change of notation of writing a;
instead of a(i). Note that the XA construction generalizes the cartesian product construction Ag X A, since
when S = 2, the function
XA, — Ag X A; 2 a - (a(0),a(1))

is well-defined and is a bijection. In this generalization, the two projection functions from Ag X A; to Ag
and A, are generalized by an /-indexed family of projection functions

{pi: XA — A; 1aw a(d)ie

which we can view as a single I-indexed function p : (XA); — A.
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A complementary way of thinking of a choice function a € XA is as a global element of the I-indexed
set A = {A;}. That is, each element qa; in the choice function a = {a;};; can be thought of as a local element
of A, namely, local to the index i and the set A;. But since @ = {a;};c; chooses a local element for each
local index i € I, it is reasonable to think of a as a global element of A. Note that such global elements
may not exist at all, that is, we may have XA = @. Indeed, this will always happen as soon as there exists
an index i € I such that A; = @, since then we obviously cannot choose a local element for the index
i. We can graphically represent choice functions, that is, the elements of XA (which we also think of as
“global elements” of A = {A;};c7) as “curves” a lifting each element i € I to a local element a@; € A; in the

histogram-like display of A = {A;} shown below

{Aitier /_\ a

I :
Therefore, the set XA is just the set of all such “curves.”

Let us consider some examples of global elements. For the dependent type Array(Q) = {[n—Q]},en
of rational-valued arrays of length n for any n, its global elements/choice functions are the elements of
XArray(Q), which in functional programming is called the II-fype (a function type which is typically de-
noted ITArray(Q)) associated to the dependent type Array(Q). One possible such global element/choice
function can be the “infinite sequence of finite sequencesﬂ {(1,1/2,1/3,. .., 1/n)}yen of increasingly longer
arrays, which we can display as:

o, 1, (1,1/2), (1,1/2,1/3), ...(1,1/2,1/3,...,1/n),...
and which contains the same information as the infinite sequence of rationals
1, 1/2, 1/3, 1/4, ... 1/n,

which is here just described as a global element of Array(Q) by listing its successive approximations. A
rich source of examples of global elements of Array(Q) which exactly correspond to sequences of rationals
comes from the measuring of physical quantities over time. For example, let temp,,;, and temp,, . be
the lowest and highest daily temperatures recorded in the island of Spitsbergen, a matter of some recent
concern for polar bears. We can assume that the software of the temperature recording system in the
Spitsbergen observatory writes the daily maximum and minimum temperatures in two arrays whose length
is incremented each day, so that the two respective sequences of highest and lowest temperatures, and the
two respective sequences of arrays of Array(Q) contain the same information. Of course, at each point in
time, say day k since the establishment of the Spitsbergen observatory, we do not yet have the entire global
element, but only a global element of Array(Q)[;= {[n—Ql},ek-

In general, we can associate an element of X,cx[n—Q] not just to some particular sequences of rationals,
but to any sequence of rationals. That is, we can define an injective function

j: [N_’Q] and XnEN[n_’Q] :f = {frn}neN

which allows us to naturally view each infinite sequence of rationals as an element of X,cn[n—Q]. But
this injective function from sequences of rationals to global elements of Array(Q) is not surjective, since

IThat is, we display an array a € [n—Q] as the finite sequence (a(0), a(l),..., a(n-1)); then a choice function is an infinite sequence
whose elements are finite sequences of increasing length.
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other global elements of Array(Q) exist which do not correspond to infinite sequences of rationals at all.
For example, we could consider the global element

@, 1, (1,1/2), (1,1/4,1/9), ...(1,1/2",1/3",...,1/n"),...

which does not correspond to any successive approximation of an infinite sequence of rationals. Similarly,
the global element
@, 1, (2,2), (3,3,3), ...(n,.",n),...

does not correspond to any successive approximation of an infinite sequence of rationals either.

What about global elements for Casablanca? That is, ordinary elements of XC? One quite simple
family of examples of such elements can be obtained by adopting the extreme myopia of, instead of looking
at the whole screen, looking just at a single pixel, for example at the pixel with coordinates (1235,4736).
Then the global element

{((1235,4736), C,(1235,4736))}re183600

of Casablanca, which is an ordinary element of XC, gives us the myopic view of the movie as the sequence
of shadings of the pixel with coordinates (1235,4736) as the movie progresses. We can imagine this as
resulting from giving to a movie viewer a very thin tube through which he/she can look at the movie; so thin
that he/she can only see one pixel at a time. The above global element, and all the similar global elements
that can be obtained by fixing any other coordinate in the cartesian product 3000 x 5000, corresponds to a
viewer that keeps his/her tube focused always on the same coordinate. In general, however, we can think of
viewers (and of their corresponding global elements) who keep moving their tube around, so that for each
particular frame, the single pixel they see the shading of may have a quite different coordinate than those of
the pixels they see in prior and subsequent frames.

Exercise 70 Show that the set XC of global elements of Casablanca is the exact mathematical description of the
different one-pixel “views” that spectators (or a machine working for them) fast enough to focus their one-pixel thin
tube at any desired pixel coordinate each 30th of a second would have of that movie.

The view of choice functions as global elements is also very fruitful in order to relate several set-
theoretic constructions, building /-indexed sets out of other /-indexed sets, to familiar notions already en-
countered, such as those of an /-indexed subset, an /-indexed relation, and an /-indexed function. Recall
that in @ given /-indexed sets A and B, we defined other /-indexed sets such as, for example, P(A),
P(A x B), and [A—B]. The obvious question to ask about such sets is: what do P(A), P(A X B), and [A—B]
have respectively to do with the notions of an /-indexed subset, an /-indexed relation, and an /-indexed
function? And the obvious answer is:

e an /-indexed subset of A is exactly an element of XP(A), that is, a global element of P(A),

e an /-indexed relation from A to B is exactly an element of XP(A X B), that is, a global element of
P(A X B),

e an /-indexed function from A to B is exactly an element of X[A—B], that is, a global element of
[A-B].

Exercise 71 Given I-indexed sets A and B, show that there are bijections

Puen=Pae@P»n

X(A x B) = (XA) x (XB).

Exercise 72 Given a set X, an I-indexed set A such that A C X;, and a subset B C X, prove the following set-theoretic

equality:
BN (U A) = U(B, N A).
Under the assumption that I #+ @, prove the dual equality

BU (ﬂA) = ﬂ(B, UA).
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Exercise 73 Prove that for any sets I and B the following two set-theoretic equalities hold:
1. @B, =BxI
2. XB, =[I-B]

Therefore, we can always think of a cartesian product of two sets as a special case of a disjoint union, and of the
function set from I to B as a special case of a product of an I-indexed set. Note that Exercise[30|is a very special case

of (2).

Exercise 74 (Generalizes Exercise @) Given an I-indexed set A, a set C, and given any I-indexed function f : A —
Cy, we can define the function f : EB A — C : (a;,i) > fi(a;). Prove that:
1. foreachicel, ii;]?z fi

2. (1) uniquely determines f that is, any function h : @ A — C such that for eachi € I, i;;h = f; must necessarily
satisfy h = f

Properties (1)—(2) are graphically expressed by the following commutative diagrams (one for each i € 1) of functions:

Pa Tosc
A;

Exercise 75 (Generalizes Exercise @) Given an I-indexed set A, a set C, and given any I-indexed function f : C; —
A, we can define the function f : C — XA : ¢ = {f{(C)}ies. Prove that:

1. foreachice€l, ]F‘v;pi =f;
2. (1) uniquely determines ].‘: that is, any function h : C —s XA such that for each i € I, h; p; = f; must necessarily
satisfy h = f.

Properties (1)—(2) are graphically expressed by the following commutative diagrams (one for each i € I) of functions:

Cotm XA

N

A,

Exercise 76 (Initial and Final Sets Revisited). Show that for the only @-indexed set id, we have:
1. @id@ =@, and
2. Xidy = 1.

Show, furthermore, that when we specialize Exercisesand |7_5|t0 the case when I = @, they exactly mean, respectively,
that @ is the initial set, and that 1 is the final set. This provides a different proof of these two facts, that were already

proved in §5.4

Exercise 77 (€D and X Are Functorial Constructions) (Generalizes Exercise . In a way totally analogous to
Exercise we can easily check that @ and X are functorial constructions. Indeed, given an I-indexed function
f 1A — B, we can use Exerciseto define the function @ f : @A — €D B as the unique function associated to
the I-indexed function {f;;i;}ic; : A — (®B);. Applying the definition in Exercise it is easy to check that for each
(a;,i) € @A we have (@ ai, i) = (fila), D).

The dual definition for X f is obtained in the expected way by changing injections by projections and the direction
of the arrows. That is, X f : XA —s XB is the unique function associated according to Exercise|75|to the I-indexed
Sfunction {p;; fi}ier : XA — B. It is then easy to check that Xf maps each {a;}ic; € XA to {fi(a)}iar € XB.

Prove that @ and X are functorial constructions, that is, that they also preserve composition and identities. This
means that: (i) for any I-indexed functions

AL B c

we have (@ s (@ g) = @(f; ) (resp. (Xf); (Xg) = X(f:g)); and (ii) for any I-indexed set A we have @ idy =
idgy (resp. Xidy = idw a).
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10.2 The Axiom of Choice

The above discussion of choice functions (a.k.a. global elements) has prepared the ground for the axiom
of choice (AC), an axiom with far-reaching consequences. Indeed, AC is disputed by some specialists,
particularly those with a constructivist bend of mind, who prefer to develop as much of set theory as possible
without assuming it. This is the reason for the notation ZFC, which abbreviates ZF + AC, so that ZF
abbreviates the axioms of Zermelo-Fraenkel set theory without AC. The statement of AC is very simple:

Any I-indexed set A = {A;}ie; such that for each i € I the set A; is nonempty has a choice
function.

Its precise formalization as a set theory formula is just as simple:
(AC) (YVD(YA : I — A[ID(Yie D AQG) + @) = XA +0).

At first sight, AC seems “obvious.” Why couldn’t we choose an element a; for each set A;, if all such
sets A; are nonempty? The obvious-looking AC axiom becomes a little less obvious when we reflect on
what our notion of a function is. If we think of a function Ax € A. t(x) € B as a precise rule to assign a
given output value #(x) to each input value x, then the issue becomes whether, given an arbitrary I-indexed
set A = {A;}ie; with all their A; nonempty, we can always come up with a precise and principled way (a rule
in some sense) of choosing for each i € I an element a; € A;.

The difficulty of always being able to come up with such a rule can be illustrated by a thought experiment
due to Bertrand Russell, which he presented in one of his books on the philosophy of mathematics [29].
Russell was 98 years old when he died in 1970. Had he lived for a few more years, he might perhaps
have considered re-issuing his Introduction to Mathematical Philosophy with a new version of his thought
experiment, which originally involved a millionaire having infinitely many pairs of boots and socks. The
new version, besides illustrating the issues involved in the axiom of choice, could have also served as a
morality tale, providing further illustration after the Vietnam war (Russell and Jean-Paul Sartre organized a
Vietnam War Crimes Tribunal) of what Russell felt were disastrous consequences of American imperialism.

The revised tale might perhaps have gone as follows:

Once upon a time, in an amazing world in which, besides finite things, all kinds of infinite
things existed, there lived a woman called Rimmelda. She was an infinitely vain former beauty
queen, married to an infinitely rich dictator of an infinitely poor banana republic, controlled
Jfrom the shadows by an infinitely powerful CIA. Rimmelda never wore the same dress twice:
she had an infinite wardrobe, with dresses from the most famous fashion designers, and with
an infinite number of pairs of high-heel shoes. She also had an infinite number of pairs of silk
stockings in her wardrobe.

In planning her future appearance at an infinite number of state banquets, Rimmelda wanted
to set in place a clear and unambiguous method by which, when helping her to dress, her
maids would hand her first one shoe and a corresponding stocking, and then a second match-
ing shoe and its corresponding matching stocking. With so many shoes and stockings around,
this was badly needed, since there had been great confusion among the maids, causing embar-
rassing mismatches in Rimmelda’s attire at some state banquets. Trying to solve this problem,
Rimmelda run into serious difficulties, which she vaguely suspected could be mathematical in
nature. A mathematics professor from the most important university in the country was sum-
moned to the dictator’s palace to solve the problem. This professor was a constructivist who
had had a strict personal and mathematical upbringing. He always told the truth, and he only
accepted as valid functions those assignments from arguments to values that could be explicitly
defined by clear and unambiguous rules. He told Rimmelda that he could provide a clear rule
for the shoes: the first shoe chosen should always be the left shoe in the pair; but that no such
clear and unambiguous rule could be given for the stockings, since the two stockings in each
pair look exactly the same. Rimmelda went into a tantrum, and the professor was accused of
secretly plotting a leftist conspiracy and was sent into prison.

In the language of /-indexed sets we can explain the professor’s inability to solve Rimmelda’s prob-
lem as follows. The infinite collection of pairs of shoes can be described as an N-indexed set Shoes =
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{Shoes, } i, Where Shoes,, is the n-th pair of shoes. Since each set Shoes, has exactly two elements (the left
shoe and the right shoe in the pair), all sets Shoes, are nonempty. And there is indeed no problem in com-
ing up with a well-principled choice function in XShoes: we can, for example, follow the rule of always
choosing the /eft shoe in each pair. The infinite collection of pairs of stockings can also be described as an
N-indexed set Stockings = {Stockings, }nen, With Stockings, the n-th pair of stockings. Again, since each
set Stockings, has exactly two elements, all sets Stockings, are nonempty. However, since the two stock-
ings in each pair are indistinguishable, there seems to be no clear way of coming up with an unambiguous
method or rule for choosing one of the two stockings in each pair. That is, there seems to be no clear way
of unambiguously specifying a choice function in XStockings.

The point of this story is that AC is in some sense non-constructive, since it postulates the existence of
a choice function in the product XA of any I-indexed set A whose component sets are all nonempty, but
provides no explicit description of how such a choice function can be defined. The difficulty does not come
from being able to pick one stocking in a single pair of stockings: we can always do that. As shown in
Exercise there is no difficulty either in choosing an element in X;c;A; when each of the A; is nonempty
and the index set [ is finite. The problem comes when [ is infinite, since then an unambiguous rule or
method for the choice should be a parametric rule, that can be applied in a uniform way (like the rule for
picking the left shoe) to an infinite number of instance cases.

The axiom of choice can be further illuminated by another, very intuitive set-theoretic property that is
in fact equivalent to it. Recall that, right after Exercise 23] we asked the question:

Is every surjective function a right inverse?

but postponed answering such a question until now. The right answer is that this depends on whether we
adopt AC as an axiom in our set theory or not. Because, in fact, AC is equivalent to the property of every
surjective function being a right inverse, as the following theorem shows.

Theorem 9 AC is equivalent to every surjective function being a right inverse.

Proof. To prove the (=) part, just notice that f : A —» B is a surjective function iff the B-indexed set
{f~'(D)}pep is such that for each b € B the set f~'[{b}] is nonempty. By AC, the set Xepf~'[{b}] is then
nonempty. But what is X;,er’l[{b}]? First notice that |J{f~'[{b}]}scs = A. Therefore, X;,ng’l[{b}] -
[B—A] is just the set of all functions g : B — A such that for each b € B, g(b) € F7{b}]. That is,
Xpesf ' [{b}] is precisely the set of all functions that are left inverses to f. Since Xpepf -1[{b)] is nonempty,
f has a left inverse, and is therefore a right inverse, as desired.

To prove the (<) part, let A = {A;};e; be an I-indexed set such that for each i € I we have A; # @.
This also implies that for each i € I the set A; X {i} # @. Consider now A = (J{A; x {i} | i € I}, and
define the projection function p; : EDA — I : (a;,1) — i. Since for each i € I we have A; X {i} # @, p»
is obviously surjective, and therefore, by our assumption, a right inverse. Let g : I — P A be such that
g; p2 = id;. Consider now the projection function p; : @A — JA : (a;,i) > a;. I claim that g; p; is
a choice function. Indeed, for each i € I we have g(i) € A; X {i}, and therefore, p;(g(i)) € A;. Therefore,
XA # @, and as a consequence AC holds. O

Note that Theorem [J] gives us an alternative way, given sets A and B, of proving A < B. The standard
way is of course to exhibit an injective function f : A »» B. But we now have the alternative possibility of
proving A < B by exhibiting a surjective function g : B —» A, since by Theorem[J]this ensures the existence
of a left inverse (and therefore injective, see Exercise[23)) function f : A > B such that f;g = idy.

We can gain additional insights about AC by considering an older, equivalent formulation of it, which
we shall call AC”:

(AC") For every set X there exists a function ¢ : P(X) —{@} — X, from the set of its nonempty
subsets to X, such that for each A € P(X) — {@} we have c(A) € A.

The term choice function was originally used, in a more restricted sense, for a function ¢ with such a
property, since it chooses for each nonempty subset of X an element in that subset.
AC and AC’ are in fact equivalent, as shown by the following:

Theorem 10 AC & AC'.
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Proof. For the (=) direction, just observe that the identity function idp(x)—(¢) : P(X) — {0} — P(X) — {2}
is bijective and in particular surjective. Therefore, idp(x)—(z) is a (P(X) — {@})-indexed set, which we can
write in sequence notation as idpx)-(g; = {A}aepx)-{z)- Of course, since for each A € P(X) — {2} the set
A is nonempty, by AC the set Xidpx)—(zy = Xaepx)-o}A 1s nonempty. But since [J(P(X) — {@}) = X, the
elements of X 4ep(x)—2)A are precisely the functions ¢ : P(X) — {@} — X such that for all A € P(X) — {2}
we have c(A) € A, that is, the “choice functions” in the more restricted sense of AC’, and they exist by the
nonemptyness of X sep(x)-()A4, as desired.

For the (<) direction, by Theorem[J]it is enough to show that AC” implies that any surjective f : A —» B
is aright inverse. But since f is surjective, we have {f’l[{b}] | be B} CPA)-{@}. Letc : P(A)—{o} — A
be such that for all C € P(A) — {@} we have ¢(C) € C. Then obviously the composed function

B p5) 5 pa) - (0) -5 4

is a left inverse to f, and therefore f is a right inverse, as desired. O
We can use the axiom of choice to prove that for any infinite set A, N < A. This agrees with our intuition
that countable infinite sets are the smallest infinite sets possible, but this intuition requires a proof.

Theorem 11 For any infinite set A, N < A.

Proof. All we need to do is to define an injective function f : N > A. The intuitive idea of how to define
such a function is a follows. We pick an element a¢y € A and define f(0) = ay, then we pick a; € A — {ap}
and define f(1) = a;. Likewise, we pick ay,) € A — {ao,...,a,} and define f(s(n)) = ayu, and so on.
Since all the a, are different, f is injective and we are done. However, this intuitive argument, although
essentially sound, makes implicit use of both simple recursion and AC, and therefore needs to be developed
into a complete proof. To give such a full proof we reason as follows. We let P,(A) C P(A) —{@} denote the
subset of all the infinite subsets of A, which is trivially nonempty since A € P(A). We then use a choice
function ¢ : P(A) — {@} — A to define a function

smaller : Poo(A) — Poo(A) : X > X — {c(X)}

which is well-defined, since if X is an infinite set, X — {c(X)} is also infinite (otherwise X would be finite!).
By simple recursion this then defines a function rec(smaller,A) : N — P (A). We then define our desired
f:N>> A:nw— c(rec(smaller,A)(n)). To see that f is injective, first observe that: (i) if n > m, then
rec(smaller,A)(n) C rec(smaller,A)(m), and (ii) for each n € N, f(n) € rec(smaller,A)(n), and f(n) ¢
rec(smaller, A)(s(n)). Let now n,m € N, with n # m. Without loss of generality we may assume n > m.
Therefore, f(m) ¢ rec(smaller, A)(s(m)). Since n > s(m), rec(smaller, A)(n) C rec(smaller, A)(s(m)); thus ,
f(m) ¢ rec(smaller, A)(n). But f(n) € rec(smaller, A)(n). Hence, f(n) # f(m), as desired. O

Corollary 2 (Infinite iff Dedekind-Infinite) A is infinite iff there is a proper subset B C A such that A = B.

Proof. For the (<) part, just note that if there is a proper subset B C A such that B = A, A cannot be
finite; therefore A must be infinite. For the (=) part, by the above theorem there is an injective function
f:N>> A Let B=A —{f(0)}. The desired bijection A = B is then given by the function da € A. if a €
A — f[N] then a else f(s(f'(a))) fi. O

The axiom of choice has many other consequences, some rather technical and many far-reaching. Let
me mention one that is very intuitive. In fact, so intuitive that one might naively think it obvious. It is called
cardinal comparability (CC) and has an extremely simple formulation.

(CC) Given any two sets A and B, either A < B or B < A.

Yet another, extremely useful property, equivalent to AC, is the property WO stating that every set can be
well-ordered. We will discuss well orderings and both CC and WO in §14

Besides its non-constructive nature, another reason why AC has a special status within ZFC is that it
is independent of the other axioms of ZF in the following precise sense: (i) no contradiction is created by
adding AC to ZF; and (ii) no contradiction is created by adding —=AC to ZF. That is, either AC or —AC
(but obviously not both!) can be added to ZF without contradiction. The proof of (i) goes back to to

82



Goedel [10]; and that of (ii) to Fraenkel (see [33], 284—289). In fact, Fraenkel’s proof of (ii) can be viewed
as a formalization of Russel’s thought experiment (Rimmelda’s story), since it is achieved by adding to
a standard model of set theory a countable family of cardinality-2 sets, just like the family Stockings =
{Stockings,}nen-

AC was first proposed by Zermelo in 1904, together with a proof that AC = WO (see [33], 139-141).
This caused quite a stir due to its consequences (for example, the well-ordering of the reals) and its non-
constructive nature. A subsequent more detailed proof of the same result by Zermelo (see [33]], 183—-198),
is very much worth reading even today, because it addresses very cogently the various criticisms that had
been leveled against his ideas and explains why and how AC is often used in mathematical practice. For
additional discussion on the axiom of choice, its wide use in mathematics, Zorn’s Lemma, and the so-called
Banach-Tarski Paradox see [15]].

Exercise 78 Prove that AC is equivalent to the property that for every total relation R : A = B there exists a function
f 1A — Bsuchthat f CR.

Exercise 79 Prove (without using AC) that if 1 is a finite set and A = {A;}ic; is an I-indexed set such that for each i € I,
A; # @, then XA # @. Therefore, AC is only needed for I-indexed sets such that I is infinite.

Exercise 80 Prove (using AC) that for any I-indexed set A = {A;}ic; such that for each i € I, A; # @, the projection
functions p; : XA — A; are surjective for all i € I.

Exercise 81 In the proof of Theorem|[I1] the set P(A) of infinite subsets of A was described informally. Give a set
theory formula ¢ such that P.(A) can be formally defined as the set P,(A) = {X € P(A) | ¢} using the (Sep) axiom.
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Chapter 11

Well-Founded Relations, and
Well-Founded Induction and Recursion

A well-founded relation on a set is, by definition, a terminating relation. Such relations have an enormous
importance in both computer science and in mathematics for at least three reasons: (i) they are of course
crucial for termination arguments; (ii) they vastly generalize induction on the natural numbers to induction
on any well-founded relation; and (iii) they vastly generalize simple and primitive recursion to well-founded
recursion, a very powerful and general form of recursion that is always guaranteed to terminate.

11.1 Well-Founded Relations

Definition 13 Given a binary relation R C A X A, the pair (A, R) is called a well-founded relation on A iff
R is terminating, that is, there is no sequence a : N — A such that for each n € N we have a, R ayy), or,
pictorially, no sequence such that

(loRa] R(Zz anRas(,,) N

Let us consider some examples. The set N can be endowed with several well founded relations, includ-
ing the following:

o The predecessor relation (in fact, partial function) p, withnpm < n = s(m).
e The strict order relation n > m.

o The reverse divisibility relation n vid m, where, by definition, nvidm & n # 0 A(dk € N) k #
1 An=kxm.

Likewise, for any set A the set List(A) = |J,en[n—A] can be endowed with a well-founded head-rest
superlist order (List(A), J), where, if we denote a list a : k — A as a finite sequence ag ... a1, thena 3 b
iff k > 1, and either b = ag, orb = a; ...a;_;.

Given any set A, the set P, (A) of finite subsets of A can be endowed, among others, with two different
well-founded relations. The most obvious one is (Ps,(A), D). Another interesting well-founded relation
(indeed, a subrelation of D) is the singleton-rest relation (P, (A), J), which is analogous to the head-rest
superlist relation for lists, where, by definition, given X, Y € $,(A) we have X 1 Y iff X has at least two
elements and there exists x € X such that either Y = {x}, or Y = X — {x}. Note that the inverse relation
(Pfn(A), ©) is well-founded iff A is finite.

Yet another well-founded relation is provided by the immediate subterm relation between arithmetic
expressions, which is the selﬂ Exp of expressions that can be formed out of a countable set of variables

'Properly speaking, since our set theory is built ex nihilo out of the empty set, we would need to encode these expressions, for
example with a Godel encoding of expressions as natural numbers. I will not bother with this. I will instead assume that we are
working in a variant of set theory in which atoms such as the symbols +, — and *, and the variables, are all allowed as elements of
other sets. Then we can, for example, represent the expression (1 + (x * 0)) as the tuple (+, 1, (, x, 0)).
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x,y,x',y,...and of smaller expressions t, t’, etc., by means of the following BNF-like grammar:
Ol Ll x| @+t)|@=1)]| @xt)

The immediate subterm relation ¢ > ¢’ is then defined on Exp by the defining equivalence 1 > ¢ & (3Jt” €
Expyt=t+t" Vi=t'+t Vi=t—-t"Vi=t'-t Vi=t=t" Vi=txt.
For non-examples, note that neither (N, <), nor (Z, >), nor (Z, <), nor (R, >), nor (R, <) are well-founded.

11.1.1 Constructing Well-Founded Relations

It is very useful to have constructions such that, if some relations on some sets are well-founded, then other
relations on other sets are also well-founded.

For any set A, the relation (A, @) is well-founded. In particular, (2, @) is well-founded, and for any
well-founded (A, R) there is a unique relation homomorphism @ : (@, @) — (A, R).

One very easy way to determine that a relation (A, R) is well-founded is to find a relation homomorphism
f 1 (A,R) — (B, G) to abinary relation (B, G) which is itself well-founded. If we view (A, R) as a transition
system, we can equivalently express this idea by saying that to prove that (A, R) is teminating it is enough
to find a possibly simpler, terminating transition system (B, G) and a simulation map f : (A,R) — (B, G).

Lemma9 Let f : (A,R) — (B,G) be a relation homorphism with (B, G) well-founded. Then (A, R) is
well-founded.

Proof. Suppose not. Then we have a sequence a : N — A such that for each n € N we have a, R ay). But
this then yields a sequence a; f : N — B such that for each n € N we have f(a,) G f(ayu), contradicting
the well-foundedness of (B, G). O

The following are then two immediate consequencess of the above lemma:

Corollary 3 Let (B, G) be a well-founded relation. Then:

1. Any (B’,G")with B’ C B, G’ C G, and G’ C B’ X B’ is well-founded. In particular, for any B’ C B, the
binary relation (B, G N B'?), called the restriction of G to B', and denoted (B', G|g') is well-founded.

2. For any function f : A —> B, the binary relation (A, f~'(G)) is well-founded, where, by definition,
af'(Ga & fl@)G f@)

Another useful construction is the cartesian product. Given well-founded relations (A, R) and (B, G), it
is trivial to show that the relation (A X B, R X G) is well-founded, where, by definition, (@, b) RXG (d’,b") &
aRa’ N bGD'.

A second, also well-founded, relation (A X B, R > G) can be defined on A X B, where, by definition,
(a,b)R=<G (d',b’) © (aRa AN(b=b" vV bGD)V({(a=d vV aRa’) A bGD').

Yet a third, well-founded, lexicographic relation (A X B, Lex(R, G)) can be defined on A X B, where, by
definition, (a, b) Lex(R,G) (a’,b’) & aRd’" vV (a=d AN bGD).

Exercise 82 Generalize the above cartesian product construction to the product of an I-indexed family of well-founded
relations {(A;, R;)}ic;, by showing that the binary relation (XiciAi, XiiR)) is well-founded, where, by definition, for
a,a’ € XigA; we have a XigRia' < (Yi € I) a(i)R; a’'(i). Specialize this construction to prove that, given a well-
founded relation (A,R) and a set B, the function set [B—A] is well-founded by means of the relation f[B—R]g &
(Vb € B) f(b)Rg(b), where [B—R)] is a purely formal notation, which does not denote a function set but a relation
between functions.

Dually, it is trivial to show that the disjoint union of two well-founded relations (A, R) and (B, G) yields
a well-founded relation (A @ B, R ® G), where, by definition, (x,)) R®G(y,j) & (i=j=0AxRy) VvV (i=
j=1AxGy).

Exercise 83 Generalize the above disjoint union construction to the disjoint union of an I-indexed family of well-
founded sets {(A;, R))}ic1, by showing that the binary relation (@ie[ A;, @ie[ R)) is well-founded, where, by definition,
for (a,i),(d,i") € EBI.E[ A; we have (a,i) @ia R (d',i") & i =1 A aR;d. Specialize this construction to prove
that, given a well-founded set (A, R) and another set B, the cartesian product A X B is well-founded with the relation
(a,b)RX B(a,b’) & aRa" ANb=1V".
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Yet another very useful construction is to associate to a well-founded relation (A, R) the well founded
relation (A, R™). Indeed, the following lemma has a trivial proof that is left as an exercise.

Lemma 10 [f (A, R) is well founded and transitive, then it is a (strict) poset. For any well-founded (A, R)
the relation (A, R*) is also well-founded and of course a strict poset. Furthermore, any relation (A, R) is
well-founded iff (A, R") is well-founded.

As an example, note that (N, >) = (N, p*).

11.2 Well-Founded Induction

Given a binary relation (A, R), we call an element a € A R-minimal iff R[{a}] = @. The notion of R-
minimality provides a very useful, alternative characterization of well-founded relations that makes a crucial
use of the axiom of choice.

Theorem 12 Given a binary relation (A, R) the following are equivalent:
1. (A,R) is well-founded.

2. Any nonempty subset B C A has an R|g-minimal element.

Proof. To see (2) = (1), assume that (A, R) satisfies (2) but is not well-founded. Then consider a sequence
a : N — A such that for each n € N we have a, R ay). The set B = {a, | n € N} is obviously nonempty,
but it has no R|z-minimal element, contradicting assumption (2).

To see (1) = (2), assume that (A, R) is well-founded and has a nonempty subset B C A with no R|p-
minimal element. This exactly means that for each x € B the set R[{x}] N B € P(B) is nonempty. But
by (AC’) we know that there is a function ¢ : P(B) — {®} — B such that for each X € P(B) — {@} we
have ¢(X) € X. This means that we can define a function next = Ax € B. c¢(R[{x}] N B) € B, where,
by construction, x R c(R[{x}] N B). Since B is nonempty, let b € B, and consider the simply recursive
sequence rec(next,b) : N — B. By construction this sequence is such that for each n € N we have
rec(next, b)(n) R rec(next, b)(s(n)), contradicting (1). O

As an immediate collorary of the above theorem we now obtain an enormously general induction prin-
ciple, namely, the principle of well-founded induction.

Theorem 13 (Well-Founded Induction). For any well founded (A, R), if a subset B C A is such that for each
a € A if R[{a}] C B then a € B, then we must have B = A.

Proof. Let B C A be such that for each a € A if R[{a}] C B then a € B, and assume B # A. Then
A — B is nonempty and has an R|4-p)-minimal element, say a. Therefore, R[{a}] € B. Therefore, a € B,
contradictinga € A — B. O

Given a well-founded set (A, R), we often use the above well-founded induction principle to prove
formulas of the form (Vx € A) P(x). Any such formula determines a subset B = {x € A | P(x)}. Obviously,
(Vx € A) P(x) holds iff B = A. Using well-founded induction we can prove B = A, and therefore our
formula, if we can prove

Ma € A) [(Vx € R[{a}]) P(x)] = P(a).

The above induction principle is very general, and contains many other induction principles as special
cases, including the following (check in detail that the mentioned induction principles are indeed special
cases as claimed):

e Peano Induction. This is just the special case of well-founded induction where (A, R) = (N, p).

e Strong Induction. This is is a variant of induction on the natural numbers where for a set B C N, if
we can show 0 € B, and that for each n € N whenever n C B then n € B, then we can conclude that
B = N. This is just the special case of well-founded induction where (A, R) = (N, >).
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e List Induction. To prove a property P for all lists in Lis#(A) it is enough to show that: (i) P(@), (ii)
(Va € A) P(a) (where we view each a € A as a lenght-one list), and (iii) for any list g ... a;—; with
k > 1 we can prove that P(ag) and P(a, ...a-1) imply P(ay . ..a—1). This is just the special case of
well-founded induction where (A, R) = (List(A), 0).

o Structural Induction. To prove a property P for all expressions in an algebraic language (arithmetic
expressions Exp are a paradigmatic example, but we could consider expressions built with any other
function symbols) we: (i) prove P(a) for each constant symbol a; (ii) prove P(x) for each variable
x if the expressions have variables; and (iii) for each function symbol f of n arguments in our ex-
pression language and for each expression f(tq,...,t,) we prove that if P(¢;),A ... A P(t,), then
P(f(t1,...,t,)). For our arithmetic expression example this means that to prove that P holds for all
expressions we have to prove: P(0), P(1), P(x) for all variables x, and for f € {+, —, =} that if P(¢) and
P(1"), then P(f(t,t)). This is just well-founded induction where (A, R) = (Exp, >) (the generalization
to expressions with other function symbols is straightforward).

Note that the “base case” is implicit in the general formulation of well-founded induction. For the
natural numbers the base case is the case n = 0. For a well-founded (A, R), any R-minimal a € A provides
a base case, since then R[{a}] = @, and for B = {x € A | P(x)} we then obviously have @ = R[{a}] C B;
therefore we must prove P(a) for all R-minimal a € A. For example, for (List(A), ), the J-minimal lists are
the empty list @ and the length-one lists a € A, which provide the base cases for list induction. Therefore,
to inductively prove a property P for all lists, in particular we must prove P(@) and P(a) for each a € A.

11.3 Well-Founded Recursion

The idea of well founded recursion is as follows. We have a well-founded set (A, R) and another set B. We
then define a recursive function f : A — B by defining the value of f for any argument a € A in terms of
the value of f for “R-smaller” arguments, that is, for arguments in R[{a}]. Let us see some examples of this
very general method to define functions before we formalize the general notion.

11.3.1 Examples of Well-Founded Recursion

Simple recursion is a special case of this idea. We take (A, R) = (N, p). Then, givenb € Band f : B— B,
we define rec(f, b) : N — B in terms of the values of rec(f, a) for “p-smaller’” numbers. The base case is
n = 0, which has nothing p-smaller than it. So we set rec(f, b)(0) = b. In all other cases, n = s(m), so that
m is the element p-smaller than s(m), and we set rec(f, b)(s(m)) = f(rec(f, b)(m)).

Primitive recursion is another special case of this idea. We take (A,R) = (N X B, p X B) (see Exercise
[B3). Given g : B — A and f : A — A, we define prec(f,g) : N x B — A in terms of its values for
p X B-smaller arguments. The p X B-minimal elements are those of the form (0, b), for which we define
prec(f,£)(0,b) = g(b). All other elements are of the form (s(n), b), whose only p X B-smaller element is
(n, b), so we define prec(f, g)(s(n),b) = f(prec(f, g)(n,b)).

Ackermann’s Function can also be defined by well-founded recursion. We take (A, R) = (NXN, Lex(p, p)).
A : N XN — N is then defined in terms of its values on Lex(p, p)-smaller arguments. For (0,7n) € NxX N
we define A(0, n) = s(n). For (s(m),0) € N X N, the Lex(p, p)-smaller arguments are all the (m, n), and we
define A(s(m),0) = A(m, 1). Finally, for (s(m), s(n)) € N X N, the Lex(p, p)-smaller arguments are all the
(m, k), plus the element (s(m), n), so we can define A(s(m), s(n)) = A(m, A(s(m), n)).

List Recursion works similarly to primitive recursion. Here, the well-founded relation is (List(A), J),
and the J-minimal lists are @ and the a € A. So, to define a recursive function, let us call it rec(f, g,b) :
List(A) — B, we need to specify an element b € B and functions g : A — Band f : BXxB — B. Then we
define rec(f, g, b) as follows: (i) rec(f, g, b)(@) = b, (ii) for a € A, rec(f, g, b)(a) = g(a), and (iii) for a list
ap...ar-1 with k > 1, rec(f, g,b)(ag . ..ar-1) = f(g(a), rec(f, g, b)(a; ...ar1)). For example, suppose that
B = List(C), and that we want to extend a function g : A — C to a function map(g) : List(A) — List(C)
in the obvious way, that is: (i) map(g)(@) = @, (ii) for a € A, map(g)(a) = g(a), and (iii) for a list
ag...ar-1 with k > 1, map(g)(ag . ..ar—1) = gla)map(g)(a; ...ar—1). That is, map(g) = rec(- - _, g, D),
where _- _: List(C) X List(C) — List(C) : (ag ... ay_1,bg ... bpy_1) > ag...ay_1 by...bp_y.
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Structural Recursion can be used to define recursive functions on algebraic expressions. We can illustrate
the idea for the case Exp of arithmetic expressions, but all generalizes to expressions with other function
symbols in a straightforward way. The well-founded relation is of course (Exp, ). To define a function from
Exp to B by structural recursion we need to specify: (i) elements by, b; € B, (ii) a function g : ¥ — B,
where 7 is the set of variables in Exp, and (iii) binary functions f., f-, f. € [BXB—B]. Then we can define a
function, let us call it rec(f, g, b) : Exp — B, as follows: (i) rec(f, g, b)(0) = by, and rec(f, g, b)(1) = by, (ii)
rec(f,8,b)(x) = g(x), and (iii) for op € {+, -, %}, rec(f, g, b)(op(t,1)) = fop(rec(f, g, b)(®), rec(f, g, b)(1)).
For example, suppose that Exp are arithmetic expressions in a programming language, and that the variables
appearing in the expressions have some assigned integer values in memory (if some variables are unasigned,
we may by default give them the value 0). This means that the state of the memory can be characterized by
a function g : ¥ — Z. Then the evaluation function for arithmetic expressions associated to the memory
g is the function eval(g) : Exp — Z that in the above notation can be defined as eval(g) = rec(f, g, b) with
by =0,b; =1, and f,, f_, f. the functions +, —, * : Z X Z — Z. For example, if g(x) = 3 and g(y) = 2,
then eval(g)(x = (x +y)) = 15.

11.3.2 Well-Founded Recursive Definitions: Step Functions

The above examples give us a good, informal intuition for what a well-founded recursive function looks
like. But they do not give us a mathematical model for well-founded recursive functions. Without such a
mathematical model we cannot answer crucial questions such as the following: (i) what is a well-founded
recursive function definition? (ii) how do we know that each such definition indeed defines a unique function
and therefore makes sense? (iii) how do we know that all functions defined by well-founded recursion
terminate? This section answers question (i) by developing a very general mathematical model of well-
founded recursive definitions. Questions (ii) and (iii) are then answered in

In several of the examples of well-founded recursive function presented in we used some [in-
guistic description of the process of defining the value of a well-founded recursive function on an argument
in terms of its value on R-smaller arguments. But since there isn’t a single well-founded relation, but an
infinite number of such relations, what we need, and we do not yet have, is a precise formulation of a
general method of defining well-founded recursive functions that will apply to any well founded relation.
Furthermore, this general method should be semantic, that is, involving sets and functions, as opposed to
linguisitc. Indeed, it should provide the semantic basis to properly interpret any linguistic description, such
as, for example, a well-founded recursive program.

Such a semantic method of defining well-founded recursive functions is provided by the notion of a step
function, which is a function that contains all the information necessary to allow us to take the next step in
computing our desired function. Let me first illustrate this idea with an example before giving the general
definition. Consider the following primitive recursive definition of the addition function by means of the
equalities:

e 0+m=m
e s(n)+m=s(n+m).

This is indeed a linguistic description. But what does it really say? It is obviously circular, since + is
defined in terms of itself. But this circular syntactic description implicitly contains a non-circular semantic
method to extend a function, so that it becomes defined on a bigger argument. It says, “if you have any
two-argument function f on natural numbers which is defined on smaller arguments, I can tell you how to
extend it to a bigger argument.” For example, if f is defined on (n, m), then we can extend f to be defined
on the bigger argument (s(n2), m) with the value f(s(n), m) = s(f(n, m)).

How can we precisely capture this non-circular semantic method? With a function. Which function? In
this example, the function that maps each pair (f, (n, m)) with f any function defined on the set R[{(n, m)}]
into the intended value of its extension for the argument (n, m). Recall that in this case R is the well-founded
relation pxN. Therefore, R[{(0, m)}] = @, and R[{(s(n), m)}] = {(n, m)}. The function in question can then be
described by the lambda expression A(f, (n.m)). if n = O then m else s(f(p(n), m) fi. What are its domain
and codomain? Its codomain is obviously N. What about its domain? Here our knowldge of /-indexed sets
becomes extremely useful, since we can say it in one blow: its domain is the set EB (n.m)eNxN[R[{ (n,m)}]-N],
where, as already mentioned, R = p X N. Indeed, the elements of such a disjoint union are exactly the pairs
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of the form (f, (n.m)) with f a function with domain R[{(n,m)}] and codomain N. This is just a special
instance of the following general notion.

Definition 14 Let (A, R) be a well-founded relation and B any set. A definition of a well-founded recursive
function from A to B is a function of the form h : €@ _,[R[{a}]-B] — B, called the step function of the
recursive function thus defined.

acA

In what sense does a step function define a well-founded recursive function? In the following: a step
function / : @ae 4[R[{a}]-B] — B defines the recursive function, let us call it rec(h), characterized by
means of the defining equality

rec(h)(x) = h(rec(h)[gixy)» X)-

Of course this is still a circular definition, but now a semantic one in terms of 4, and not by some linguistic
device. However, it is not at all obvious that the above equality actually defines a unigue function, that such
a function exists at all, or that it is terminating, although intuitively all these things seem plausible. Settling
these burning issues once and forall is the goal of §11.3.3]

For the moment we can gain further empirical evidence that defining rec(h) in this way makes sense by
observing that the step function & provides a computational method to compute rec(h)(x). Let us illustrate
this idea with our primitive recursive definition of addition by seeing how we can compute that 2 + 2 = 4.
Our function 4 in this case is & = A(f, (n.m)). if n = O then m else s(f(p(n),m) fi. Therefore, 2 + 2 =
rec(h)(2,2) = h(rec(h) Tya.2y,(2,2)) = s(rec(h)(1,2)) = s(h(rec(h) 0.2y, (1,2))) = s(s(rec(h)(0,2))) =
s(s(2)) = 4.

To gain a little more familiarity with step functions, we can see what a step function looks like for a
type of list-recursive function considered in namely, a function of the form map(f); specifically
one such function that allows us to compute the lenght of a list. The idea is to define a function lenght on
all elements of List(A) as the function length = map(!,) : List(A) — List({1}), where !4 is the constant
function mapping each a € A to 1. Note that the set of lists Lis#({1}), with the empty list @ as zero element,
and the function Al € List({1}). 11, that appends one more “1” to the left of a list /, as the successor
function, satisfies the Peano-Lawvere axiom, and therefore is a model of the natural numbers, namely, the
model corresponding to “counting with one’s fingers,” so that, for example, the number 5 is represented
by the list 1111 1. Our step function for the above length function is then of the form h : €P leLisi( A)[:I
[{l}]-List({1})] — List({1}), and has the following definition by cases (which could easily be expressed by
a nested if-then-else):

o 1(0,0)=0
o (YacA)h0,a) =1
e fork > l,l’l(f,ao...ak_1) = 1f(a1 ...ak_1).

Suppose now that a,b € A and let us compute length(a b ab). We have, length(abab) = rec(h)(abab) =
h(rec(h) [apaby, (@bab)) = 1rec(h)(bab) = 1h(rec(h) Mpapy, (bab)) = 11rec(h)(ab) = 11 h(rec(h) I
,ab)=111recthy(b)=111h(2,b)=1111.

Exercise 84 Define the appropriate step function h for Ackermann’s funtion and for the function eval(g) : Exp — Z
evaluating arithmetic expressions with a memory g. Use the corresponding step functions to compute the value of each
of these functions on some small arguments.

Exercise 85 (Alternative definition of step functions). Given a well-founded relation (A, R) prove that there is a contain-
ment @aeA [R[{a}]—B] € [A—B] X A. Show that, instead of using a step function h : @agA [R[{a}]—>B] — B to define
a well-founded recursive function rec(h), we can always extend such a function h to a function i’ : [A—~B] XA — B, so
that W [‘@m (Ritall—B= h, and can then equivalently define rec(h) as rec(h’) by the equality rec(h’)(x) = I’ (rec(h') [ s
, X). Therefore, we could alternatively have defined a step function as a function b’ : [A—~B] X A — B.
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11.3.3 The Well-Founded Recursion Theorem

Let us come back to the three questions raised in (i) what is a well-founded recursive function
definition? (ii) how do we know that each such definition indeed defines a unique function and therefore
makes sense? (iii) how do we know that all functions defined by well-founded recursion terminate? The
answer to question (i) is now clear: a step function. The following theorem answers questions (ii) and
(iii). Note that the proof of this theorem is a natural, yet far-reaching, generalization of the same result, in
Theorem for the special case of simple recursion, that is, of well-founded recursion for the well-founded
relation (N, p).

Theorem 14 (Well-Founded Recursion). Let (A, R) be a well-founded relation, and consider a step function
h: @ae A[R[{a}]-B] — B. Then there exists a unique function rec(h) : A — B, such that for all x € A,
the function rec(h) satisfies the equality rec(h)(x) = h(rec(h)[ (x> X)-

Proof. We first prove that such a function exists, and then that it is unique. Let R(k) be the set of all
h-closed relations, where, by definition, a relation Q C A X B is h-closed iff for each x € A, if there is a
function g : R[{x}] — B such that g C Q, then we have (x, h(x, g)) € Q. Since A X B € R(h), the set R(h)
is nonempty. Define rec(h) = () R(h). It is then trivial to check that rec(h) € R(h). We will be done with
the existence part if we prove: (i) rec(h) is total, that is, (Vx € A)(y € B) (x,y) € rec(h); and (ii) rec(h) is a
function; since (i) and (ii) imply that for all x € A, rec(h)(x) = h(rec(h)[r{(x)]> X)-

To see (i), suppose that rec(h) is not total. This means that the set X = {x € A | =(dy € B) (x,y) € rec(h)}
is nonempty and has a R-minimal element a € X. Therefore, rec(h) is total on A — X, and R[{a}] C (A — X).
This means that the projection function p; = A(x,y) € rec(h). x € (A — X) is surjective. Therefore,
by Theorem E], we have a function g : (A — X) — rec(h) such that ¢q; p; = ida_x. Therefore, g =
qlA — X] C rec(h) is a function. Therefore, since R[{a}] C (A — X) and rec(h) is h-closed, we must have
(a,h(a, gryay)) € rec(h), contradicting the fact rec(h) is undefined on a. To see (ii) suppose that rec(h) is
not a function. This means that the set Y = {x € A | (Ay,2) (x,Y),(x,2) € rec(h) A y # z} is nonempty and
has a R-minimal element a’ € Y. Therefore, by (i), rec(h) is a function on A — Y, and R[{a’}] € (A —Y). But
since rec(h) is h-closed, we must have (a’, h(a’, rec(h) [rjiay))) € rec(h), and since a’ € Y, we must have a
b € Bwith (a’,b) € rec(h) A b # h(a’, rec(h)[rjioy))- But if we can show that rec’(h) = rec(h) — {(a’, D)} is
h-closed, then we get a blatant contradiction of the fact that rec(h) is the smallest h-closed relation. But we
can see that rec’(h) is indeed h-closed reasoning by cases. If x = a’, then since rec’ (h) [ gyary1= rec(h) I rpay
is a function, there is exactly one choice for a function g : R[{a’}] — B such that g C rec’(h), namely,
g = rec’(h) Mgy}, and we have (a’, h(a’, rec’ (h)[rji«y)) € rec’(h) by the definition of rec’(h). And if x # a’,
thenif g : R[{x}] — Bis such that g C rec’(h), then, a fortiori, g C rec(h), and therefore (x, h(x, g)) € rec(h)
by rec(h) being h-closed. But since x # a’ this means that (x, h(x, g)) € rec’(h), and therefore rec’(h) is
h-closed, against the minimality of rec(h). Therefore, by (i) and (ii), rec(h) exists and is a total function
rec(h) : A — B.

To prove uniqueness, suppose that there is another function, say, g, satisfying the conditions stated in
the theorem. Then we must have g € R(h), which forces the set-theoretic containment rec(h) C g. But this
implies rec(h) = g, since, in general, given any two sets X and Y, and any two functions f, /' € [X-Y],
whenever f C f’ we must have f = f’. O

Exercise 86 Prove that the length of the concatenation of two lists is the sum of their lengths. Since in List({1}) the list
concatenation operation _- _ becomes natural number addition, this means that, given any set A, we must show that the
function length = map(!,) : List(A) —> List({1}), satisfies the equality:

(YL I' € List(A)) length(l - I') = length(l) - length(I’).

(Hints: (i) use well-founded induction on (List(A),2); (ii) you may be more ambitious and prove the much more
general equality (YI,I' € List(A)) map(f)( - ') = map(f)() - map(f)(l') for any f : A — B, getting the result
for length = map(l,) as a special case. Note that proving more general theorems is not necessarily harder: in many
cases it is easier! I call this approach “generalize and conquer”).
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Chapter 12

Cardinal Numbers and Cardinal
Arithmetic

Given a finite set A with n elements, we call n the cardinality of A, and use the notation |A| = n. But n is
itself a set with n elements, so that we have A = n, and ||A|| = |n| = n = |A|. Also, since there is a bijection
between two finite sets A and B if and only if A and B have the same number of elements, we have:

A=B o |A=|B|

This means that natural numbers give us a way of obtaining a canonical representative set for all finite sets
of same size n, namely, the set n.

Furthermore, there is a striking similarity between arithmetic operations on numbers and corresponding
operations on finite sets, since by Exercises @] and [215], for A and B finite sets, we have the arithmetic
identities:

IA@B| = |Al+|B|
IAXB| = |Al-|B|
[A-Bl = |BM

Note that the above identities allow us to “turn arithmetic on its head,” by reducing arithmetic to set
theory. That is, given two natural numbers n,m € N we can define their addition, multiplication, and
exponentiation (without any previous knowledge of what those functions are) by means of the defining
equations:

n+m = |[n®m|
n-m = |nxXm|
n" = |[m-n]|

Georg Cantor generalized the idea of cardinality to any set. In [5]], §1, he stated that for any set M its
cardinal number |M| is:

the general concept which, by means of our active faculty of thought, arises from the aggregate
M when we make abstraction of the nature of its various elements m and of the order in which
they are given.

Cantor’s meaning becomes particularly clear when we apply his words to the case when A is a finite set,
because what our active faculty of thought arrives at when it abstracts away the particular details about the
elements of a finite set A is precisely the concept of its number of elements. What Cantor is therefore saying
is that we can perform the same kind of abstraction for any set.

In terms of ZFC’s axiomatic formalization of set theory, we can rephrase Cantor’s claims about the
existence of cardinal numbers, and the basic relationships between sets and their cardinal numbers, as the
claim that there is a definitional extension of set theory by means of a new unary operation on sets, denoted
||, such that it satisfies the following properties (see [, §1):
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1. For A a finite set, |A| is its cardinality in the usual sense of its number of elements.
2. For any set A we have A = |A].

3. For any two sets A and B we have the equivalence A = B & |A| = |B|.

Cantor did not construct the set |A|, since he rather viewed |A| as the abstract concept associated to
what later would be called the “equivalence class” of all sets of cardinality |A|. Unfortunaltely, such an
equivalence class is nor a set (but see Scott’s trick in §15.3). Giving an explict construction for the set |A]
for any A in terms of the rest of set theory —thus showing that the interpretation of the unary operation || is
indeed obtained by a definitional extension and therefore does not change set theory at all, nor requires any
extra axioms— remained an open problem for decades. It was solved in the 1920’s by John von Neumann as
part of his theory of ordinals. We will define von Neumann’s ordinals, and will use them to give an explicit
construction of cardinals as special ordinals in §14] For the moment, just knowing that the |_| operation
exists and satisfies properties (1)—(3) above will allow us to learn quite a few things about cardinals and
their basic properties, without any need for the details of how cardinals are constructed.

Note that it follows trivially from properties (2) and (3) that ||A|| = |A|. Therefore, we can characterize
cardinals as those sets k such that || = k. In what follows, variables k, 4, u and their subscripted versions will
range over cardinals, the same way that ordinary variables x,y,z, X, Y, Z, A, B, C, .. . range over sets in our set
theory formulas. Of course, this is just for notational convenience, since, using the explicit definition of the
operation || in we can define a unary predicate card on sets by means of the definitional equivalence

card(x) & |x|=x

and can then eliminate all mention of variables «, A, u in any formula. That is, (V«) ¢(x) can be replaced by
(Vx) (card(x) = ¢(x)), and (k) ¢(x) can be replaced by (Ix) (card(x) A p(x)).

Note that we can define a predicate card in our set theory language, but not a set, say Card, of all
cardinals. Cantor was aware of this paradox as early as 1899 (see [33]], 113—-117).

Lemma 11 There is no set such that all cardinals k belong to it.

Proof. Suppose such a set, say W, were to exist. Then we could define the set of all cardinals as: Card =
{x € W | x = |x]}. Let Q = |J Card, then for every cardinal x we have x C Q. In particular, |P(Q)| C O,
which by P(Q) = |P(Q)|, gives us P(Q) < O, which together with O < P(Q), gives us P(Q) = Q by the
Schroeder-Bernstein Theorem. But this contradicts Cantor’s Theorem. O

12.1 Cardinal Arithmetic

The idea of “turning arithmetic on its head” by defining all arithmetic operations in terms of their corre-
sponding set-theoretic operations, as we have done above, can be generalized to all cardinals. In this way,
we extend ordinary arithmetic to so-called cardinal arithmetic (also due to Cantor: see [5]). In fact, we
can use the exact same set-theoretic definition of addition, multiplication, and exponentiation of two natural
numbers n and m, to define addition, multiplication, and exponentiation of any two cardinals k and A by
means of the defining equalities:

k+Ad = koAl
k-d = kx4
' =[]

Furthermore, addition and multiplication of cardinals can be defined not just for a finite collection of
cardinals, but also for any /-indexed set of cardinals. That is, if {«;};c; is an I-indexed set of cardinals, we
can generalize binary cardinal addition and multiplication to addition and multiplication of finite or infinite
families of such cardinals (depending on whether the index set [ is finite or infinite) by means of the defining

equalities:
1P «il

iel

ki = | Xerki]

ZiclK;
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How well-behaved is cardinal arithmetic? Does it satisfy any laws? It turns out that many of the laws of
ordinary arithmetic extend from natural numbers to arbitrary cardinals. Furthermore, the same set-theoretic
proofs that prove these properties for arbitrary cardinals also prove them a fortiori for the natural numbers.
This is another consequence of “turning arithmetic on its head,” namely, that many important properties of
ordinary arithmetic can be given purely set-theoretic proofs. Here are some such arithmetic laws, stated for
all cardinals:

Theorem 15 For all cardinals k, A, u, the following identities hold:

k+0 = « (12.1)
k+d = A+« (12.2)
K+D)+p = k+@A+p) (12.3)
1 = « (12.4)

k0 = 0 (12.5)

k-d = Ak (12.6)
K-D-p = «k-(A-p (12.7)
KA+ = K-D+k-w (12.8)
£ =1 (12.9)

“ = 1 (12.10)
o=k (12.11)
K= g (12.12)
(K- = (12.13)
™ = (&Y (12.14)
Sk = k-l (12.15)
Mgk = & (12.16)
Zietlki + ) = (Zierki) + Cierdi) (12.17)
Migs(ki - ) = (Tigrxy) - (i ) (12.18)

Proof. The proofs of these identities are all established the same way, namely, by showing that two sets
have a bijection between them, which then makes their cardinals equal. For example, we can prove that
k+A4 = A+« by proving that k® A = A®«. We can cut our work roughly in half by reasoning by duality. That
is, since @ and X, and, similarly, @ and X, are dual constructions used in the definitions of addition and
multiplication, any property common to these dual operations (for example, commutativity and associativity
is common to addition and multiplication) can be proved for one of the operations (say addition) and can
then be dualized to prove the similar property for multiplication “for free,” just by changing injections by
projections and reversing the direction of all the functions used in the proof for addition.

Let me illustrate this dualization technique for the case of the commutative property. To prove it for
addition, we have to show that k® 1 = A@&«. We do this by showing that the function [i},{]] : k®1 — A®«
has the function [i5,i;] : 4@k — k@ A as its inverse, where i}, resp. i;, denote the corresponding injections
in each case. For example, 7 denotes the inclusion i; : k > «®A4, and ] denotes the inclusion i} : 1 > A&«.
Let us prove the identity [}, #]; [i2,71] = idea (the proof of the identity [i2, i1]; [}, ]] = ide. is entirely
similar). Since idg, = [i1, 2], by Exercise to prove [#},]; [i2,i1] = id,e, is equivalent to proving the
two identities iy; [i5, 71 ]; [i2, 1] = i1 and ip; [§},7]]; [i2, 1] = 2. The proofs are again entirely similar. Let
us prove i1; [i, i1]; [i2, i1] = i1. This follows trivially, again by Exercise from the sequence of identities
i [, 11 1; lia, in] = 85 [i2, i1] = i1

The point now, is that, by changing the injections by projections and the direction of the functions, we
also automatically get a dual proof (using the dual of Exercise |30} which is Exercise[29)) of the fact that the
function (p2, p1) : kK X A — A X « has the function (p}, p}) : 4 X kK — k X A as its inverse.

In a completely similar way, we can prove associativity of addition, getting for free a dual proof of
associativity of multiplication.

The proofs of (12.12) and (12.13) are also dual. So let us prove (12.12), that is, that there is a bijection
[ ® p—k] = ([A—«k] X [u—«]). This again follows easily from Exercise [30] since that exercise shows that

95



the mapping that sends the pair (f, g) € [A—«] X [u—«] to the function [f, g] € [1 ® u—«] is bijective, since
its inverse is the mapping sending any function 4 € [1 @ u—«] to the pair (i1; h, iz; h) € [A—k] X [u—«k].

The identities (12.9) and (12.10) are also dual of each other, since (12.9) follows trivially from the fact
that 0 = @ is the initial set, and (12.10) follows likewise trivially from the fact that 1 is the final set.

The proofs of (12.4) and (12.11) follow trivially from the respective bijections « X 1 = k and [1-«] = «
discussed in Exercise [35] The proof of (12.5) follows trivially from the identity k X @ = @. The proof of
(12.14) follows from the bijection curry : [A X u—«] — [A-[u—«]] described in Exercise The proof
of (12.1) follows from the identity k @ @ = « X {0}, that makes the inclusion i; : Kk — « ® @ a bijection.
The proofs of (12.15) and (12.16) are both direct consequences of Exercise[73] The proofs of (12.17) and
(12.18) are direct consequences of Exercise O

The order on the natural numbers also extends naturally to an order on cardinals by defining for «, A
cardinals the predicate k < A by means of the equivalence

k<1 & «k=2A
Similarly, we define the predicate x < A by means of the equivalence
k<d & k<A

Lemma 12 The following facts hold for any cardinals «, A, u.:
1. 0<«k

2. k<k

3. k<A NANALS) = k<
4. k<A N A<k) > k=4
5. k<A V A<k

6. k<A & (k<A Ak #A).

Proof. The proofs of all these facts follow easily from the definitions of < and <, plus known facts and
theorems about < and <. For example, (1) follows from @ C X for any set X; (2) follows from the fact
that id, is injective; (3) follows from the fact that the composition of two injective functions is injective
(see Exercise @; (4) is an immediate consequence of the Schroeder-Bernstein Theorem (Theorem @); ®))
follows trivially from CC (Corollary [0); and (6) is an easy exercise. O

Note that, because of (4) and (5), given two cardinals « and A, we can define max(k,1) = if « <
A then A else « fi, and min(k, 1) = if k < A then « else A fi; and we then have max(k, 1) = max(4, k), and
min(k, ) = min(A, ).

Note, again, that the interpretation of <, <, max, and min on N is exactly the strict and nonstrict ordering
on the natural numbers, and the max and min functions. Therefore, following our project of reducing arith-
metic to set theory, we could just define the order relation on naturals n and m by the defining equivalence

n<m < nm.

This brings up another way in which the extension from ordinary arithmetic to cardinal arithmetic
is so very smooth. It is well-known that addition, multiplication, and exponentiation of numbers are all
monotonic operations. That is, when we apply them to bigger numbers, we get bigger or equal results
(except for a 0 exponent, since 0° = 1, but 0' = 0). But instead of proving such monotonicity results in
ordinary arithmetic, which from the vantage point of cardinals is just “baby arithmetic,” we can prove them
instead for any cardinals, thus getting them for N as a special case.
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Theorem 16 (Monotonicity of Cardinal Arithmetic). For any cardinals k,«’, A, A, and I-indexed sets of
cardinals p = {p}icr and @' = {1 }ieq, the following implications hold:

K<K ANASA = k+A<d+ A (12.19)

K<SK ANASA = kA2 (12.20)

k<K = K<kt (12.21)

K<K AA<SAU AA120 = kr<k? (12.22)
Vie D <pu) = Ziegti < Zier, (12.23)

Vie D <p) = Mepi < Migy; (12.24)

Proof. The proofs of these implications are all based on the same idea, namely, that, as shown in Exercises
and P, X, EB X, and [_—_] are all functorial constructions.

Let us see how the functoriality of EB, X, and [_—_] respectively imply (12.23), (12.24), (12.21) and
(12.22) ((12.19) is a special case of (12.23), and (12.20) is a special case of (12.24)).

In both (12.23) and (12.24), we are assuming that there is an /-indexed injective function f : u — y'.
But for each (x;,i) € D u we have (P f)(xi,i) = (fi(x;),i). This means that €P f is injective, since
(B Hxii) = (B M, i) means that (fi(x;),i) = (fy(x}),i’), which, by Lemma |l| forces i = i and
fi(xi) = fi(x}), which then forces x; = x] by f; injective, which finally forces (x;,7) = (x},’). Therefore, we
have P u < @ ', yielding (12.22), as desired.

Similarly, X f maps each {x;};c; € Xu to {fi(x:)}ies € Xu’. But this means that Xf is injective, since
X f{xitien) = X f({x]}ier) means that {fi(x;)}ies = {fi(x))}ies, which then forces fi(x;) = fi(x]) for eachi € I,
which by f; injective for each i € I in turn forces x; = x; for each i € I, which means that {x;};c; = {x]}ier.
Therefore, Xu < Xy, yielding (12.23), as desired.

Let us prove (12.21). By hypothesis we have an injection f : x > «’. To prove (12.21) we just have to
show that [id,— f] : [A—k] — [A—K] : h — h; f is injective. But f is injective and, by Exercise mono.
Therefore, h; f = I’; f implies h = /', so that [id,— f] is injective, as desired.

Let us finally prove (12.22). By hypothesis we have injections f : « > «  and g : 4 »> A, and we
know that 4 # @. Also, by (12.1) we know that <kt Therefore, by the transitivity of <, all we need
to prove is k' < k'. But by 1 # @ and Exercise we know that g : 1 > A’ has a right inverse, say,
h: A —» A, with g; h = id,. If we can show that [h—id,] : [A—k] — [A'—«k]f — h; f is injective, we will
be done, since this will give us * < «*. But by Exercise h is surjective, and by Exercise 26 & is then
epi. Therefore, h; f = h; f’ implies f = f’, so that [h—id,] is injective, as desired. O

Exercise 87 Prove that for k and A any two cardinals such that k, A > 2, we always have k + 1 < k - A.

The statement and proof of several other basic results about cardinal arithmetic is postponed until
§14.5.2] However, in what follows we prove some cardinality results for N, Z, and R.

12.2 The Integers and the Rationals are Countable

It is trivial to show that N = Z, and therefore that [N| = |Z|. We can, for example, use the bijective function
N — Z : n — if even(n) then n/2 else — (s(n)/2) fi. Almost the same argument shows that [N| = [N N| =
IN| + |NJ, since the function N — N @ N : n — if even(n) then (n/2,0) else ((n — 1)/2, 1) fi is bijective.
In fact, we already knew that this bijection existed, since we saw in §5.5]that we had an abstract disjoint
union decomposition N@N = N using even and odd numbers and, by Exercise[31] we know that all abstract
disjoint unions are isomorphic and therefore in bijection with each other. We also essentially know already
that [N| = [NxN]| = [NJ-|N]|, since by (10.4) and (10.20) we know that [N| = |N|-1 < [NxN| = [N|-|N|, and we
already know that |N|-|N| = [NXN]| < |N], since we saw in that the subset {2"*1.3"*1 e N | n,m e N} c N
is such that {2*! - 3"*! € N'| n,m € N} = N x N as an abstract product and, again by Exercise[31} we know
that all abstract products are isomorphic and therefore in bijection with each other.

Exercise 88 Prove the following:

1. VneN)|N|+n=|N|
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2. For any infinite cardinal k, (V¥n € N) k + n = «.

3. For any infinite cardinal k, k + |N| = k.

Since the natural numbers are (up to the change of representation n — n/1) a subset of the rationals, we
have N < Q. However, Q, seems much bigger than N. After all, Q is a so-called “dense set” inside the set R
of real numbers, so that every real number is a limit point of a sequence of rational numbers. For example,
m is the limit point of the sequence of rational numbers

3, 3.1, 3.14, 3.141, 3.1415, 3.14159, ...

And there are good reasons to believe (in fact we will prove this in §12.3)) that N < R, so that R has a strictly
greater form of infinity than N. Therefore, it is somewhat surprising (at least for a newcomer to set theory)
that N = Q, and therefore that [N| = |Q|. This result was proved in a beautifully simple way by Georg
Cantor, the pioneering creator of set theory.

Theorem 17 |N| = |Q).

Proof. Since Q is constructed as a quotient set of Z X (Z — {0}) by an equivalence relation, we have a
surjective function Z X (Z — {0}) —» Q, and therefore, by Theorem E], Q=<Zx(Z-1{0}). But|Zx (Z -
{OHl = 1Z| - |[(Z — {0})] = IN| - IN|. But then the equality |N]| - |[N| = |N]|, which we already know because
{21 3m 1 e N | n,m € N} = N x N, forces |Q| < |N| and |[N| < |Q), so that |N| = |Q, as desired. O

Cantor’s proof that |N]| - [N] = |[N| was different, and worth recalling because of its beauty and simplicity.
He proved [N]| - [N| = |N| by observing that there is a bijective function f : N — N X N that enumerates
the set N x N according to the method of successively enumerating the increasingly bigger diagonals in the
picture:

(0,3)

‘\\
02 a2 -

“\ \
on (11" @1
NN N
0.0) (1,0) 2.0 3.0)

Note that f’1 is the function f’1 INXN-— N:(n,m) = Ci<icmemi) + n.

Corollary 4 (Countable Unions of Countable Sets are Countable). Let A = {A,},en be an N-indexed set
such that for eachn € N, |A,| = N|. Then ||J A| = IN].

Proof. Obviously, since for each A,, we have A, C |JA, and [A,| = |N]|, we then have || J A| > |N|. So we
just need to show | [J A| < IN|. But note that: (i) the projection function p; : @A — (JA : (ay,n) > a, is
surjective, (ii) since JA,| = |N| for each n € N, we have | P A| = | € Ny|; and (iii) by Exercisewe have
P Ny = N x N. Therefore, we have

Jar< i ar=m-mi =

as desired. O



12.3 The Continuum and the Continuum Hypothesis

The real numbers R are sometimes called the continuum for obvious geometrical reasons: when we interpret
R geometrically as the so-called real line, it is a continuous, uninterrupted line that has no “holes.” Instead,
the rational line Q c R, although dense in R (it fills all of R if we add to it all its limit points), does
have holes such as, for example, the points corresponding to the “irrational” numbers V2, 7, e, and so on.
Intuitively, therefore, the continuum should have a strictly greater kind of infinity than the countable infinity
of the natural numbers. That is, we should have |N| < [R|. We can therefore ask two questions. First, is
this intuition correct? And, second, can we characterize the exact size of R in simpler terms? Georg Cantor
answered the second question by showing that [R| = |[P(IN)|, thus giving also an affirmative answer to the
first question, since by Cantor’s Theorem (Theorem we have [N| < |P(N)|. The proof below is essentially
Cantor’s original proof (see [3]] §4, [488]).

Theorem 18 (Cantor). |R| = |P(N)|.

Proof. First of all, note that the cotangent function cot = Ax. cos(x)/sin(x) gives us a bijection cot :
(0,7) — R, and therefore we also have a bijection Ax. cot(x - x) : (0, 1) — R. Therefore, it is enough to
prove |(0, 1)| = [P(N)|, or, equivalently, |(0, 1)| = |2|. Next note that, by expressing each number x € (0, 1)
in its binary expansion x = 0.b1b,...b, ..., with bs; € {0, 1} for each i € N, we can define an injective
function j : (0,1) > 2%, where j maps each x = 0.b1b,...b, ... to the function An € N, bsny. We only
have to take care of defining j properly for the cases where x = k/2", with 1 < k < 2", and n > 1, since
those numbers are the only numbers in (0, 1) that have fwo different binary expansions, namely, if we can
write the number k as a sum k = by - 2" L+ by - 2" 2 4+ ...+ b,y -2 + b, with b, = 1 and b; € {0, 1},
1 < i € n, then x = k/2" has the binary expansion k/2" = 0.b\b,...b,-110000000..., and also the
binary expansion k/2" = 0.b1b, ...b,_101111111.... So, to define j properly we map each x = k/2", with
k=by -2V +by- 2724 4+b,q-2+b,and b, = 1, to the function

J(k/2") = Ax € N. if s(x) < n then by, else if s(x) = n then O else 1 fi fi.

The key observation, now, is that the set 2N JI(0, 1)] consists exactly of: (i) the constant function Ax € N. 1,
corresponding to 1 in the binary expansion 0.1111111 ..., and (ii) those functions f : N — 2 such that
there is an n such that (Vm € N) (m > n) = f(m) = 0, which correspond to either the infinite expan-
sion of 0 as 0 = 0.0000000.. ., or to the alternative infinite expansion k/2" = 0.b1b; ... b,—;10000000. ..
for some k/2". But note that the set of functions of type (ii) can be mapped bijectively to N, namely,
the function constantly O can be mapped to 0, and the function corresponding to the binary expansion
0.b1b; . ..b,-110000000... can be mapped to the number 1b,_; ... b,b; in binary notation. Therefore we
have 2% — j[(0, D] =1 + [N| = |N|. As a consequence, using Exercise (3), we have:

IR] = 1(0, DI = 1j(0, DI = [0, DIl + IN| = [0, DI + 12 = j[(0, DIl = 2],

as desired. O
The following lemma gives us very useful information about another cardinal we had not yet considered,
namely, [N|M.

Lemma 13 [N|™ = 21,

Proof. Since 2 ¢ N, we have [N-2] ¢ [N-N], and therefore [N|* > 2N We show [N|™ < 2 by means
of the function f : [N-N] »» [N-2], which maps each {k,},en € [N-N] to the sequence

1,11, 0, 1,411, 0, ... L,kX 1,0 ...

which is clearly injective, since if {k,},exv # {ju}nery have i as the first position in which they differ, then the
i-th block of 1’s will be the first moment in which f({k,},en) and f({j,}uen) differ. O

Since the proof of Lemma [13|is independent from the proof of Theorem Lemma 13| gives us an
alternative path to prove Theorem[I8] Specifically, we can prove |R| = [P(N)| by using the representation
of a real number as an equivalence class of Cauchy sequences. Since Cauchy sequences are a subset of
[N-Q], and [N-Q] = [N-N], we get [R| < [N|*!, so we only have to prove [R| > [P(N)].

Lemma [[3]has also the following useful corollary:
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Corollary 5 For each n € N such that n > 2 we have n™! = 2,

Proof. Since 2 C n c N, we have 2" < |n|™ < IN|™. But since [N|MN = 2 we get [n|™l = 2M, as desired.
[m}
Another useful result, equivalent to |R| + [R| = [R|, is the following lemma:

Lemma 14 2N 4 2N — oIl

Proof. Since we have an injection i; : [N-2] > [N-2]® [N—2], we trivially have 2™ + 2 > 2 To see
2N 2N < 2N we can use the clearly injective function f : [N-2] @ [N—2] »» [N—-2] that maps ({b,},0)
to the sequence

1, 0, by, by, ...by, ...

and ({b,}, 1) to the sequence
1, 1, 0, by, by, ...by, ...

Yet another useful result is the following:
Lemma 15 2" . 2 = oM,

Proof. 1t is enough to show [N—2] X [N-2] = [N-2]. This is shown by the function merge : [N—2] X
[N-2] — [N=2] : (a,b) — An € N. if even(n) then a(n/2) else b((n — 1)/2) fi € 2. merge is bijective,
because its inverse is the function split : [N—-2] — [N—2] X [N-2] : a > (double; a, double + 1; a), where
double = Ax e N. (2-x) e N,and double + | = Ax e N. (2-x)+1)eN. O

Exercise 89 Give a completely different proof of Lemma 15| by using instead Exercise|/3|and Cantor’s bijection N
N xN.

1R

12.3.1 Peano Curves

Since by Theorem |18 we have |[R| = |P(N)| = |[[N-2]| = 2™, the above lemma shows that [R| - [R| =
IR|, and therefore, that there is a bijection R = R?. This was already shown by Cantor towards the end
of the 19th century and caused a big stir, since it showed that the real line and the real plane can be
put in bijective correspondence with each other and therefore have the same size! Encouraged by this
result of Cantor’s, Giuseppe Peano proved an equally amazing result: he gave a detailed construction of a
continuous and surjective function peano : R —» R2, that is, of a continuous curve that fills in the entire
2-dimensional plane! This was considered impossible at the time, since how can a 1-dimensional object
such as a continuous curve (which we can imagine as an infinitely thin string meandering around the plane)
fill in the entire plane, which is a 2-dimensional object?

The reason why this astonished mathematicians at the time was that the curves they knew about were
all differentiable (or piecewise differentiable) curves, and indeed such curves can never fill in the plane.
Peano’s curve —and similar curves proposed later, such as one by David Hilbert— was a fractal-like curve,
constructed as a limit of curves, which is not differentiable at all. Successive approximations for both the
Peano and the Hilbert curve are shown in Figure[12.3.1]

But why stopping at the plane? The same idea can be used to construct a continuous curve that fills in
any n + 1-dimensional Euclidean space! We just compose the following sequence of surjective continuous
functions:

[l

peano 2 idg Xpeano 3 idRy,,lxpeano
—» R* —» R’ .

R . Rn — Rn+1

12.3.2 The Continuum Hypothesis

Since we know that |R| = |P(N)|, and by Cantor’s Theorem [N| < |P(N)|, we know that the continuum
has a strictly bigger kind of infinity than the natural numbers. Furthermore, by Theorem [TT} we know that
countably infinite sets are the smallest possible infinite sets, since for any infinite set A, N < A. But which
is the smallest uncountable infinite cardinal? Is |P(N)| the smallest such cardinal?
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Figure 12.1: Three successive approximations for a Peano curve filling the unit square are shown in the first row.
The second and third rows show six successive approximations for a Hilbert curve. The pictures, with a high-level
introduction, appear in: http://en.wikipedia.org/wiki/Space-filling-curve.
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By cardinal comparability (CC), given any two infinite uncountable sets A and B, either |A| < |B|, or
|B| < |A]. So the question becomes: is there an uncountable infinite set A such that |[A] < |[P(N)|, or,
equivalently, is there an uncountable infinite subset A C R of the real numbers such that [A| < [R]?

Georg Cantor tried for many years to prove that the answer is no: that there is no other order of infinity
between countable infinity and the continuum, because the continuum has the smallest possible type of un-
countable infinity. But he could not obtain a proof. Therefore, Cantor’s conjecture became a hypothesis, the
so-called Continuum Hypothesis (CH). Settling whether CH is true or not was Problem 1 in David Hilbert’s
famous list of open problems presented the year 1,900 in Paris at the Second International Congress of
Mathematics. CH can be formalized precisely as the following formula in set theory:

(CH) (VY CR)(YI<IN| Vv [Y] = [R]).

But what about P(R)? Is there some distinct order of infinity in between that of the continuum and that
of P(R), which, again by Cantor’s Theorem, we know to be strictly bigger than that of the continuum? If
we guessed that the answer to the previous question was no, we would tend to favor a no answer also in this
case. The point is that we can extend the continuum hypothesis to all infinite sets by means of the, so-called
Generalized Continuum Hypothesis (GCH), which can be formalized in set theory as the formula:

(GCH)  (YX)((IX] 2 IN) = (VY < PX)(Y| < |X] V [Y]=[PEX)D)).

In the late 1930’s Kurt Godel proved (published in fuller form in [[10]), that both AC and GCH are consistent
with the other axioms (ZF) of set theory; that is, that adding either the axiom AC to ZF (thus getting ZFC),
or GCH to ZFC, or adding both AC and GCH, does not lead to a contradictionﬂ However, Godel found
GCH implausible for various reasons and anticipated that it would be independent of ZFC (that is, that both
(ZFC + GCH) and (ZFC + -GCH) would be consistent theories (see Godel’s own remarks in his excellent
and very readable paper [11]], and Feferman’s historical remarks about Godel on this matter in [9], pp. 151—
153). The independence of GCH had also been anticipated by Skolem as early as 1920 (see [33]], 290-301).
In the 1960’s Paul Cohen proved that it is also consistent with the ZFC axioms of set theory to assume that
GCH does not hold, thus proving the independence of GCH and settling that within ZFC there is no fact of
the matter about this axiom: one can develop set theory with or without GCH (see [6] and [17] for detailed
expositions of Cohen’s results). In [11], Godel viewed the expected independence of GCH from ZFC as
evidence, not of the impossibility of ever settling GCH, but of the need for new set theory axioms stronger
than those of ZFC. Stronger axioms for which clear justifications can be given and capable of settling GCH
have been slow in coming; but see [34] for some recent advances on attacking Hilbert’s first problem.

CH and GCH have a bearing on the interpretation of the so-called aleph notation for infinite cardinals,
where instances of N (the first letter of the Hebrew alphabet), subindexed by certain “ordinals,” are used to
denote increasingly bigger infinite cardinals (the N sequence is defined in detail in §14.5.1). Note that if
cardinals were to form a set, then by Lemma [[2]they would form a chain under the < order. Since they do
not form a set, we can intuitively think of cardinals as linearly arranged in a “mega-chain,” too big to be
a set (cardinals form a class, as explained in §I3|and in §14.5.1). Adopting GCH implies that the infinite
cardinal portion of this “mega-chain” begins as the increasing sequence

No <R <Ry <...<N,<...

where, since for any infinite set A we have [N| < |A|, we must have &y = [N|. CH implies that N; = [P(N)| =
IR|, and GCH further postulates that 8, = |[P>(N)],...,N, = [P"(N)], and so on.

!For a brief summary of Gédel’s notion of constructible set used in these consistency results see Foomotein §14.4.3
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Chapter 13

Classes, Intensional Relations and
Functions, and Replacement

What is the status of totalities such as the totality of all cardinals that are too big to be a set? Similarly,
what is the status of relations such as C and functions such as A(A, B). A U B that make sense for any two
sets in general? Althoug there are no sets that we can associate to these notions, they can nevertheless be
precisely described in the formal language of set theory. They also allow us to obtain a more powerful, yet
safe, variant of the comprehension scheme called the axiom of replacement.

13.1 Classes

Russell showed that Frege’s unrestricted use of the Comprehension Axiom leads to inconsistent notions such
as “the set of all noncircular sets” or “the set of all sets” and to vicious contradictions. Full comprehension
and such contradictory notions had to be abandoned in order for set theory to be consistent. However, there
is an obvious, intuitive sense in which such fotalities are perfectly reasonable notions, not involving any
contradiction. After all, whenever we use the universal quantifier (Vx) in set theory, we are quantifying over
all sets, that is, the variable x implicitly ranges over sets in the “universe” %/ of all sets. Similarly, all the
set-theoretic operations we have defined in §4]are constructions whose arguments range over sets in such a
universe % of all sets. For example, the (binary) set union, resp. cartesian product, operations take any two
sets A and B in the universe %/ and return a new set A U B, resp. A X B, also in % .

Likewise, the concept of the totality NC of noncircular sets is not at all contradictory. In fact, we
shall see in that the axiom (Found) of Foundation implies that the totalities %7 and NC coincide.
Furthermore, we can use our set theory language to refer to totalities such as NC and to make assertions
about them. For example, the claimed coincidence between % and NC can be expressed by the formula
(Vx) x ¢ x, which can be shown to be a theorem of set theory using the (Found) axiom.

Therefore, what is contradictory is not the existence of totalities such as %7 and NC. The contradiction
comes only from assuming that such totalities are always sets, and that therefore the membership relation
can be applied to them as well. This leads to unsurmountable paradoxes, because assuming that %/ and
NC are sets we can then form nonsensical formulas such as % € % or NC € NC. There is, however, a
straightforward way to rescue Frege’s intuition that a set theory formula defines a totality from the clutches
of contradiction, namely, to point out that, indeed, any set theory formula ¢ with a single free variable x
defines the totality of all sets that satisfy the property ¢; but that in general such a totality is not a set,
although it may happen to define a set in some particular cases. For example the totality %/ can be defined
by the formula x = x, and the totality NC by the formula x ¢ x, but they are not sets. Nevertheless, in some
cases totalities defined by a formula do define sets; for example, the totality defined by the formula x € @
does define the empty set @; and the totality defined by the formula x = @ does define the singleton set {@}.

Totalities defined by properties ¢ ranging over sets are called classes. Therefore, the universe % of all
sets is a class but (as shown in Theorem ] not a set. Since in Zermelo-Fraenkel set theory variables only
range over sets, in ZFC we can only talk about classes indirectly, namely, through the logical properties ¢
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that define them. Also, our way of referring to classes in ZFC is intensionalﬂ that is, through a piece of
language such as the formula ¢ used to define the class, and not extensional, that is, not through an entity in
our model corresponding to such a totality, since the only extensional entities in ZF'C are sets. An analogy
with Balinese shadow theater may help to illustrate the indirect and intensional status of classes in ZFC.
Bali’s folklore includes puppet theater performances (similar to a Western Guignol) in which shilouette-
like puppets are operated behind a cloth screen illuminated by a light source, so that their (possibly much
bigger) shadow is then cast on the screen watched by the audience. In this analogy, a set theory formula ¢
plays the role of a Balinese puppet. Both ¢ and the puppet are small, indirect devices, used to obtain the
(much bigger) direct effects of the totality we want to describe and the shadow cast on the screen. And both
are in a sense intensional, that is, devices used to obtain actual extensions, namely, the actual totality of sets
characterized by ¢, and the actual shadow cast by the puppet.

From Balinese Shadow Theatre: http://www.youtube.com/watch?v=WuN6bIuUK 1g

All this means that in ZFC classes are in some sense “second-class citizens,” not enjoying the first-
class status of sets, which are the only entities directly available in the intended model. But this is just a
side effect of how the particular first-order language of ZFC is set up, and can be easily corrected, so that
both classes and sets enjoy first-class status. This is precisely what the alternative axiomatic set theory
of von Neumann-Goédel-Bernays (vNGB) accomplishes. In the language of vNGB both sets and classes
are first-class citizens, and we have two different sets of variables: lower-case variables x,y, z, ... ranging
over sets, and upper-case variables X, Y, Z, ... ranging over classes. Both ZFC and vNGB have their own
technical advantages and disadvantages. On the one hand, ZFC has a simpler, more minimal language; but
on the other, VNGB, besides supportting classes explicitly, has the important advantage of having a finite
set of axiomsEl Instead, ZFC has a finite set of axiom schemes, but some of its axioms (namely (Sep) and
(Rep)) by being schematic correspond not to a single axiom, but to a countable family of such axioms.
Nevertheless, the differences between ZFC and vNGB are merely technical, since they can prove exactly the
same theorems. More precisely, if ¢ is a formula in the language of ZFC, then we have the equivalence

ZFCr¢p & VNGB .

For a detailed description of the language and axioms of vNGB and a proof of the above equivalence of
proving power between ZFC and vNGB see [6]].

Definition 15 A class is a formula ¢ in the language of ZFC having a single free variable x. A class is
called set-defining iff there is a set A such that the equivalence ¢ & x € A is a theorem of set theory. A
class is called proper iff it is not set-defining.

For example, the classes x € @ and x = @ are set-defining, with respective sets @ and {@}, whereas x = x
and x ¢ x are proper classes. We will use capitalized script letters .o/, %, €, and so on, to denote classes.

!The intensional vs. extensional distinction will be further discussed later in this chapter; for the moment it is enough to think of
“intensional” as “language-based” and of “extensional” as “set-based” or, more generally, “model-based.”

2Essentially, because instead of having to use set theory formulas in the separation and replacement axiom schemes, one can use
class variables and a single axiom instead of a scheme.
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That is, we will feel free to extend the language of set theory with additional unary predicate symbols such
as o/, B, €, etc., to define specific classes. Furthermore, we will use the more suggestive postfix notation
x : o/ instead than the usual prefix notation .27 (x) to indicate that .« holds on x. Intuitively, we read x : .o
as “the set x belongs to the class 7. In this way we avoid the notation x € <7, which would be incorrect in
ZFC, since in ZFC the predicate _ € _ should only hold between two sets. If the class named < is defined
by the formula ¢, this means that we have extended the language of set theory by means of the defining
equivalence
x: o & o

For example, we have already introduced the notation % for the class defining the entire universe of sets,
which means that we are defining the unary predicate % by means of the equivalence

XU & x==x
Let us give a few more examples. The following classes are all proper.
e The class Nonmt of nonempty sets, defined by the formula x # @.
o The class %, of finite sets, defined by the formula (In € N) x = n.
o The class Sing of singleton sets, defined by the formula (dy) x = {y}.
e The class %2 of ordered pairs, defined by the formula (dx;)(dxy) x = (x1, x2).

e More generally, the class %" of n-tuples, (n > 2), defined by the formula (dx;)(Ixy) ... Ax,) x =
(‘xl’ x27 e ‘xn)‘

e The class Rel of relations, defined by the formula (dy,z) x Sy X z.
e The class Fun of functions, defined by the formula (Jy, z) x € [y—z].
e The class Graph of graphs, defined by the formula (AN, G) x = (N,G) A G C N X N.

e The class Poset of posets (with strict order), defined by the formula (4A,R) x = (A,R) A R
AXAANNMyeAy,y)ER A Vy,z,we A)((y,2) €ER A (z,w) €ER) = (y,w) €R.

N

N

e The class WFRel of well-founded relations, defined by the formula (4A,R) x = (A,R) A R
AXA AN (VBe(PA)—{2})(@be B) (VyeA) (b,yy eR=y¢B).

m

e The class Group of groups, defined by the formula (3G, e,i,m) x = (G,e,i,m) AN e € G A i
[G-G] A m € [GXG-G] A (Vy € G) m(y,e) =y A Yy € G) m(y,i(y)) = e A (Vy,z,w
G) m(m(y, 2), w) = m(y, m(z, w)).

e The class Peano-Lawvere of structures satisfying the properties stated in the Peano-Lawvere axionﬂ

for the natural numbers, defined by the formula (AN, 0,s) x = IN,0,s) A 0 € N A s € [NSN] A
(YA,a,f)(ae A A fe[A-A]) = (Tlge [N-AD g(0)=a A g5 = fig.

m

e The class Top of topological spaces, defined by the formula (A, 7) x = (A, T)AT CPA)AD,A €
TANOVeHUNVET A(NWCT) UWeT.

The last six examples illustrate something very important, namely, the great flexibility and succinctness
of set theory as a modeling language for all of mathematics. Difterent mathematical concepts such as
those of a graph, a poset, an abstract group, an abstract model of the natural numbers regardless of its
representation, and a topological space are each easily axiomatized by an appropriate class as shown above.
The general point is that the extensions of such mathematical concepts need not be sets, because the totality
of the sets satisfying the requirements characterizing the given concept may be too big and therefore may
be a proper class. Therefore, the concepts of graph, poset, group, representation-independent model of the
natural numbers, and topological space are mathematically modeled not as sets, but as classes. Of course,
some concepts, such as that of the empty set, may happen to be totalities that are actual sets describable by
formulas in some appropriate definitional extension, in this example by the formula x € @.

3The stated formula ¢(x) characterizes the class of triples that satisfy the Peano-Lawvere requirements for the natural numbers.
The Peano-Lawvere axiom itself is then the sentence stating the existence of some such set, that is, the sentence (Ix) ¢(x).
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Exercise 90 Write formulas in set theory axiomatizing the classes of: (i) abstract products; (ii) abstract coproducts;
(iii) final sets; (iv) totally ordered sets; (v) lattices; (vi) chain-complete posets; and (vii) complete lattices.

In a way analogous to sets, there is a containment relation between classes, so that some totalities are
bigger than others. However, since classes are not sets, and in their ZFC formulation they are specified in
an intensional way through formulas and not extensionally, the axiom of extensionality does not apply to
them. Therefore, instead of an equality relation between classes, we must settle for an equivalence relation
between classes, which in some sense captures indirectly the class extensionality idea. Specifically, given
classes 27 and Z we define the class containment relation &/ C % by the defining equivalence

A CAB iff ZFCr(¥x)x: o = x:AB.
We then define the equivalence relation between classes .« = % by the defining equivalence
d=RB iff 4P and B C .

Some class containments are obvious. For example, any class <7 is contained in the universe %. In
particular, /> C % . It is also easy to see that for any n > 2 we have "' C %", and that we have
containments Poset C Graph C %2, and Fun C Rel C % .

Exercise 91 Prove the class equivalence
Vx) x:Fun & x:Rel A (Vu,v,w) (r,v) € x A (u,w) € x) > v =w).

We can perform constructions on classes similar to set-theoretic constructions. For example, we can
define union, intersection, complementation, difference, and cartesian product and cartesian power con-
structions by means of the defining equivalencesﬂ

x: (HFUB) o x:dVx:PB
x:(INB) & x: A ANx: B
x:d © =(x:d)
x: (A -B) © x:94 N -(x:RB)
x: (I XB) © Ax,x)x1: A ANx2: B A x=(x1,x2)
x: (" o Ax,..oox)x1 I N oA AN x=(X1,. .., X)),

Since a class 47 is not a set, in general the subclasses of .’ are not sets either, so a powerclass construc-
tion P(7) is meaningless. There is, however, a perfectly meaningful construction S(.¢7) of the class of all
subsets of <7, namely,

x:S8() & (yex)y:.

By convention, given a set A and a class <7, we write A C .2/ as an abbreviation for the formula A : S(),
and then say that A is contained in <7, or that A is a subset of <7 .

13.1.1 Theorems are Assertions about Classes

The above discussion about classes makes clear in which sense set theory is a universal modeling language
for all of mathematics, and, through mathemathics, for science and technology. To drive the point home
more forcefully, I want to briefly show how theorems in any given mathematical theory are also expressible
as conditional set theory formulas, in which the condition makes explicit the theory for which the theorem
holds; specifically, the theorem is made conditional to the class that axiomatizes the objects of the theory.
Of course, in some cases the class of objects of a theory may happen to be set-defining, that is, such
objects may range over a set. For example, the objects of the theory of numbers, or those of the elementary
calculus, range, respectively, over the set of natural numbers N, or over the set of real numbers R or the

“In the equivalences below, .7 and Z denote the predicate symbols used to define the corresponding classes. That is, we assume
that we have defined, for example, the meaning of </ by an equivalence x : &/ & ¢(x).
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set of real-valued functions [R—R]. Therefore, theorems about arithmetic or about the calculus are just set
theory formulas in suitable definitional extensions of set theory. But such formulas are made conditional to
the elements being natural numbers, or real numbers, or differentiable functions, and so on. For example,
commutativity of natural number multiplication is a theorem of arithmetic stated by the set theory formula

Vn,meN)nsxm=mx*n

where the restricted quantification (Vn,m € N) is a shorthand for making the equation conditional to n and
m being natural numbers. Likewise, the fundamental theorem of the calculus can be formulated in a suitable
definitional extension of set theory as the formula

b
(Va,b € R)(Yf € [R-R]) (@ < b A Diff(f)) = f f'(x)-dx = f(b) - f(a)

where Diff(f) is a unary predicate axiomatizing the differentiable functions, f” is the derivative of f, and
where, again, all is made conditional to a,b € R and f € [R—R].

However, the objects of many mathematical theories, for example, the theory of partial orders, the theory
of abstract groups, and of course the theory of sets itself, do not range over a set but over a proper class,
such as, for example, the class Poset of all posets, the class Group of all groups, or the universe class %
of all sets. In this case, the theorems of the given theory become conditional statements in the language of
set theory, where the theorem is asserted not for all sets, but for those sets in the given class. For example,
in the theory of posets, the duality theorem, stating that for any poset the reverse relation is also a poset is a
conditional statement of the form

(YA,R) (A,R):Poset = (A,R™"):Poset.

Similarly, in the theory of groups, the theorem stating that all groups satisfy the equation e -y = yis a
conditional statement of the form

VG, e,i,m) (G,e,i,m):Group = (Vy € G) m(e,y) = y.

Of course, for the theory of sets itself the statements become unconditional, since all sets belong to the
universe % . For example, Exercise |1} together with the extensionality axiom amount to a theorem stating
that the pair (%, C) is a poset or, more properly speaking but also more awkwardly, a “poclass.” That is,
although % is not a set, the intensional relation C does however satisfy all the axioms of partially ordered
“sets.” And this result plus Exercises [/| and [§] amount to a proof of another theorem stating that (%, C) is
“almost a lattice,” in the sense that it satisfies all the lattice axioms except for the existence of a top element.
Again, now the axioms are asserted not about a set with an ordering, but about the universe class % with
the intensional containment relation C as its ordering.

13.2 Intensional Relations

Both relations and functions can be understood in two, quite different ways: intensionally, as formal spec-
ifications in an appropriate language (a programming language if we want the relation or function to be
computable, or, here, the formal language of set theory), and extensionally, as characterized by appropriate
sets. The most intuitive and historically oldest way is in fact the the intensional way. In the intensional
sense, a relation is a precise linguistic specification of how two things are related. For example, we can say
that x and y are related, with x and y real numbers, iff x = y2. This is a precise, linguistic specification of
the relation: “y is the square root of x.” This is a relation and not a function, since in general there may be
more than one y (or maybe none) in that relation to a given x. For example, if x = 4, then y can be either 2
or —2; and if x = —1, there is no such y if we assume that y must be a real number. In general, any set theory
formula ¢ whose set of free variables is a subset of {x,y} can be used to specify a relation intensionally.
Then, given sets A and B, the extensional interpretation of such a relation is the set

{(x,y) € AXB| ¢}
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For example, for the sets A = R and B = R, the extensional interpretation of the intensional relation x = y?

is the square root relation
SORT = {(x,y) e RxR | x = y*}.

In this sense, the notion of relation studied in §3]is an extensional notion, corresponding to a set of pairs.
But an intensional relation gives us a much more general notion of relation than any particular set extension
we could associate to it. That is, the relational notion can be intrinsically more general than any of its
possible set extensions. For example, we can consider the intensional relation x = y?, with x and y ranging
over all cardinals, which by Lemma|TT]are a proper class (see §14.5.1|for a precise definition of this class).
Or consider the example of the set containment relation x C y. This relation makes sense for any pair of
sets x and y. Note that, if we wish, the binary predicate symbol C could be defined away, since it is defined
by the equivalence
xCy © (Vo)zex = zey.

In other words, the containment relation makes sense not just for any pair of subsets of a given set A, where
we would give it the extension
{(x,y) € P(A) x P(A) | x C y}

but for any pair of sets x and y whatsoever in the class of sets %/. In this sense, intensional relations, as
formulas ¢(x,y) with variables among x, y, are also analogous to Balinese shadow theater puppets, since
they are a small piece of language specifying a potentially huge subclass of %2 (namely, the subclass
defined by the formula (Iy, z) x = (y,2) A ¢(y,z)), which in general need not be a set.

Definition 16 An intensional relation is a formula ¢ in the formal language of set theory, or in a definitional
extensiorf] of the basic set theory language, such that its set of free variables is contained in {x,y}. Such an
intensional relation ¢ can have many set extensions. Specifically, for any two sets A and B, its set extension
relative to A and B is the set of pairs

{(x,y) e AX B| ¢}

It has also an unrestricted interpretation as the class (3y,z) x = (y,2) A @y, 2).

As for classes, we can define a notion of containment between intensional relations ¢ and ¢ by the
defining equivalence

e Cy iff ZFCr (¥x,y) ¢ = .

We can then define an equivalence relation ¢ = i between intensional relations ¢ and ¢ by means of the
defining equivalence
o=y iff ¢Cy and Y Co.

For example, we can define the intensional identity relation x id y by the formula x = y, and the intensional
strict containment relation x C y by the formula x €y A x # y. It is then trivial to check that we have the
containments of intensional relations xidy S (x Cy),and (x Cy) € (x € y). These two containment
are interesting, because both make clear that the symbol “C” is used here in two very different ways: (i) as a
binary predicate symbol in our extended set theory language in the formula x C y; and (ii) as an abbreviated
meta-notation for relating two intensional relations ¢ and ¢ by the containment relation ¢ C ¢ iff we can
prove the formula (Vx,y) ¢ = ¢.

Language is quite wonderful, in that we can use it to compute things with it. For example, given an
intensional relation ¢(x, y), we can define its inverse relation ¢(x, y)~' by the defining identity:

P,y = 9y, x).

For example, the inverse relation of the square root relation x = y2 is the relation y = x2: and the inverse
relation of the containment relation x C y is the relation y C x, which is typically abbreviated by x 2 y.
We can also compose intensional relations. That is, given intensional relations ¢ and i, we can define their
composition ¢ ; by means of the defining equivalence

ey iff (Jz) o(x,2) A Y(z, y).

SWe will of course allow ourselves the freedom of extending our set theory language with new function and predicate symbols,
such as C above. However, all such symbols can be defined away by applying their corresponding definitions (as illustrated for C
above), so that in the end, if we wish, we can obtain an equivalent formula in the basic language of set theory presented in @
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For example, it is easy to prove that the composed intensional relation (x C y);(y C x) is equivalent to
each of the (always false) intensional relations x # x and x € @; that is, we can prove the equivalences of
intensional relations (x C y);(y Cx) =S x# x = x € Q.

Exercise 92 (Analogous to Lemma 2] for intensional relations). Prove that for any intensional relations ¢, Y and ¢, we
have equivalences:

* (939 =9 Ws¢)

o piid = ¢

° id;y

13.3 Intensional Functions

What is an intensional function? It is just an intensional relation ¢ such that we can prove in set theory that
@ assigns a unique y to each x. This can be easily generalized to the notion of intensional function of several
arguments as follows.

Definition 17 An intensional function (of one argument) is an intensional relation ¢ such that we can prove
ZFC + (Yx)A@ly) .

For n > 2, an intensional function of n arguments is a formula ¢ in set theory whose free variables are
contained in the set {x, ..., X,,y}, and such that we can prove

ZFC+ (Vx1,...,x,)@A) .

For example, the union of two sets is a binary intensional function defined by the formula, (Vz) z €y &
ZE€XI VZIE X

Note that we can always express an intensional function of one or more arguments in so-called term
form as a formula of the form y = #(x), or y = #(xy,...,x,), provided we allow ourselves the freedom of
using a suitable definitional extension of our set theory language. As already indicated in §5.2](where term
forms were favoured for function definitions), the great advantage of having an intensional function in term
form y = #(x) is that then the proof of the formula (Vx)(3'y) ¢ becomes trivial, and therefore can be omitted.

The reason why we can always express an intensional function in term form is as follows. Given our
intensional function ¢(x,y) (resp. ¢(xi, ..., X,,y)) two things can happen: (i) either we can find a term #(x)
(resp. t(x, ..., x,)) such that in our current definitional extension of set theory we can prove the equivalence
¢ = (y = t(x)) (resp. ¢ = (y = t(x1,. .., x,))) and then we can already express our function in term form; or
(ii) we cannot find such a term, in which case we can introduce in our set theory language a new function
symbol, say f, of one argument (resp. n arguments) and extend our set theory language with the new
definitional extension

y=f(x) & ¢xy)
resp.
Y= X, Xn) © @(X1, e, X, Y)

Such definitional extension is correct (i.e., does not mess up our set theory in any way) precisely because
we have already proved the formula (Vx)(A!y) ¢ (resp. (Vxi,...,x,)(3!y) ¢). For example, if we had not
yet introduced the binary union symbol _ U _ in our language, we could do so by means of the definitional
extension

y=x1Ux, & (V2)z€y © z€ X VZE x.

Once we have defined the union _U _ and pairing {_, _} functions in this definitional extension way, we could
also define the intensional successor function in term form by the formula y = x U {x}. Of course, if we
insist,we can always define away all function symbols, and express any intensional function as a formula in
the basic language of set theory presented in §2}

We can now better understand that our formula, assignment, and lambda notations for extensional re-
lations and functions introduced in were just intensional relations and functions used to specify their
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corresponding extensional relations and functions, once we had chosen appropriate sets A and B for their
domain and codomain. But these notations also make complete sense at the much more general intensional
level. For intensional relations this is obvious, since we have defined them as formulas. For intensional
functions, they can also be specified as formulas for which we can prove the uniqueness of their y result.
But if we have expressed a function in term form y = #(x) (resp. y = #(xy,...,X,)), then we can, equiv-
alently, describe it in assigment notation as x — t(x) (resp. (xi,...,x,) — t(x1,...,X,)); and in lambda
notation as Ax. t(x) (resp. A(xy,...,X,). t(xX1,...,X,)).

Furthermore, specifying intensional functions in lambda notation frees us not only from having to men-
tion the output variable y, but also from the requirement of having to use exactly x (resp. (xi,...,X,)) as
the input variable (resp. tuple of input variables). We can instead use any name (resp. any tuple of names)
for the input variable (resp. tuple of input variables). This is because the lambda notation makes it un-
ambiguous which is the input variable, and when there is a tuple of variables, which is the order of the
arguments indicated by the variables. For example, the intensional function A(x1, x»). [x;—xX>] can instead
be unambiguously defined by the equivalent lambda expression A(A, B). [A—B]. This equivalence between
lambda expressions up to renaming of variables is called a-equivalence.

Exercise 93 (Equivalence of intensional functions). Let f = Ax. t(x) and g = Ax. t'(x) be two intensional functions.
Then, by definition, f = g iff f and g are equivalent as intensional relations, that is, iff ZFC + (y = t(x)) & (y = '(x)).
Prove using elementary logical reasoning that f = g iff ZFC + (¥Vx) t(x) = t'(x). This shows that the notion of
equivalence of intensional functions is the natural one: if for all inputs two intensional functions provide the same
outputs, then they should be considered equivalent. Generalize this to intensional functions of several variables. Prove
the equivalence of intensional functions (A(x1, x3). X1 U x3) = (A(x1, X2). X2 U x1).

13.3.1 Typing Intensional Functions

In §5.2] we already encountered the problem that a function specification Ax € A. 1(x) € B might not really
define a function from A to B but only a partial function from A to B, unless we could prove the formula
(Vx € A) t(x) € B. That is, unless we could correctly fype the intensional function Ax. #(x) as a function
of the form Ax € A. #(x) € B. We can now broaden our notion of typing for intensional functions in a very
general way:

Definition 18 Given an intensional function Ax. t(x), and given classes <7, 9B, and sets A and B, we say
that Ax. t(x) has:

e class-to-class typing Ax: 7. t(x): B iff ZFC + (Vx)(x: o/ = t(x): B).
e set-to-class typing Ax € A. t(x): Biff ZFC+ (Vx)(x € A = 1(x): B).

e class-to-set typing Ax:.«/. t(x) € Biff ZFC + (Vx)(x: &/ = t(x) € B).
e set-to-set typing Ax € A. t(x) € Biff ZFC+ (Vx € A) t(x) € B.

Similarly, given an intensional function A(xy, ..., x,). t(x1, ..., x,), and given classes &/ C U ", B, and
sets Ay, ...,A, and B, we say that A(x1,...,x,). t(x1,...,X,) has:

e class-to-class typing A(xy, ..., x,): . t(x): Biff ZFC + (Vx, x1, ..., X, )(x:Z Ax = (X1,...,%,)) =
HX1, ..y X0): B).

e set-to-class typing A(xy,...,x,) € A} X ... X Ap. t(x) : B iff ZFC v (Vx1,..., x)((x1,...,%,) €
Al X ... XA, = t(x1,...,x,):PB).

e class-to-set typing A(xy,...,x,): . t(x) € BYff ZFC + (Vx, X1, ..., X )((x: e/ A x = (X1,...,%,)) =
t(x1,...,%,) € B).

e set-to-set typing A(xy,...,X;) € A; X ... X A,. t(x) € Biff ZFC + (¥x1,...,%)((X1,...,X,) €
Al X... XA, = t(x,...,x,) €B).

If we denote by f such an intensional function, then for each of the respective typings we then can also use
the notation: f : oA — B, f:A— B, f: o/ — B, and f : A — B. And for f of n arguments the
notation: f: o — B, f A X... XA, — B, f.: o/ — B and f: Ay X... XA, — B.
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For example, the successor function s = Ax. x U {x} has the class-to-class typing s :  — x # &,
and the set-to-set typing s : N — N. Similarly the functions p; = A(x1, x2). x1, and p, = A(x1, x2). X2
have the class-to-class typings pi,p, : #* — %, and for any sets A; and A, the set-to-set typings
p1 Ayl XAy — A, and py 1 A X A, — A,. Finally, the cardinality function || = Ax. |x| has the
class-to-class typing | | : 4 — Card (where Card is the class of cardinals that will be defined in detail in
§14.5.T), the class-to-set typing || : %, — N, and the set-to-set typing | | : N — N.

Note that, given intensional functions f = Ax. #(x), and g = Ax. #’(x) with respective typings f :
o — HB,and g : &/ — €, we can define the intensional function (f, g) = Ax. (¢(x),t (x)) with typing
(f,8) : & — B x €. We can also mix and match set and class typings in a similar way. For example, if f
has typing f : A — 4, and g has typing g : A — C, then (f, g) has typing (f,g) : A — A XC, where, the
class & x C is defined by the equivalence: x : (BXC) & (Ay,z) x=(y,2) Ay: A A z € C. The function
(f, g) is defined in a similar way when f and g are intensional functions of n arguments. Furthermore, the
construction (f, g) generalizes easily to the construction (gy,...,g,) for n intensional functions gi,..., g,
withn > 2.

Let us call an intensional function f defined by a formula ¢(x,y) injective, resp. surjective, for the
typing f . of — B, iff f has that typing and, furthermore, ZFC + (Vx,x",y) x: o/ A X' : o/ A o(x,y) A
o(x',y) = x=x,resp. ZFC+ (Vy)y: B = (Ax) x: o/ A ¢(x,y). Similarly, we call such an f bijective
for the typing f : o — Z iff f is both injective and surjective for that typing. As done for extensional
functions, we will write f : o/ »> %, resp. [ : o/ —» %, to indicate that f is injective, resp. surjective, for
that typing. As a special case, we call an intensional function f injective, resp. surjective, resp. bijective,
iff it is so for the typing f : % — % . For example, the intensional function Ax. {x} is injective, and is
bijective for the typing Ax. {x} : ZZ — Sing.

Exercise 94 (Composing Intensional Functions). Since any intensional functions f and g of one argument are in-
tensional relations, their composition f; g is always defined as an intensional relation. Prove that if f, g are inten-
sional functions, then f; g is always an intensional function. Similarly, if f is an intensional function of n arguments
(n > 1) defined by the formula ¢(xi,...,x,,y), and g,...,g, are intensional functions of m arguments (m > 1) de-
fined by the formulae yrj(xi, ..., %y,,y), 1 < j < m, then the composition (g1, ...,8); f can be defined by the formula
Az1, o z) WXLy e Xy ZOA WX ey Xy Z) AQ(ZL s - - 5 Zas V) and is also a function. Prove also that the function
(g1 -.,8n) defined above as a lambda expression, assuming that the gy, . . ., g, were expressed in term form, is equiva-
lent to the definition of (g1, . . . , gx) as the formula (Azy, ..., 2,) Y1(X15 s Xy ZOA o W (X1 ooy Xs ZDAZLs oo o5 Z0) = ).
Finally, prove that if f and g have typings f : Z — ¥, and g : % — %, where the 2, %, and % could be classes
or sets, then f; g has typing f,g: X — Z.

Exercise 95 (if_: o7then_else_fi, generalizes Exercise[33). Given any class </, define formally an intensional function
of three arguments, let us call it if_: o/ then_else_fi, such that given arguments (xy, X, X3) if X1 : &7, then the result is x,
and otherwise the result is xs.

Exercise 96 (Extending partial intensional functions to total ones). Call an intensional relation ¢(x,y) a partial in-
tensional function iff ZFC + (¥x,y,2) ¢(x,y) A ¢(x,z) = y = z. Give an explicit construction associating to any such
partial intensional function ¢(x,y) a new formula ¢’ (x,y) such that: (i) ¢'(x,y) is a (total) intensional function; and
(ii) ¢’ (x,y) extends ¢(x,y), in the precise sense that we can prove ZFC + ¢(x,y) = ¢'(x,y). Use your construction to
extend an extensional function f : A — B, where A, B, and f have been specified by suitable terms in a definitional
extension of set theory, to an intensional function f : U — U .

13.3.2 Computing with Intensional Functions

Lambda notation is very convenient, since it was developed explicitly as a notation for computing with
intensional functions. In particular, lambda notation makes it easy to symbolically evaluate an intensional
function on an input term. This is accomplished by using an application notatiorﬁ u(v), which is a new term
obtained from an intensional function definition «# and a term v. Intuitively, u(v) symbolically describes the
application of the intensional function u to the argument v. For example, if u = Ax. [2-x], and v = N, u(v)
is the application term u(v) = (Ax. [2—-x])(N).

®In the lambda calculus, both arguments of an application can be lambda terms. That is, we can apply an intensional function to
another intensional function. However, for our present purposes it is enough to consider this more restricted form of application, in
which a lambda expression is applied to a term, whose function symbols belong to some definitional extension of set theory.
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Symbolic evaluation, to compute the resulting term denoted by u(v), is then accomplished by the so-
called g rule of the lambda calculus, which is the equation:

B X D) =HX - v)

where ¢ stands for any term having at most the single variable X, and #{X +— v} (sometimes abbreviated to
just #(v)) denotes the result of replacing each occurrenc of X in t by v, where X is a schematic variable,
which stands not for any concrete variable, but for whichever variable may have been bound by the lambda
in the concrete application expression. What the S-rule tells us is that to symbolically evaluate an application
expression (Ax. #)(v), where the intensional function Ax. ¢ is applied to the argument v, what we do is to
syntactically replace all occurrences of x in ¢ by v. For example, our application term u(v) = (Ax. [2—x])(N)
evaluates in this way to [2-N] by replacing x by N in the term [2—x].

In a similar way, we can introduce an application notation to evaluate intensional functions of several
arguments. Given an intensional function A(xy, ..., x,). t(x1, ..., X,) and terms vy, ..., v,, we obtain the ap-
plication expression (A(xy, ..., x,). H(x1,..., X,))(V1, ..., Vv,) which is evaluated according to the n-argument
B-rule

B AXq, ..., X). DV, ooy vy) = V1, ., V)

where #(vy,...,Vv,) is an abbreviation for the more precise simultaneous substitutimﬁ 1(Xy,...,. X){X; —
Vi,...,X, — v,}. For example, given the lambda term A(x1, x). [x,—%P(x1)], and given the terms N and
7, we can form the application expression A(xy, x3). [x;—P(x1)](N, 7), which is symbolically evaluated as
follows:

A(xy, %2). [x2-P(x)IN, 7) = [T-PI)].

Exercise 97 Use the (B) and (B), rules to symbolically evaluate the application expressions Ax. x(3), A(x1, x2). x1(2, 3),
and Ax.x U {x}(4).

Exercise 98 ((8), as a special case of (B)). Show that an n-ary intensional function A(xy,...,x,). H(x1,...,Xx,) can
always be expressed as a function of one argument, namely, as the function Ax. t(p(x), ..., p.((x)), where p; is the i-th
projection function A(xy, . .., X,), X;, which we may assume has been defined by a unary function symbol p; in a suitable
definitional extension of set theory (since %" C % , when the argument x of p; is not an n-tuple, then p;(x) can be defined
to evaluate to a fixed chosen value such as, e.g., @). In particular, since given terms vy, ..., v,, the tuple (vi,...,v,)
is also a term, we can apply to it both the function A(xy,...,X,). t(X1,...,X,), and the function Ax. t(p\(x), ..., p,(x)).
Show that then the (B), rule (resp. (B) rule) evaluate these two function applications to provably equal terms, so (8),
can be viewed as a special case of (B).

Exercise 99 (Function Application and Typing). Suppose that the intensional function f = Ax. t has the typing f :
X — Y, where the " and % could be classes or sets. Prove that if the term v is such thatv : X (resp. v e Z),
then f(v) = Ax. t(v) = t{x > v} is such that t{x — v} : ¥ (resp. t{x v v} € ¥). State and prove the analogous result
for an n-argument function f = A(xy, ..., Xx,). t.

Exercise 100 (Function Composition as Evaluation). Suppose that we have intensional functions f = Ax. t(x) and
g = Ay. ' (y). Prove that their function composition f; g is equivalent to the intensional function defined by Ax. t'{y —
t(x)}. State and prove the analogous result for the composition (gi, ..., &,); [, where f is an intensional function of n
arguments (n > 1), and the gy, . . ., g, are intensional functions of m arguments (m > 1), showing the equivalence of the
intensional function defined by your resulting lambda expression with the definition of (g1, ..., 8u); f by the formula in
Exercise

13.3.3 Dependent and Polymorphic Types

Set-to-class intensional functions provide a semantics for dependent data types in programming languages,
where the set which is the domain of the intensional function is the parameter set over which the dependent
type “depends.” Similarly, the notion of a class-to-class intensional function is very useful to give a precise
semantics to so-called polymorphic types (also called generic types) in a programming language. Both

7A variable x may occur several times in a term 7, and then all those occurrences of x must be simultaneously replaced by v. For
example, if # = x+ xand v =y - x, then t{x — (y - x)} is the term (y - x) + (¥ - x).

8That is, we simultaneously replace each occurence of X in ¢ by vy, each occurence of X, in t by vy, ..., and each occurrence of
X, in t by v,. For example, if t = x + (y* x), then {x = x + 2,y > y* 2} = (x + 2) + ((y * 2) * (x + 2)).
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dependent and polymorphic types are parameterized types. The difference is that in a dependent type the
parameter ranges over a sef, whereas in a polymorphic type it ranges over a class. However, as we shall
see, we may also have “mixed” parameterized types, which may be dependent in some parameters, and
polymorphic on other parameters.

A well-known example of dependent type, already discussed in §9] is the dependent type of arrays of
rational numbers. We can naturally express this dependent type as a set-to-class intensional function of
the form Array(Q) = An € N. [n—Q] : % . By Exercise [66| we know that Array(Q) can also be typed as
a set-to-set surjective function, giving us an N-indexed set Array(Q) = {[n—Q]},en in the sense of §E} In
general, however, the notion of a set-to-class intensional function provides a different and alternative notion
of “family of sets,” than that characterized in §9]as a surjective extensional function. The adequate way to
relate both notions is by means of the Axiom of Replacement, as explained in

But why stopping at arrays of rational numbers? Why not considering arrays for any set X of data
elements? In this way we obtain a data type

Array = A(X,n) : % xXN. [n=X]: U

which is polymorphic on its first parameter X, and dependent on its second parameter n. Note that when we
apply the intensional function Array to any pair (B, n) with B a set and n a natural number, then the § rule
gives us the resulting type Array(B,n) = [n—B].

Note, also, that if we instantiate the parameter X of the, “mixed” polymorphic and dependent, type
Array to a given set B, we obtain the purely dependent type

Array(B) = An € N. [n—B] : %

which for different choices of B gives us our original example Array(Q), and also, say, Array(N), Array(Z),
Array(2), and so on.

In general, a polymorphic data type T is just a class-to-class function 7' : .o/ — A for suitable classes
o7 and %, where we may have &7 C %", and therefore the polymorphic type can have several parameters.
For example, the polymorphic data type List(X) of lists formed from elements in the parameter set X is the
class-to-class intensional function

List =X : % . UArray(X) U .

Similarly, the polymorphic product X; X X, and disjoint union X; @ X, data types are the class-to-class
intensional functions
X=AX1,X0): U X\ xXo 1 U .

and
®=AX,X): U X, 0Xo: U.

In some cases, the class over which the parameters of the polymorphic type range can be more sophisticated
than just %7 or ". For example, a polymorphic sorting module Sort(P) has a parameter P ranging over
the class Toset of totally ordered sets, that is, it is a class-to-class intensional function of the form

Sort = AP : Toset. Sort(P) : % X Fun

where Sort(A, <) is a pair of the form Sort(A, <) = (List(A), sort(A, <)), where List(A) is the already-
described type of lists with elements in A, and sort(A, <)) : List(A) — List(A) is the sorting function
associated to the totally ordered set (A, <).

13.4 The Axiom of Replacement

As hinted at in §9] and mentioned also above in our discussion of polymorphic and dependent types, given
an index set / we have two diferent notions or concepts of “/-indexed family of sets,” that are both quite
intutive and natural. On the one hand, we have the extensional notion of such a family as a surjective
function A : I —» A[I] defined in detail in §9] On the other, we also have the intensional notion given by
a set-to-class intensional function A : I — 2. The key issue, as already pointed out in §9] is that if we
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are given an intensional function A : I — %, we may have in principle no clue about how the sets A(i) for
each i € I are all elements of some common set T. Put otherwise, we may not have any idea about how to
type the set-to-class intensional function A : I — 2 as a set-to-set intensional function A : [ — T.

This is a nontrivial matter, and a genuine concern. Given a set-to-class intensional function A : I — 4,
does a set T always exist so that we can type A as a set-to-set intensional function A : I — T'? If it does,
then our two, intensional and extensional, notions of “/-indexed family of sets” become reconciled, since
the intensional notion then becomes a linguistic specification for the extensional one. That is, we can then
define the extensional /-indexed set specified by the intensional function A : I — & as the surjective
function A : I —» A[I] : i = A(i), where A[I] = {A(i) € T | i € I}. This seems plausible. For example, for
the set-to-class intensional successor function Ax € N. xU {x} : % such a set T exists, namely, T = N — {0},
so that we have a corresponding surjective function s : N —» (N — {0}). Similarly, for the array of rationals
set-to-class function Array(Q) = An € N. [n—Q] : %, Exercise @]ensures that such a set T exists. But
what about other examples?

This is, again, another walk on the tight rope of restricted comprehension. Intuitively, it is all a matter
of how big such a set {A(x) | x € I} can be. If it is too big, we would run against Russell-like paradoxes
and all would be lost. But since [ is a set, and therefore of bounded size, intuitively the size of the set
{A(x) | x € I} cannot be biggelﬂ than that of 1. So, assuming that those sets exist seems safe. Yet, unless we
give an explicit axiom in our set theory, we cannot ensure their existence. This is exactly what the axiom
scheme of replacement does. In plain English it says:

Any set-to-class intensional function has a set-to-set typing.

A first attempt to capture this formally as an axiom scheme is to make it range over all functional terms ¢
having a single variable x in a chosen definitional extension of set theory:

(Repy) (YDATMu) weT o (Fiel)u= 1)

where the unique set 7', asserted to exist given I, could be denoted as {#(i) | i € I}, or in more abbreviated
form as #[I]. However, this formulation, although quite intutive and in practice the one we will often use,
is still foo weak, and also somewhat unsatisfactory. Why? It is too weak because we may be missing
intensional functions that do not have a term form in our current definitional extension of set theory; and
it is unsatisfactory because the axiom scheme, as tentatively stated above, depends on our given choice of
a definitional extension of set theory. We can solve both problems in one blow by sticking to the basic
language of set theory presented in We then make the axiom scheme parametric on those set theory
formulas ¢(x,y) with at most two free variables, x and y. The definitive version of the axiom scheme of
replacement is then:

Rep)  [(Y0)@!y) (x, »)] = [(VDAT)Vu) weT & (iel) e, uw)].

Note that given a term #(x), by choosing the formula ¢ = (y = #(x)) we obviously have (Rep) = (Repy).
However, in practice we frequently use (Rep) in its weaker (Repy) version.

Since, as shown in Exercise the axiom of replacement provides a more general form of com-
prehension than the separation axiom, we can avail ourselves of a more general notation to define sets
that implicitly uses both the replacement and separation axioms. Specifically, given any term #(x) whose

only variable is x (resp., a term #(xi,...,x,) with variables x,..., x,), a set theory formula ¢(x) (resp.
@(x1,...,X,)), and a set A (resp. aset W C A} X ... X A,), we can use the notation {#(x) | x € A A ¢(x)}
(resp. {t(x1,..., X)) | (x1,..., %) € W Ap(x1,...,X,)}), to denote, by definition, the set

MxeAle)}]  (resp. tl{(x1,....x) € W](x1,..., x)}]).

For example, the set of sets of rational arrays of even length can be specified by the set expression {[n—Q] |
n € N A (dm) n = m + m}. Note that when writing a set expression like #[{(x},...,x,) € W | o(x1, ..., x,)}]
we are implicitly using the fact that, since " C %, the (Rep) axiom also applies to n-ary intensional
functions. Specifically, we can always replace an n-ary function A(xi,...,x,). #(x,...,x,) by a unary
function extending it to the entire universe %, such as, Ax. if x: %" then #(p(x), ..., p,(x)) else @ fi.

9This intuition is confirmed by TheoremE]in §
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Exercise 101 Prove that in ZF the axiom (Sep) of separation is not needed, since it is a consequence of (Rep).

Exercise 102 The axiom of replacement is sometimes stated in a seemingly stronger way as the axiom scheme that for
any set theory formula ¢(x,y) with at most two free variables, x and y adds the axiom

(Rep’)  (YD([(Yi e DAY ¢(i,y)] = [AT)Vuw) weT & (Fiel) ¢i,u)]).

Prove that, in the context of all other axioms of set theory, (Rep) and (Rep’) are equivalent. (Hint: associate to each
formula ¢(x,y) another formula ¢'(x,y) such that ¥Vx)(Ay) ¢’(x,y) holds, and such that ¢’'(x,y) behaves exactly like
@(x,y) when restricted to any set I such that (Vi € 1)(A!y) ¢(i,y) holds).

Exercise 103 (Generalizes both Exercise@and Theorem @) Prove (using both Repl and AC) the following results for
f : A — Ban I-indexed function:

1. If f : A — Bis a left inverse, then f is injective.

2. If f : A —> Bis injective and XA # @, then f is a left inverse.

3. f:A— Bisarightinverse iff f is surjective.

4. f: A — Bisboth a left and a right inverse iff f is bijective.
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Chapter 14

Well Orders, Ordinals, Cardinals, and
Transfinite Constructions

Well-ordered sets are well-founded chains and are intimately connected with the axiom of choice. Ordinals
provide canonical representatives of all the isomorphism classes of well-ordered sets, and have very useful
inductive and recursive properties that make possible many transfinite set-theoretic constructions, including
that of cardinals.

14.1 Well-Ordered Sets

Well-ordered sets were first studied by Cantor as part of his theory of ordinals (see [3] §12—13). In particular,
Theorem[19]is Cantor’s Theorem N in [3] §13.

Definition 19 A well-ordered set is a strict poset (A, >) such that it is a chain and (A, >) is well-founded.

Of course, by duality, (A, >) is a strict poset and a chain iff (A, <) is a strict poset and a chain. However,
for well-ordered sets it is very convenient to use the notation > with the usual meaning of “greater than,”
since then (A, >) being well-founded means that there are no infinite descending sequences ag > a; > ... >
a, > ... Each natural number n is well-ordered by > the usual descending order; in particular, for n = 0,
this means that the empty chain (@, @) is well-ordered. Similarly, (N, >), (N U {oo}, >), with co > n for
eachn e N, and (N X N, Lex(>, >)) are all well-ordered. Note that if (A, >) is well-ordered and B C A, then
(B, >|p) is also well-ordered. For example, the sets of odd numbers, of even numbers, and of prime numbers,
are all well-ordered by >, because (N, >) is well-ordered. In particular, if (A, >) is well-ordered and a € A,
then (>[{a}], >|s(a)). called the initial segment, or subchain, of (A, >) below a, is also well-ordered. This
yields yet another way to see that (n, >) is well-ordered for any n € N, since the initial segments of (N, >)
are precisely the well-orderings (n, >) = (>[{n}], >|sny) for each n € N (as we shall soon see, the equalities
n = (>[{n}]) for each n € N show that all natural numbers and also N itself are ordinals). To simplify
notation, initial segments (>[{a}], >|s(4y) Will sometimes be abbreviated to (>[{a}], >), leaving implicit the
restriction for >.

If (A, >) is well-ordered, since > is well-founded, every non-empty subset B C A has a >|g-minimal
element. But since (A, >) is a chain this exactly means that: (i) every non-empty subset B C A has an inf
(for the < order), A B, and (ii) A\ B € B. In particular, if A # @, then (A, >) has a bottom element L = A A.
Note that any well-ordered (A, >) is almost a complete lower semilattice, since the only inf that may be
missing is A @. In the case of (N U {oo}, >), we indeed have a complete semilattice with A\ @ = oo, and
therefore a complete lattice; likewise, any (s(n), >) is trivially a complete lattice. Note, furthermore, that if
(A,>) is well-ordered, then the function A : P(A) — {@} — A : B — A Bis a choice function. There is,
therefore, an intimate connection between well-orders and the axiom of choice that is further explored in

§14.3
Exercise 104 Prove that a well-founded set (A, R) is well-ordered iff for each x,y € A we have: xRy V YRx V x=y.
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A very nice property about well-ordered sets is that they are all comparable, in the sense that given any
two well-ordered sets (A, >) and (B, >), either they are relation-isomorphic (therefore poset-isomorphic), or
one of them is isomorphic to an initial segment of the other. To show this result we need a few lemmas.

Lemma 16 Let (A, >) be a well-ordered set. Then there is no a € A such that we have a poset isomorphism
(A,>) = >[{a}], >).

Proof. We reason by contradiction. Suppose that there is an a € A for which we have a relation isomorphism
h:(A,>) — (>[{a}]l,>). Thena € {x € A | x # h(x)}. Letay = A{x € A | x # h(x)}. We cannot have
h(ag) < ag, since then we would have h(ag) = h(h(ap)), contradicting the injectivity of h. Therefore,
h(ap) > ap; but then, since 4 is strictly monotonic, and is the identity on >[{ap}], we must have ay ¢ h[A],
contradicting the fact that, since h(ag) > ap, h[A] = (>[{a}]), and £ is strictly monotonic, ag € h[A]. O

Corollary 6 Let (A,>) and (B,>") be well-ordered sets, and let a € A, b,b’ € B, be such that (>[{a}],>) =
(>'[{b}], >"), and (>[{a}],>) = (>'[{6'}],>'). Then b = b'.

Proof. By composing isomorphisms we have (>' [{b}],>") = (>’ [{p’}],>"). If b # b’, without loss of
generality we may assume b > b’. Therefore, (>'[{b}], >) is isomorphic to its initial segment (>'[{D}], >'),
contradicting Lemma([T6 O

Lemma 17 Let f,g : (A,>) — (B,>’) be two relation isomorphisms between two well-ordered sets. Then
f = g, that is, relation isomorphisms between well-ordered sets, if they exist, are unique.

Proof. Suppose f # gandleta = A{x € A | f(x) # g(x)}. Without loss of generality we may assume
f(a) > g(a). Since f and g are strictly monotonic we must have f(a), g(a) ¢ f[>[{a}]] = g[>[{a}]]. But
then, by f strictly monotonic, g(a) ¢ f[A], contradicting f[A] = B. O

Lemma 18 Let (A, >) and (B,>’) be well-ordered sets, and let a € A, b € B, be such that there is a
relation isomorphism h : (>[{a}],>) — (>'[{b}], >"). Then for each @’ € (>[{a}]), h restricts to a relation
isomorphism h : (>[{a’}], >) — '[{h(a)}], >').

Proof. 1t is enough to show that A[>[{a’}]] = (>’[{h(a’)}]). By h strictly monotonic we have h[>[{a’}]] C
(>'[{1(a@")}]). Towards a contradiction, since >'[{h(a’)}] € (>'[{b}]) = h[> [{a}]], assume that there is
a’ € (>[{a}]) with h(a") € (>'[{h(a’)}] — h[>[{a’}]1]). Then h(a’) > h(a’’), and therefore, a’ > a’”’. Therefore,
h(a’") € h[>[{a’}]], contradicting h(a’") € (>'[{h(a’)}] — h[>[{a’}]]). O

We are now ready for the main theorem on comparability of well-ordered sets.

Theorem 19 (Cantor) Let (A,>) and (B, >") be well-ordered sets. Then, either (A,>) = (B,>"), or there
exists a € A such that (>[{a}],>) = (B, >"), or there exists b € B such that (A,>) = (>'[{b}], >").

Proof. Suppose (A,>) ¢ (B,>’), and let h = {(a,b) € A X B | (>[{a}],>) = (>'[{b}],>")}. By Corollary
@ h is a partial function from A to B. Let Ay be the domain of /, and By = h[A¢]. Again, by Corollary @
h : Ay — By is injective and therefore bijective. If Ay # A, leta = A(A — Ap). Obviously, >[{a}] C A,
and, since a ¢ Ao, b € B such that (>[{a}],>) = (>’[{b}],>"). I claim that >[{a}] = Ag. Suppose not and
let agp € Ag — (>[{a}]); then we must have ag > a. Therefore, a € (>[{ap}]). But since (>[{ap}],>) = (>
[{h(ap)}l, >"), by Lemmathere is a b € (>[{h(ap)}]) such that (>[{a}],>) = (>[{b}], >’), contradicting the
fact that Ab € B with (>[{a}],>) = (>'[{b}],>"). Since ™' = {(b,a) € Bx A | (>[{a}],>) = (>'[{b}],>")}, the
same argument proves that if By # B, then >'[{b}] = By, where b = A\(B — By).

Next, let us prove that the bijection & : Ag — By is a relation isomorphism 4 : (Ag,>) — (By,>").
By Exercise [50]it is enough to show that / is a relation homomorphism. Let a,a’ € Ag with a > a’. By
construction we have (>[{a}],>) = (>[{h(a)}],>"), and by Lemma[I8] there is a ' € (>[{h(a)}]) such that
(>[{a’'}],>) = (>[{b'}],>"). Therefore, by Corollary[6] h(a’) = b’ € (>[{h(a)}]), and we have h(a) > h(d’), as
desired.

Since we are assuming (A, >) # (B,>’),if A = Ay, then we must have >'[{b}] = By, where b = A\ (B—By).
Symmetrically, if B = By, then we must have >[{a}] = Ay, where a = A(A — Ap). The case >[{a}] = Ay and
>'[{b}] = By is impossible, since it would give us the contradiction (a, b) € h. O
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14.2 Ordinals

Cantor thought of an ordinal as the abstract concept associated to a class of isomorphic well-ordered sets.
But such a class is not a set. In the 1920’s John von Neumann made the crucial contribution of defining an
ordinal as a unique representative of such an isomorphism class (see [33], 346-354).

By Theorem [19]and Lemma T8 the class WOrd of all well-ordered sets can be endowed with a strict
order by the defining equivalence

(B,>)>(A,>) & ([beB)(A,>)=([{b}],>).

Of course, if we could choose a canonical representative, let us call it ord(A, >), for the class of all well-
ordered sets (A’,>") such that (A,>) = (A’,>’), then, by Theorem the subclass, let us call it Ord,
determined by those canonical representatives would become a chain (Ord, >) (of course, a chain structure
on a class that is not a set, let us call it a “megachain”). Ordinals are precisely those canonical representa-
tives; therefore we call ord(A, >) = (A, >) the ordinal of (A, >). They were defined and studied by John von
Neumann. As we shall see in ordinals solve in one blow the pending issue of explicitly defining a
canonical representative |A|, that is, a cardinal, for the class of all sets in bijection with a set A.

Recall, from Exercise [3_1[, that for any chain, and therefore for any well-ordered set (A, >), the function
>[{_}] = Aa € A. >[{a}] € P(A) defines a poset isomorphism >[{_}] : (A,>) — (>[{_}][A], D) inside the
powerset poset (P(A), D).

Definition 20 A well-ordered set (A, >) is called an ordinal iff the poset isomorphism >[{_}] is the identity
function idy, that is, iff for each a € A we have a = (>[{ a}]).

This definition of ordinals looks a bit remarkable, but, as already mentioned, it is for example satisfied
by each natural number (n, >), and therefore also by (N, >), that is, each natural number, and the set of
natural numbers, are ordinals. Note, by the way, the interesting fact that (n,>) = (n,2) = (n,3), and
(N,>) = (N, D) = (N, 3). Of course, if (A, >) is an ordinal, we always have (A, >) = (A, D); we show below
that for any ordinal we also have (A, D) = (4, 3).

Since the above definition of ordinals is of course definable by a set-theory formula with a single vari-
able, ordinals form a class Ord, and we have a subclass inclusion Ord ¢ WOrd. As customary, we shall
use greek letters @, f3,v,d, ... to denote ordinals. However, the natural numbers n € N are still denoted as
usual, but the letter w is used to refer to poset (N, >). We adopt the helpful abuse of notation of systemat-
ically conflating @ with (@, D), which is reasonable, since the order D is entirely determined by the set a,
because it is always the relation D,= {(x,y) € @ X @ | x D y}, which we sometimes abbreviate to just O. This
notation makes it unnecessary to write @ : Ord each time, since the notation « already assumes « : Ord.

Lemma 19 [f (a,D,) is an ordinal, then (a, D,) = (@, 3,), where, by definition, 3,= {(x,y) € a X a | x 3 y}.

Proof. Let x,y € a. Then x D y implies y € (D,[{ x}]) = x, and therefore x 5 y. Conversely, x 3 y implies
¥ € (D.[{ x}]), and therefore x O y. O

Lemma 20 [f (@, D,) is an ordinal and x € a, then (x, Dy) is also an ordinal.

Proof. Let x € a. Since x = (D, [{ x}]), we have x C «, and therefore (x,D,) is well-ordered. We just
need to show that for each y € x we have y = (O,[{ y}]). But since x C «, we have y € «, and therefore
y = (D[{ ¥}]); so we only need to show (O,[{ y}]) = (Ou[{ ¥}]). Indeed, since y € x implies y € (D,[{ x}]),
and therefore x O y, we have (O,[{ y}]) = {z € O [{ x}]) | ¥y D z} = (Dul{ ¥}]), as desired. O

Lemma 21 Let a be an ordinal, and let a > X. Then (X, Dx) is an ordinal iff X € a.

Proof. The (&) implication follows from Lemma[20] To see the (=) implication, let 8 = A(a — X). By the
minimality of g3, for each x € 8 we have 8 D x, and therefore x € X, so that § C X. We will be done if we
show X C B. Lety € X; if y D 3, then 8 € y C X, which is impossible since 8 € (@ — X). Therefore, y C 3,
but since y € X, we have y # 8. Therefore, y C 8, and therefore y € 3, as desired. O

Lemma 22 Let a, be ordinals. Then a N B is an ordinal.
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Proof. For eachy € a N B we have y = Oq[{ ¥}]) = Opl{ y}1). Therefore, y = Do [{ 1) N (3p[{ ¥}]) =
(Damyl{ ¥}, as desired. O

Theorem 20 For any two ordinals, «, B, either « C B or 8 C a. As a consequence, a U B is an ordinal.

Proof. Suppose not. Then @ NB C @ and @ N B C B. But by Lemma[22] @ N B is an ordinal, and by Lemma
21l @« N B € @ and @ N B € B. Therefore, @ N B € @ N B. Therefore, @ N B C a N B, which is impossible. O

Corollary 7 For any two ordinals, o, 3, (@,D) = (B,D) iffa = .

Proof. The implication (<) is trivial. To see the implication (=), assume (@, D) = (8, D) with @ # 5. By
Theorem [20] without loss of generality we may assume @ C 3. Therefore, by Lemma[2I] € 8. But since
(@,D) = (O[f a}], D), this means that we have an isomorphism (O[{ a}], D) = (8, D), which is impossible by
Lemmal[l@ o

It follows trivially from Theorem [20] and Corollary [7] that when we restrict to the subclass Ord the
relation (B, >") > (A, >) on well-orders, we obtain exactly the relation @ > . Furthermore, Theorem
shows that (Ord, D) is a chain (a “megachain,” since we shall see in that Ord is a proper class).
Also, note that, by Theorem for any well-ordered set (A, >) such that (A, >) = (@, D), and (A, >) = (8, D),
we must have @« = . Therefore, ordinals provide a unique, canonical representative for each class of
isomorphic well-ordered sets containing an ordinal. To see that Ord provides canonical representatives for
all well orders, we still need to show that any well-ordered set is isomorphic to an ordinal. This will follow
as an easy corollary of the following theorem.

Theorem 21 Let (A, >) be such that for each a € A, the well-order (>[{a}], >) is isomorphic to an ordinal.
Then (A, >) itself is also isomorphic to an ordinal.

Proof. Consider the formula
x¢A=>y=0 A (xeA>y:0rd A y=([{x}],>).

By Corollary [/} this formula defines an intensional function o which can be typed as 0 : A — Ord,
and therefore, by the axiom of replacement, a surjective extensional function o : A —» O, where O =
{o(x) | x € A}. Since all the elements of O are ordinals, by Theorem [20] the poset (O, D) is a chain. To
see that o : (A,>) —» (0, D) is a poset isomorphism it is enough, by Exercise[50} to show that o is strictly
monotonic. But if x,y € A with x > y, then (>[{x}],>) > (>[{y}],>), and since (>[{x}],>) = o(x), and
[y}, >) = o(y), this forces o(x) D o(y), as desired. We need to show that (O, D) is an ordinal. That is,
that for each o(x) we have o(x) = (D¢ [{o(x)}]). We have an isomorphism 4, : (>[{x}],>) — (o(x),D)
by hypothesis, which for each y < x restricts to an isomorphism &, : (> [{y}],>) — (O [{h:OD)}], D).
Therefore, by Corollary [/}, we have o(y) = (O[{h.(y)}]) = h.(y). But since o is an isomorphism we have,
Dolfo(0)}] = {o(y) | x > y} = {h:(y) | x > y} = o(x), as desired. O

Corollary 8 Each well-ordered set is isomorphic to a unique ordinal.

Proof. Uniqueness follows from Corollary [/l By Theorem it is enough to show that if (A, >) is a well-
ordered set, then for each a € A (>[{a}], >) is isomorphic to an ordinal. Towards a contradiction, suppose
that A # {x € A| (Ay) y:Ord A (>[{x}],>) = y},andleta = AN(A—{x € A | (Ay) y:0rd A (>[{a}],>) = y}).
Therefore, >[{a}] C {x € A | (Jy) y:Ord A (>[{x}],>) = y}, and therefore, by Theorem [21] (>[{a}],>) is
isomorphic to an ordinal, contradicting a’s definition. O

It follows directly from Corollary [8| that the formula (=(x: WOrd) = y = @) A (x: WOrd = (y:
Ord A x =y)), where here the predicate = denotes poset isomorphism, defines an intensional function ord
which has a typing

ord : WOrd — Ord

and is such that for any well-ordered sets (A, >) and (B, >'):

o (A,>) =ord(A,>),

e (A,>) > (B,>")iff ord(A,>) D ord(B,>"), and

e (A,>) = (B,>)iff ord(A,>) = ord(B,>").

Therefore, ordinals classify, and capture the essence of, all the different well orders. Waxing Platonic, one
could say that they provide the ideal patterns for understanding all well-orders.
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14.2.1 Ordinals as Transitive Sets

The notion of transitive set provides an alternative, very useful characterization of ordinals.
Definition 21 A set A is transitive iff (Ya € A) a C A.

It follows immediately from the definition of ordinal (and was explicitly pointed out in the proof of
Lemma [20), that any ordinal is a transitive set. Why on earth are transitive sets called “transitive”? The
answer lies in their following “transitive-like,” equivalent characterizations (1)—(2) below:

Exercise 105 Prove the following:
1. AsetAis transitive iff Nx e A)ye x => y € A.

2. A set A is transitive iff for each n € N and each sequence of sets xy, ..., x, such that A 3 xo > ... 3 x, we have
X0y -v s Xy €A

A set is transitive iff | JA C A.
A set is transitive iff A C P(A).
If a set A is transitive, then P(A) is also transitive.

If {Ai}ies is an I-indexed family of transitive sets, then both | J;c; A; and (1 A; are transitive.

N S KW

Given a set A, the membership relation 5,= {(x,y) € AX A | x 3 y} is transitive iff every x € A is a transitive set.

Note that, in the light of Exercise [T05(7), Lemma 20| gives us an independent confirmation for some-
thing we already knew because of Lemma [[9} namely, that for any ordinal @ the membership relation 3, is
transitive. How can ordinals be characterized as transitive sets?

Theorem 22 A set A is an ordinal iff A is transitive and (A, 3,) is a well-ordered set.

Proof. The (=) implication follows from ordinals being transitive and Lemma([I9] For the (<) implication,
let A be transitive and with (A,3,) well-ordered. By Lemma [I9] we just need to show that for each a € A
we have a = (34[{a}]). But since A is transitive, we have a C A and thereforea = {x e A|a>x}={x €A |
a 34 x} = (34[{a}]), as desired. O

The above characterization of ordinals makes it very easy to prove that Ord is a proper class. Indeed, the
proof of this result shows that assuming that there is a set O of all ordinals immediately leads to a Russell-
like paradox, the so-called Burali-Forti paradox, which was discovered in 1897 by Cesare Burali-Forti (see
[33], 104-112).

Theorem 23 (Burali-Forti). The class Ord is proper.

Proof. Assume not, so that there is a set O such that x € O < x:Ord. Then for each @ € O, if 8 € «,
B is an ordinal, so that 8 € O. Therefore, O is a transitive set. Also, (0, 3¢) is obviously a chain, and it is
well-ordered, since we cannot have an infinite descending chain of ordinals g2 @13 ...3 @, 3 @41 3 ...
Therefore, O is an ordinal, and as a consequence, O € O. But this means that O ¢ O, and therefore that
O # O, a vicious contradiction. O

14.2.2 Successor and Limit Ordinals

The transitive set characterization of ordinals makes it easier to both study and construct the two possible
kinds of ordinals there are, namely, limit ordinals and successor ordinals.

Definition 22 An ordinal « is called a limit ordinaﬂ iff ¥B € @) (Fy) a >y 3 B. An ordinal that is not a
limit ordinal is called a successor ordinal.

The ordinal 0 is typically excluded from the definition of limit ordinal, so that we then have a trychotomy of an ordinal being
either 0, or a limit ordinal, or a sucessor ordinal. I adopt a broader definition of limit ordinal that holds vacuously for 0 and also for
the ordinals that are limits of all ordinals below them in a proper sense.
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Note that both 0 and w are limit ordinals. Note also that, by definition, « is a successor ordinal iff there
exists B8 € a such that there is no y such that @ > y 3 8. We call such a g (which is unique because a is a
chain) the predecessor of @ and use the notation p(a) = 8. Note that if « is a successor ordinal, since « is a
chain and p(«@) is a maximal element, p(«) is indeed the top element of the chain « (in the inverse, C order,
and a bottom element in the D order). Therefore, successor ordinals can be equivalently characterized as
those ordinals having a top element as posets in ascending order; and of course limit ordinals are exactly
the fopless ordinals. Note that each natural number of the form s(n) is a successor ordinal with p(n) = n.

Lemma 23 The intensional successor function s = Ax. xU{x} has a typing s : Ord — Ord. Furthermore,
for each ordinal o, s(@) is a successor ordinal.

Proof. 'We need to show for each ordinal a that s(a) is an ordinal and is a successor ordinal. But if «
is transitive and well-ordered by 3,, then s(a) just adds the new element @ on top of the chain « and is
well-ordered by 34, and is transitive, since if x € @ U {a}, either x e ¢ and thenx Ca C a U {a}, or x = @
and then @ C a U {a} = s(@). Of course, since « is the top element of s(a), the ordinal s(@) is a successor
ordinal. O

As already discussed, the class Ord with the order (Ord, D) is a (descending) “megachain” by Lemma
20| and, dually, also an (ascending) “megachain” with the order (Ord, C). Since Ord is a proper class, it
has subclasses that are also proper. It is easy to see that if .o C Ord is a proper class, then there is no sup
\/ &/ in &7, since there cannot be any upper bound « for <7 (otherwise, we would have an inclusion </ C a,
against the assumption that &7 was proper). Since a proper subclass .« C Ord cannot have an upper bound,
a fortiori it cannot have a least upper bound \/ .7 in the megachain (Ord, ). However, if A is a set and
A C Ord, then, first of all (A, D,) is a well-ordered set, since it is a chain and we cannot have an infinite
descending chain

Q) DAL D...q; DAyl O ..

in A, since this would automatically violate the well-foundedness of the ordinal «. Furthermore, the least
upper bound \/ A always exists in the “megachain” (Ord, C). As we shall see, this is very useful to construct
limit ordinals.

Theorem 24 The intensional function | ) = Ax. |J x has a typing | ) : S(Ord) — Ord. Furthermore, this
function is a sup operator for all subsets in the “megachain” (Ord, C).

Proof. For each subset A C Ord, we have to show two things: (i) that | JA: Ord, and (ii) that JA = \V A
in the “megachain” (Ord, c). To prove (i) we need to show that [ J A is transitive and well-ordered by .
But | J A is transitive by Exercise (6), and it is well-ordered by > because, since all the elements of an
ordinal are also ordinals, we have | JA C Ord, and therefore (| JA, D4) = (A, 34) is a well-founded set.
Therefore, | J A : Ord. To prove (ii), just note that any upper bound of A under inclusion must necessarily
contain | J A as a subset. O

Note that the two operations s and | J allow us to generate all ordinals. Specifically,

Theorem 25 For each ordinal a:
1. ais alimit ordinal iff = | J a.

2. ais a successor ordinal iff there exists an ordinal B such that a = s(B).

Proof. Note that, since « is transitive, by Exercise (3), we always have | Ja € a. Therefore, (1)
is equivalent to proving that « is a successor ordinal iff | J& C . But since |J @ is an ordinal, we have
Ua c aiff |Ja € a, which makes | J a the top element of «; and if @ has a top element, then this top
element contains all elements of @ and is therefore their union | Ja. For (2), the (<) part was already
shown in Theorem [23] To see the (=) part, let & be a successor ordinal and let 3 be its top element. Then
xeaiff x =8 Vv x € g, therefore, @ = S U {B}, as desired. O

122



14.2.3 Ordinal Arithmetic

Ordinal arithmetic goes back to Cantor, who defined all the operations and identified many of its laws (see
[5, §14 and ff.). Since we shall show in §14.5.1]that cardinals are a subclass of ordinals, and for cardinals
k, A we have already defined addition and multiplication operations « + A and « - A in §I2.1] to avoid any
confusions of notation between operations on cardinals and operations on ordinals, I will use a ® 8 for
ordinal addition, and o ® 8 for ordinal multiplication. This choice of notation is not without some residual
ambiguities, since A® B was used in §4.2]to denote the symmetric difference of two sets, and A® B was used
in §@] to denote the set of unordered pairs a, b with a € A and b € B. However, these residual notational
clashes seem so remote as to cause no harm. The standard notation for ordinal addition and multiplication
in many set theory textbooks is @+ and « - 8. However, since cardinal arithmetic has much better algebraic
properties than ordinal arithmetic, and therefore is the right transfinite generalization of natural number
arithmetic, I think it better to reserve the standard notation for cardinal arithmetic.

The operations @ B 8 and @ ® 8 are just the canonizations of two corresponding operations on any two
well-ordered sets (A, >) and (B, >’), namely, the operations (A, >) ® (B, >’), and (B X A, Lex(>’, >)) (note
the “twist” between A and B in the second construction). That is, we define @ B 8 and @ ® § by the defining
equalities

a BB = ord((a,3,) ® (B,3p)) a®p = ord(B X a, Lex(33, 3,)).

We are already familiar with the operation (B X A, Lex(>’,>)), which was defined for posets in Exercise
and for well-founded relations in and since it is easy to check (exercise) that the lexicographic
combination of two chains is a chain, if (A4, >) and (B, >’) are well-ordered, the poset (B X A, Lex(>’,>))
is well-ordered. The construction (A, >) @ (B, >") on two well-ordered sets consists on “putting the chain
(B,>") on top of the chain (A,>).” Of course, we first need to make the two chains disjoint. Therefore,
(A,>)® (B,>') = (A® B,&(>,>")), where A @ B is the usual disjoint union of sets, and where the order
®(>,>") is defined by cases as follows:

1. Va,a’ € A) (a,0) & (>,>")(d',0) © a>d
2. ¥b,b' € B) (b)) ®d(>,>)(',1) & b>"1b
3. YNae A)¥beB) (b,1) ®(>,>) (a,0).

It is then easy to check (exercise) that if (A,>) and (B, >’) are well-ordered, then (A4, >) & (B, >’) is well-
ordered.

Exercise 106 The notation (A,>) @ (B,>") might fool us into believing that we have an analogue for well-ordered
sets of the property in Exercise |30\ for disjoint unions, but this is false. Give an example of two monotonic functions
f:(A,>) — (C,>")and g : (B,>") — (C,>"), such that the function [ f, g] : A®@B — C is not a monotonic function
[f,g]l:(A,>)®(B,>) — (C,>"). However, [f,g] : A® B — C is monotonic if we drop clause (3) in the definition of
@®(>,>"); but then we obtain a poset that, as soon as A or B are nonempty, is not a chain. This suggest several sweeping
generalizations. Prove that, by dropping clause (3), we can get an analogue of the property in Exercise |30\ for: (i)
posets and monotonic functions, (ii) posets and strictly monotonic functions; (iii) well-founded relations and relation
homomorphisms, and (iv) binary relations on sets and relation homomorphisms. (Hint: You can cut your work fourfold
by realizing that (iv) implies (i)—(iii)). (For category theory aficionados: in the language of category theory, this shows
that the categories of: (i) posets and monotonic functions, (ii) posets and strictly monotonic functions; (iii) well-founded
relations and relation homomorphisms; and (iv) relations and relation homomorphisms all have coproducts).

Exercise 107 Prove in detail that the constructions aBf and a®p are intensional functions _8_: OrdxOrd — Ord,
and _® _ : Ord X Ord — Ord. (Hint: You can make your life easier by first showing that the constructions
(A,>) ® (B,>') and (B X A, Lex(>',>)) are binary intensional functions on WOrd, and then using the intensional
function ord : WOrd — Ord.)

Note that, since @ B 1 just adds a “fresh” top element to @, even when « is a successor ordinal and
has already one, it is trivial to prove that for any ordinal @ we have the identity @ B 1 = s(@). Therefore,
the well-ordered set (N U {oo0},>), with co > n for each n € N, is isomorphic to s(w) = w & 1. Note also
that, although for finite ordinals, ordinal addition and multiplication coincide with natural number addition
and multiplication (this is obvious just by cardinality), in general the operations o B 8 and @ ® 8 are not
commutative. Indeed, we obviously have | Bw = w # wB 1 = s(w). Similarly, 2Qw = w # vBW = W 2.
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Furthermore, distributivity of multiplication on the right also fails, since we have (1B 1)@ w =2 Q® w =
w# wBw=(1®w)#(l®w). Therefore, the algebraic properties of ordinal addition and multiplication
are rather poor at the transfinite level. However they do enjoy some properties; for example:

Exercise 108 Prove the following properties of ordinal addition:
1. aB0=08Ba=a
2. (e@p)BEYy=0B(BBEY)
3. aBsB) =s(aBpf)
4. If B is a limit ordinal, then aBB = J{la BV |v € B}.

Exercise 109 Prove the following properties of ordinal multiplication:

1. a®0=0

2. a®l=a

3 (@®p)®y=a®(Bey)

4. a®sB)=(@ep) B

5. a9 BBEY) =(aB)B(@®Y)

6. IfBis a limit ordinal, then @ ® § = | J{la ®@ v | v € B}.

Note that it follows from Exercises and that w B w = w ® 2 is the first limit ordinal above w,
the nextis wB w B w = w® 3, and so on. In general, the limit ordinals are all of the form w ® @ for some «a;
but using ordinal multiplication and Exercise[I09}(6) we can “fast forward” in this megachain and get limit
ordinals of limit ordinals, and so on. This gives us a better understanding of the “megachain” Ord, which
we can picture as a transfinite ascending sequence of the form:

O<l<2<...<n<...<w<
wBl<wBE2<...<wBHn<...<w®2<
wR2Bl<w2B2<...<w®2Bn<...<w®3<...
w4 <...<wRS5<...<wBnN<...<WRW<...
WRWRAWS .. <WAWRAWRAW<...wR .".Qw < ...

All this might look like an arcane piece of set-theoretic esoterica, yet, quite remarkably, it is eminently
practical for computer science applications. There are several reasons for this: (i) we musnt’t forget that
ordinals are well orders, and in particular well-founded relations, so they can be very useful in termination
proofs for programsﬂ (i) using yet another ordinal operation, namely, ordinal exponentiation (see Exercise
[ITT] and [8]] for a more detailed presentation of ordinal arithmetic, including exponentiation), it is possible
to give a unique symbolic representation of ordinals as polynomial algebraic expressions (the so-called Can-
tor normal form of an ordinal) that for ordinals smaller than the so-called €-ordinal do form a computable
data type (see, e.g., [28] §11.8-9, and [22]); (iii) all this is exploited in theorem provers such as ACL2, Coq,
PVS, HOL, Isabelle, and Mizar. In particular, in ACL2 ordinal arithmetic is mechanized and it is possible
to use ordinals to prove the termination of functional programs in pure Lisp [22]].

14.3 Transfinite Induction

Since Ord is a proper class, the “megachain” (Ord, D) is not itself a well-ordered set; but it is a “well-
ordered class” in the sense that we cannot have an infinite descending sequence of ordinals

o) O A D...q; D Apy] O ...

since this would automatically violate the well-foundedness of the ordinal @y, and in the even stronger sense
that each nonempty subclass </ C Ord has an inf A o such that A\ & : &/ in the “megachain” (Ord, C).

20ften, such termination proofs involve using a function that decreases as the computation advances. The most obvious range
for functions of this kind is the well-ordered set w of natural numbers, but this does not always work; the next thing often tried is a
lexicographic ordering such as w ® w, but sometimes this may not be good enough either. The great thing about ordinals is that they
give us an extremely useful menagerie of well-orders, since indeed we have seen that any well-order is isomorphic to some ordinal.
Nevertheless, ordinals, since they are total orders, do not exhaust our repertoire of possible domains with which to prove termination:
we may use any well-founded relation, which need not be a chain, and need not even be a partial order. For a survey of the use of
well-founded relations in termination proofs of term rewriting systems see, e.g., [32] §6.
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Theorem 26 Each nonempty subclass o7 C Ord has an inf \ <7 in the “megachain” (Ord, C), and fur-
thermore N\ o : 9.

Proof. Suppose that o/ € Ord is nonempty, so there is an ordinal « such that @ : &/. Then we have
AN = N{Bes(@)|BCa A B:a}, which exists and is such that A &7 € {Be s(a) |[BCa A B: A} by a
well-ordered by D. Therefore, A o7 : 7. O

Technically, Theorem [26]is really a “theorem scheme,” that is, a scheme that for each set theory formula
</ with a single variable x yields a set theory theorem. This theorem scheme then yields the following
principle of transfinite induction.

Theorem 27 (Transfinite Induction). Let o/ C Ord be a subclass such that for each ordinal o, (¥y €
a)y:d) = a:4. Then &/ = Ord.

Proof. Suppose that Ord — <7 is nonempty, and let « = A(Ord — «/). Then a C <7, and therefore «: <7,
contradicting @: (Ord — ). O

In applying the principle of transfinite induction to prove that a certain property .<7 holds of all ordinals,
one typically uses the distinction between successor ordinals and limit ordinals to prove that for each ordinal
aone has (Vy € @) v: /) = a:47. Thatis, if a is a successor ordinal one can assume y: .« for y = p(a)
and for each y € p(a) to prove « : &7; and if « is a limit ordinal one can likewise assume 7y : &7 for each
v € a to prove «: .o/ . We will make ample use of transfinite induction in the following sections.

14.4 Transfinite Recursion

Consider the sequence of sets
@, P(@), PPD)), ...,P(), ...

There is in principle no obvious set containing all such iterated powers, so to construct the union | J,,c,, P"(2)
we first of all need an intensional function An. £*(@), and then we need to use the axiom of replacement.
However, the status and existence of the intensional function An. £"(@), although intuitively a very reason-
able function, since it is just a different notation for the above sequence, is not entirely obvious. Indeed, the
notation An. (@) is just an abbreviation, but for what? In the case of a function such as Ax. s(x) there is a
term, namely s(x), so there is no doubt that such an intensional function exists. But #"(@) looks like a term,
but is not really a term; it just abbreviates a different term for each n, namely, the term P(...(P(@)...) with
n applications of the powerset operator to @. So, what is this function? It is a recursive intensional function.
Indeed, the function f = An. £"(@) has the recursive definition

e f(0)=0
e f(s(n) = P(f(n)).

But at present we only have a theory for extensional recursive functions, so we need to clarify the meaning
and existence of such recursive intensional functions.

Furthermore, in some set theory constructions we often need to consider recursively-defined “sequences”
of sets indexed not just by natural numbers, but by some infinite ordinal @ beyond w, so in general we may
want to consider recursive intensional functions of the form f : « — %, so that the notion of “sequence”
is now extended beyond w in a transfinite way. This makes intuitively complete sense, since, after all, a
is a well-ordered set and therefore a well-founded set, so we should be able to define recursive intensional
functions from such a well-founded set @. Even more daringly, we sometimes need to consider transfinite
recursively-defined “sequences” that are indexed not over the elements of a given ordinal «, but over all
ordinals, that is, recursive intensional functions of the form f : Ord — %/. This also makes intuitive
sense, since, after all, Ord is a “well-ordered class,” so we should be able to define such an f on a given «
in terms of its values for cardinals smaller than .

What should a theory of recursive intensional functions look like? Well, if we are going to define
intensional functions, the defining task is unavoidably involved with synfax, since at the end of the day we
must exhibit a set theory formula that defines such a function. In particular, the extensional notion of step
function introduced in needs to be replaced by an intensional version. Recall that, as explained in
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Exercise given a well-founded relation (A, R), to define a recursive function f : A — B, we can use a
step function 4 : [A—~B] XA — B.

But what are we going to use as a step function to define a recursive function f : Ord — % ? There is
no obvious analogue for the set [A—B], since the notation [Ord—%/ ] does not describe a classE] However,
the right intuition is that at any given transfinite stage & we will have defined, by the axiom of replacement,
an extensional function fT,, and we can then use it to define f(a) = hA(f |4, @). Although in general there is
no set that will contain all such extensional functions f[, for all ordinals a, there is obviously a class that
will, namely %, so we can adopt as our notion of step function an intensional function

h: % x0rd— % .

Of course, for pairs (x, @) where x is not a function, or where x is a function but has the wrong domain, the
value of h(x, @) will be useless; but 4 can assign to such useless pairs (x, @) a similarly useless value like
@, so there is no harm in the extra generality provided by the universe % (we could of course use the more
restrictive class Fun of functions, and consider instead step functions of the form 4 : Fun X Ord — %).

To better ground our intuition, let us consider an example of such an 2. What step function % should we
use to define the recursive extensional function An. P"(@)? We could define h : % x Ord — % by the
lambda expression

Alg,n). if (n € w—{0} A g:Fun A dom(g) = n) then P(g(p(n)) else @ fi.

Indeed, this intensional step function gives the correct recursive definition for f = An. P"(@), since f(0) =
h(0,0) = @, and f(s(n)) = h(f s 5(0) = P(f ().

We will proceed from the less to the more general, that is, we will first define recursive intensional
functions of the form f : @ — %/. 1 will call such functions a-recursive functions; of course, by the axiom
of replacement, any intensional a-recursive function has an associated extensional function f : @« —» f[a].
Along the way we will obtain an intensional version of the simple recursion theorem for N as a special
case of a-recursion. We will then treat the general case of recursive intensional functions of the form
f :Ord — %, which can be called transfinitely recursive functions.

14.4.1 «-Recursion

Theorem 28 (a-Recursion). Let h : % X Ord — % be an intensional function, and let a be an ordinal.
Then there exists an intensional function rec(h),, with typing rec(h), : « — % such that

(VB € @) rec(Wa(B) = h(rec(h)alp, B).

Furthermore, rec(h), is extensionally unique, in the sense that for any other intensional function f :
« — U such that (VB € a) f(B) = h(f I3,B) the extensional functions f : @ —» fla] and rec(h), :
a —» rec(h),|a] are identical.

Proof. Extensional uniqueness follows from the following, more general lemma:

Lemma 24 Let f, g be extensional functions such that B = dom(f) = dom(g) € s(a) and such that Ny €
B) f(y) = h(fly,y) A g(y) = h(gly,y). Then f = g.

Proof. Suppose not, and let u = A{y € 8| f(y) # g(y)}. By the minimality of u we then have f,= gly,
and therefore f(u) = h(fTy, 1) = h(glu, 1) = g(p), contradicting f(u) # g(u). O

Existence of the extensional function rec(h), : @ —» rec(h).[a] is equivalent to the truth of the for-
mula (A!'f) A(f) A dom(f) = a, where the predicate A(f) holds of functions, called approximations, that
satisfy the recursive definition and have domain 8 € s(a). That is, we define the unary predicate A by the
equivalence

A(f) & f:Fun A dom(f) € s(@) A (Yy € dom(f)) f(y) = h(fly. 7).

31t does describe something, namely, the set of equivalence classes under = of formulas (x, y) in the language of set theory such
that: (1) ZFC + (Yx,y,Y") (o(x,y) A ¢(x,y")) = y =y, and (ii)) ZFC + (¥Yx,y) ¢(x,y) = x : Ord. But such a quotient set of formulas
is obviously not a class in set theory.
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Existence of the intensional function rec(h), : « — % follows then easily from that of the extensional
function rec(h), : @« —» rec(h),[], since we can define the intensional function rec(h), by the equivalence

y=rec(ho(x) & (x¢a=y=0) A (xea= (Af)A) A dom(f)=a Ay = f(X)).

Therefore, all boils down to proving (3! /) A(f) A dom(f) = @, which by Lemma[24]is equivalent to proving
3f) A(f) A dom(f) = a, which, in turn, is equivalent to proving a € {8 € s(@) | (Af) A(f) A dom(f) = B}.
Suppose not, and let u = A{B € s(@) | =((3f) A(f) A dom(f) = B)}. By the minimality of u, (y e ) = y €
{B e s | @f) A(f) A dom(f) =B} = (Af) A(f) A dom(f) = y. This, together with Lemma [24] means
that we can prove (Vx)(3!y) ¢ for ¢ the formula

(xEu=y=2) A (xeu= 3f)AS) A dom(f) =x Ay=f).

Therefore, ¢ defines an intensional function approx with typing approx : u — Fun, where for each y € p,
approx(y) is the unique f such that A(f) A dom(f) =.

Consider now the set of functions approx[u]. For any y,y’ € u, if y € v/, then, by Lemma [24] we must
have approx(y) = approx(y’) I, and therefore approx(y) C approx(y’). This means that (approx[u], C)
is a chain. But it is trivial to prove (exercise) that the union of any ascending chain of functions (under
inclusion) is itself a function. Therefore, fy = | approx[u] is a function with dom(fy) = | u; therefore, for
each y € u we have fy[,= approx(y). But then, if u is a limit ordinal this means that A(fo) A dom(fy) = p,
contradicting u € {8 € s(@) | =((Af) A(f) A dom(f) = B)}. And if u is a successor ordinal, say u = s(v),
we can extend fo = approx(v) to fj = fo U {(v, h(v, fo))}, so that A(f;) A dom(f]) = p, contradicting again
pe B e s@) | ~(3f) A(f) A dom(f) =p)}. O

14.4.2 Simple Intensional Recursion

The a-recursion theorem yields as an easy corollary an intensional version of the simple recursion theorem
for N, whose extensional version was proved in TheoremE} Simple intensional recursion is used all the time,
almost invisibly, in many set-theoretic constructions, so it is very much worthwhile to make its foundations
explicit. As a matter of fact, our example recursive intensional function An. (@) is most easily defined by
simple intensional recursion.

Theorem 29 (Simple Intensional Recursion). Let f : % —> % be an intensional function, and let a be a
set. Then there is an intensional function rec(f, a) with typing rec(f,a) : N — % such that:

1. rec(f,a)(0)=a
2. rec(f,a)(s(m) = f(rec(f,a)(n)).
Furthermore, rec(f,a) is the extensionally unique function satisfying (1) and (2).
Proof. Define h : % x Ord — % by the lambda expression
A(g, n). if (n € w A g:Fun A dom(g) = n) then g(g, n) else @ fi

where g(g,n) is the term g(g,n) = if n = 0 then a else f(g(p(n))) fi. Now, applying the a-recursion
theorem to @ = w = N, we can define rec(f, a) = rec(h), : N — %, satisfying

e rec(f,a)0) = rec(h),(0) =a
o rec(f,a)(s(n)) = rec(h),(s(n)) = h(rec(f, )l sy, s(n)) = f(rec(f, a)(n)),

as desired. Extensional uniqueness then follows from that of rec(h),,. O

For example, the function An. P*(@), is just rec(P, @). Similarly, even if we had not given a definition
of ordinal addition, we could define the function An. w & n recursively in terms of the successor function s
as rec(s, w). Yet another interesting example of simple intensional recusion is the definition of the set N g
of the Zermelo natural numbers, that is, Ng = {@, {2}, {{®}}, ...}, which can be defined in one blow by the
equality Ng = rec({_}, @)[N], where {_} denotes the singleton-forming function {_} = AX. {X}.
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An even more interesting example of simple intensional recursion is the construction of the Zermelo
universe %, which can be defined in one blow by the equality 2 = | rec(P,N4)[N]. That is, Z contains
all the sets in Ng, P(Ng), P2 (N%), ..., P"(Ng), and so on. It therefore contains the natural numbers,
the real numbers, and in practice all the sets that any mathematician who is not a set theorist might need to
use in his/her entire life (see [26] for an excellent in-depth discussion of Zermelo universes). Furthermore,
although 2 is just a set, and not a proper class, as shown in [26], it satisfies many of the axioms of set
theory, including the axioms (@), (Ext), (Sep), (Pair), (Union), (Pow), (Inf), and (Found). Therefore, not
only does 2 contain all the sets we may ever need, but it is furthermore closed under most of the set-
theoretic constructions that we might need in our ordinary mathematical practice.

Exercise 110 (Transitive Closure). Given any set A, its transitive closure TC(A) is the set TC(A) = |J rec(lJ, A)[N],
that is, TC(A) = U{A,UA,UUA,...}. Prove the following:

e TC(A) is a transitive set and A C TC(A)

e for any transitive set X, ACX = TC(A) C X
o X is transitive iff A = TC(A)

o ifxe A, then TC(x) Cc TC(A)

TCA) =AU U{TC(x) | x € A}.

14.4.3 Transfinite Recursion

We are now ready to tackle the general case of tranfinitely recursive intensional functions with typing
f :0Ord — % . Note that any intensional function f with this typing has also the typing f : @ — % for
any ordinal @, and therefore, thanks to the axiom of replacement, defines for each @ an extensional function,
denoted f,, and called the restriction of f to a, namely, the extensional function fl,= f: @ —» fla].

Theorem 30 (Transfinite Recursion). Let h : % x Ord — % be an intensional function, and let a be an
ordinal. Then there exists an intensional function rec(h), with typing rec(h) : Ord — % such that

(VB) B:0rd = rec(h)(B) = h(rec(h)|g,p).

Furthermore, rec(h) is extensionally unique, in the sense that for any other intensional function f : Ord —

U such that (VB) B:0rd = f(B) = h(f1s,B), it holds that (VB8) B:0rd = rec(h)(B) = f(B).

Proof. Extensional uniqueness is easy to prove. Suppose it fails. Then the class of all 8 such that rec(h)(B) #
f(B) is nonempty and has a least element p. Therefore, by the minimality of u, rec(h)lu = f1,. Therefore,
rec(h)(1t) = h(rec(h)y, 1) = h(f T4, 1) = f(u), contradicting rec(h)(u) # f(u).

To prove existence, first of all note that, by Lemma an intensional function f : Ord — 7% satisfies
(VB) B:0rd = f(B) = h(fIs,p) iff it satisfies (VB) B:O0Ord = f[,= rec(h),, where rec(h), denotes
the extensional function rec(h), : @« —» rec(h),[a]. This means that we will be done if we can define an
intensional function rec(h)_with typing rec(h)_ : Ord — Fun such that for each «a, rec(h)_ (@) = rec(h),,
since then we can also define our desired rec(h) : Ord — % by the lambda expression

rec(h) = Aa. rec(h)sq)(@).

Indeed, this is the correct definition, since for each ordinal @ we then have rec(h)[,= rec(h),, because for
each 8 € @ we have rec(h)[, (B) = rec(h)sp)(B) = rec(h)o(B).

Therefore, all boils down to showing the existence of the intensional function rec(h)_ : Ord — Fun.
But note that in the proof of Theorem @ we proved the existence of the extensional function rec(h), :
a —» rec(h),[a] by proving the formula (A!f) A(f) A dom(f) = a, where rec(h), was the unique f
asserted to exist by that formula, and where the approximation predicate A was defined by the equivalence
A(f) & f:Fun A dom(f) € s(a) A (Vy € dom(f)) f(y) = h(f],,7). But A(f) is really a binary predicate
in disguise, namely, the predicate A(f, @) defined by the equivalence

A(f,a) o [f:Fun A dom(f) € s(@) A (Vy € dom(f)) f(y) = h(fTy, ).
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Therefore, since the @ in Theorem 28] was any ordinal, what we really proved there was the theorem
(Vx) x:0rd = (Aly) A(y, x).
As a consequence, the formula
(x:0rd = A(x,y)) A (=(x:0rd) = y=0)
provides the correct definition for our desired intensional function rec(h)_: Ord — Fun. O

Exercise 111 (Ordinal Exponentiation). Transfinite recursion can be used to define ordinal exponentiation. As before,
to avoid confusion between cardinal and ordinal exponentiation, since they are indeed quite different functions, instead
of using the standard notation a® I will use the notation Pa. For each a # 0 we define an intensional function
-a : Ord — Ord by means of the recursive definition:

o %=1
o ‘Bg =CPa)®a
e for 3 a limit ordinal, Pa = J{"a | y € B).
Do the following:
1. Give an explicit definition of the step function h, such that -« = rec(hy).
2. Use the definition of exponentiation to prove the following properties:
o o ® Yo = PBYy
° V(ﬁa,) = B®q.
An enormously important, yet very simple, use of transfinite recursion is the definition of the von Neu-

mann universe ¥ . This is defined using a transfinitely recursive function ¥ : Ord — % with recursive
definition:

e =0
* Vi) = P(V0)
e for 8 alimit ordinal, 73 = {7, | @ € B).
Then, the von Neumann universe ¥ is the class defined by the equivalence:
x:Y o (Ja)a:0rd A x€Y,.
¥ gives us a “constructive” view of sets, where all sets are constructe(ﬂ ex nihilo out of the empty set @. As

we shall see in §T5] the axiom of foundation is precisely the claim that all the sets that exist are constructible
sets of this kind, that is, that we have a class equivalence ¥ = %.

4 There are at least three, increasingly stronger meanings for “constructive” that must be distinguished: (i) the above, naive notion,
in which all is asserted is that sets are built up out of @ by the operations P and (J; this first notion is still nonconstructive in at
least two ways, because: (a) nothing is said about what counts as a subset, and (b) the implicit use of (AC); (ii) the stronger notion of
constructible sets due to Godel [10], which is the class £ C ¥ C % with £ defined by transfinite recursion by the hierarchy: %, = 0,
Zia) = D(La), and L = yep D(Zy), for B a limit ordinal, where for each set A, D(A) C P(A) is the set of subsets B C A definable
by a set theory formula ¢(x, x1, ..., x,), in the sense that there exist elements ay,...,a, € A such that B={a € A | p(a,ay,...,a)};
the class . does not use (AC) in its definition, but satisfies both (AC) and (GCH), which shows that adding these two axioms to
ZF does not lead to any inconsistencies; see [8] for a very readable introduction to constructible sets, and [10} [7, |6} [17] for much
more thorough treatments; (iii) the even stronger notion of constructive set proposed by intuitionistic type theory, in which the law of
excluded middle is rejected, and only set-theoretic constructions associated to intutionistic proofs are accepted for set formation (see,
e.g., [23]).
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14.5 Well-Orderings, Choice, and Cardinals

We are going to prove that the axiom of choice (AC) is equivalent to the assertion that every set can be
well-ordered, that is, to the axiom

(WO) (YA)ETR € P(AxA)) (A,R) : WOrd.

The proof of the implication (AC) = (WO) goes back to Zermelo (see [33], 139-141, 183-198). We will
then consider cardinals, will show that they form a subclass of the ordinals, and will study some of their
properties.

We first prove a lemma.

Lemma 25 (Hartog’s Lemma). For each set A there exists an ordinal « such that there is no injective
function f : a — A.

Proof. If we have an injection f : @ > A, then (f[«], fz[D(,]) is a well-ordered set. Therefore, we should
study the set WO(P(A)) of well ordered sets (B, R) such that B C A. Since WO(P(A)) is a set of pairs, it is a
binary relation; in fact, its inverse is precisely the relation

WOPA) ™" = (R, B) e 5 P(BY | (B,R) : WOrd),
BeP(A)

By construction we have WO(P(A)) € WOrd. Therefore, by the axiom of replacement we have a set of
ordinals ord[ WO(P(A))]. 1 claim that (ord[WO(P(A))], Doratwopcayy) 1s itself an ordinal. Since by con-
struction this set is well-ordered, because ord[ WO(P(A))] € Ord, by Theorem 22] we just need to show
that ord[WO(P(A))] is transitive, so suppose @ € ord[WO(P(A))] and B € a. But a@ € ord[WO(P(A))]
exactly means that there is a poset isomorphism % : («,2,) — (B,R), with B C A, and since (8, Dp) is
an initial segment of (@, D,), by Theorem (19| this means that (5, Dg) is isomorphic to an initial segment
of (B, R), and therefore 8 € ord[WO(P(A))], as desired. But then the ordinal ord[ WO(#(A))] cannot be
mapped injectively to A, since otherwise we would have ord[WO(P(A))] € ord[WO(P(A))], and therefore
ord[WO(P(A))] C ord[ WO(P(A))], which forces the contradiction ord[ WO(P(A))] # ord[WO(P(A))]. O

Theorem 31 We have an equivalence (WO) < (AC).

Proof. To see the (=) implication, let A be any set, and let (A, R) be a well-ordering. Then, as already
pointed out after Definition the function A : P(A) — {@} — A is a choice function.

The (<) implication follows trivially for A = @, so we may assume A # @. Letc : P(A) - {9} — A
be a choice function. Then we can define by transfinite recursion an intensional function fill with typing
fill - Ord — A, which essentially “fills up” the “container” A as if it were a glass of water until it is
full. The idea of the function fill is very simple: if we have not yet filled A, we pick a new element in the
unfilled part of A; otherwise we just throw in the element c(A). On the subclass Ord, the function fill has
the obvious recursive definition?]

fill = Aa:Ord. if fill[@] # A then c(A — fill[a]) else c(A) fi.

By Hartog’s Lemma [23] the class of ordinals @ such that fill [, is not injective is nonempty; let 8 be an
ordinal in such a class. The only way in which fill[z can fail to be injective is because there are elements
v € B such that the condition in the fill function fails, that is, such that fill[[y] = A. Let u be the smallest such
v. Then, fill[u] = A, but for each 6 € u, fill[6] # A. Therefore, fill[, is injective and obviously surjective, so
we have a bijection fill],,: u — A, and therefore (A, ﬁlllﬁ[Dﬂ]) is a well-ordered set, as desired. O

SHere and in what follows, I will sometimes define intensional functions just on the class ./ we are interested in. It is trivial to
explicitly extend such recursive definitions to the whole of %/ by adding an additional level of if-then-else nesting that maps each
x : =(27) to the usual suspect @.
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14.5.1 Cardinals

We are now ready to make good on the promise made in of proving the following theorem and elegant
construction due to John von Neumann:

Theorem 32 There is a class Card of cardinals and an intensional function || : % — Card such that:
1. For A a finite set, |A| is its cardinality in the usual sense of its number of elements.
2. For any set A we have A = |A|.

3. For any two sets A and B we have the equivalence A = B < |A| = |B|.
Proof. For any set A we can define the set of all well orders on A,
WO(A) = {(A,R) € {A} x P(A) | (A,R) : WOrd}.
Then we define the intensional function |_| : 2 — Ord by means of the lambda expression
=24, )\ ord[WO(4),
and define the subclass Card c Ord by the equivalence
x:Card © x:0rd A x =[x,

so that the function || has also typing || : % — Card, as desired. Properties (1)—(3) are all trivial
consequences of this construction, as is also the property [|A|| = |A| for any set A. O

Note that it also follows trivially from the above definition of |A| that we have A < B iff |A| C |B|, and
A < Biff |A| c |B|. Yet another trivial consequence of this definition is that, since for any infinite ordinal «
we have |a| = |s(@)| and @ C s(a@), any infinite cardinal is a limit ordinal. The (CC) property is also a trivial
consequence of the definition of |A|.

Corollary 9 (Cardinal Comparability). The axiom (AC) implies the axiom (CC):
(CC) Given any two sets A and B, either A < Bor B < A.

Proof. By Theorem[20] either |A| C |B|, or |B| C |A|, which gives us either an injective function A = |A| —
|B|, or an injective function B = |B| < |A|, as desired. O
With a little more work one can prove that we have an equivalence (AC) & (CC) (see, e.g., [26]).
Recall that we already proved, just from the above properties (1)—(3) about |_|, that the subclass Card C
Ord is proper (see Lemma @ Note also that Card inherits a “well-ordered class” structure (Card, D)
from that of (Ord, D). In particular, each nonempty subclass &7 C Card has a least element A\ o/ : <.
This allows us to define an intensional function

()" : Card — Card
which maps each cardinal « to the smallest cardinal «* strictly bigger than k and is defined by the formula
(m(x:Card) = y=0) A (x:Card=>y:Card A x<y A (V2)((z: Card A x <7) = y < 2)).

We call a cardinal « such that there is a cardinal A with x = A* a successor cardinal. A cardinal that is not a
successor cardinal is called a limit cardinal ]

Can we construct a “transfinite sequence” that “enumerates’ all infinite cardinals? The (positive) answer
to this question is precisely the transfinite sequence {N,},.0rd, Which is the intensional function

N :Ord — InfCard : @ — N,,

where InfCard denotes the class of infinite cardinals, and where N_ is defined by transfinite recursion as
follows:

%Note that this definition of limit cardinal makes 0 a limit cardinal.

131



[ ) NO =W
L4 Ns(ar) = |Na|+
e for 8 a nonzero limit ordinal, 8z = [J{X, | y € B}.

The following theorem shows that the above typing of N_is correct (this is not entirely obvious, because the
third clause defines an ordinal that must be shown to be a cardinal), and that N_ is a stricly monotonic and
exhaustive enumeration, and therefore an isomorphism of well-ordered classes (Ord, D) = (InfCard, D).

Theorem 33 (N Sequence). The intensional function NX_is strictly monotonic. For each a : Ord we have
N, : InfCard. And for each k : InfCard there exists a (necessarily unique by strict monotonicity) a : Ord
such that k = N,

Proof. The function N_ is clearly monotonic. To prove strict monotonicity, let us assume, towards a
contradiction, that there exist @ C 8 with X, = Ng. But then we cannot have s(a) = g, since this would
force X, C Ny = Ng, contradicting 8, = Ng. So S is a limit ordinal and we have N, C Nyq) C N,
contradicting again 8, = Ng.

Let us next show that for each « : Ord we have N, : InfCard. This is clearly so by construction for &
and for Ny). Therefore, if some Nz is not a cardinal, 8 must be a limit ordinal. Let u be the smallest such
limit ordinal. Then, for any y € u we have N, = |X,|. Since 8, is not a cardinal, we have |X,| C 8,. But
note that we cannot have N, C |¥,| for each y € y, since then we would get 8, = [U{R, | ¥ € B} C N,
Therefore, there is a y € p such that [X,| € N,, and therefore, [N,| € 8, C Ry,) € N,, which gives us the
contradiction |X,| < 8, < Ny, <IN,

Let us show, finally, that for each infinite cardinal « there exists an ordinal @ such that k = N,. Assume
that there is a k outside the range of N _, and let A be the smallest such cardinal. Obviously, 1 # 0, and A
cannot be a successor cardinal, since then it would be 1 = (R,)* = Ny, for some «, contradicting A outside
the range of X_. Therefore, A is a limit cardinal. Now, since the intensional function &_ is strictly monotonic
and therefore injective, its defining formula ¢(x, y) has an inverse ¢(x, y)~! = ¢(y, x) which defines a partial
intensional function (see Exercise N~! : N, — a, and this partial function is totally defined on the set
Dcard [{1}]. Therefore, by the axiom of replacement and Exercise we have a set Nfl [Dcara [{4}]1], which
is exactly the set of all ordinals @ such that N, € A. Let 8 = | Nfl [Dcara [{1}]]. Note that 8 is a limit ordinal,
since @ € B implies Ny,) = N} < A by A limit cardinal, and therefore s(a) € 8. Also, by construction and
by A outside the range of N_, we have 8z < A. On the other hand, by the strict monotonicity of X_, we have
N, < 8g for each « € 3, and therefore, Ng > A, a blatant contradiction. O

Note that we can construct another, quite interesting transfinite sequence of cardinals, which starts at w
and jumps from each cardinal « in the sequence to the cardinal 2%, namely, the “beth sequence”

J :Ord — InfCard : a — 3,
defined recursively by:
e Jy=w
o Iy =2
e for 8 a nonzero limit ordinal, 3z = (J{3, | y € B}.

This sequence is interesting on several counts. First of all, it affords an alternative characterization of
(GCH), which is simply the claim &_ = I_. Second, it provides a neat characterization of the cardinalities
of the different stages ¥, that build up the von Neumann universe 7, since it is easy to prove by transfinite
induction on « that for each ordinal @ we have the equality

|7/waaa| = J,.

Since the beth sequence is just the transfinite continuation of the iterated exponential function rec(2-, 0) on
natural numbers, where 2~ = An € N. 2" € N, the size of the sets ¥, grows in an iterated exponential way,
0,1,2,22,2@", .. with @, so we can picture the function ¥ in some kind of “iterated logarithmic” scale as
filling in the following, increasingly larger triangles.
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14.5.2 More Cardinal Arithmetic

Let us pick some low-hanging fruit in the orchard of cardinal arithmetic, thus completing the understanding
we gained in Recall that there we proved the following cardinal equalities:

e WHtW=W - W=wW
e 0¥ 4 2W =20.00 =2®
e X W= wWw.

This was just the tip of an iceberg, since these equalities hold not just for w and 2%, but for any infinite
cardinal «. Futhermore, they are all consequences of a single, general result, namely,

Theorem 34 For any infinite cardinal k, we have the equality k - k = k.

Proof. The proof is by transfinite induction. So we assume that for all infinite cardinals 1 < « we have
A = A-Aand have to prove that k = k-, which is equivalent to proving « > «-«. We can define the following
well-ordering > on the set k X k:

y,0)>(0,p) & (YyUdDaUB)V(yUds=aUB A (y,9) Lex(D, D) (a, B)).

It follows then easily from this definition that for any (@, 8) € k X k, we have |>[{(«,8)}]] < |s(a UB) X
s(a UP)| = |s(e U B)| < k. Therefore, for each v € ord(k X k,>), we have v = (D [{v}]) C «, and therefore,
\J ord(k X k,>) C k, which gives us k - k = |k X k| = |ord(k X k,>)| < k, as desired. O

Corollary 10 Let , A be infinite cardinals. Then:
I. k+Ad=k-A=kUA
2. Zhewk = K.

Proof. (1) follows from (k U 2) = (kU A) - (k U A), plus the chain of inequalities k Ud < k + A < k-4 <
(kU A)- (kU Q). (2) follows from (1), plus the trivial observation (Exercise (1)), that EBnew K=kXw. O

Exercise 112 (Generalizes Exercise[88). Prove that for any infinite cardinal x and any cardinal A such that k > A, we
always have k + 1 = «.

Exercise 113 Prove that for any infinite cardinal k we have the equality Z,c,k" = k.

Recall that in §T2] we also proved that for each n € w, with 2 < n we have the equalities 2* = n* = w®.
This was also the tip of another huge iceberg, namely, the much more general result:

Theorem 35 For cardinals k, A with 2 < k < A, and A infinite, we have the equalities

2/l - K/l — l/l — (2/1)/1.
Proof. By monotonicity of exponentiation we have the inequalities 2! < k' < A* < (2Y)*. Therefore,
it suffices to prove the equality 2 = (21)1. But, since by Theorem [34| we have 1 = A - A, and therefore

a bijection [1-2] = [A1 X A-2], and by currying (see Exercise we have the bijection [4 X A-2] =
[A-[A-2]], we get the cardinal equality 2* = (24)*, as desired. O

Exercise 114 Prove that any infinite cardinal « satisfies the equality (k*)* = 2*. (Hint: Use Theorem[33)).

133



14.5.3 Regular, Singular, and Inaccessible Cardinals

Since any infinite cardinal « is a limit ordinal, we have the equality k = (J,¢, @; and, of course, if @ € «,
the inequality |a| < . Therefore, x can be obtained as the union of a «x-indexed family of sets of cardinality
strictly smaller than «. This raises the question: could « be obtained as a union of a A-indexed family of
ordinals strictly smaller than «, where A is a cardinal such that A < «? That, is, can we find cardinals A with
A < k and functions f : 4 — « such that « = (J,c; f(@)? Let us call a cardinal A < « cofinal for « iff
such an f exists. Obviously, « is cofinal for itself with f = id,. Therefore, the set of cardinals A that are
cofinal for « is nonempty and has a least element. We call this least element the cofinality of x and denote it
cof (x). So an interesting question, then, is: for what infinite cardinals x do we have cof (k) < «? Let us call
an infinite cardinal « regular iff cof (k) = k, and singular iff cof (k) < k.

Note that, since any finite union of finite sets is a finite set, we have cof(Ny) = Ny, and therefore N is
regular. Similarly, since by Corollary [4|we know that countable unions of countable sets are countable, N,
is also regular. What about infinite successor cardinals in general?

Lemma 26 For any infinite cardinal , its successor cardinal k* is regular.

Proof. Consider the folowing sequence of cardinal inequalities:

Kt = U F(@) < Zpecopun) | (@) < Zoecorrrk = cof (K7) - k = cof (k) Uk = cof (k) < k™

aecof (k*)

which forces cof (k*) = k*, as desired. O

Therefore, all cardinals in the countable sequence Ng, 8, N>, ..., N, N,.1,..., that is, all infinite cardi-
nals that any mathematician who is not a set theorist is likely to encounter in his/her entire life, are regular.
Obviously, all singular cardinals are limit cardinals. But are all infinite limit cardinals singular? Certainly
not, since N is regular. But are there any uncountable limit cardinals that are regular? Nobody knows.
In fact, we know that we don’t know, since it can be proved that ZFC cannot prove the existence of an
uncountable, regular limit cardinal (see [17], Corollary VI 4.13). An uncountable, regular limit cardinal
is called a weakly inaccessible cardinal. The fact that we cannot prove in ZFC that they exist does not
rule them out. Actually, many set theorists believe that assuming their existence is intuitively plausible and
should not lead to any contradiction (see, e.g., the discussions in [8|6]); and that one could likewise assume
the existence of a strongly inaccessible cardinal, which is a weakly inaccessible cardinal A such that

k<d = 2< A

A strongly inaccessible cardinal A is attractive from a conceptual standpoint because assuming its existence
one can prove that the ser ¥ is closed under all the set-theoretic constructions, including the powerset
construction, and satisfies all the axioms of ZFC; so ¥, is an attractive universe within which we can carry
out all mathematical practice, including all set-theoretic practice.
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Chapter 15

Well-Founded Sets and The Axiom of
Foundation

Well-founded sets can be understood from the top down or from the bottom up. The axiom of foundation
states that all sets are well-founded.

15.1 Well-Founded Sets from the Top Down

There are various versions of the tale about an old oriental cosmogony according to which the entire world
rests on the back of a tiger, which rests on the back of an elephant, which, in turn, rest on the back of a
turtle. In the tale, somebody asks a famous guru the question: “And on top of what is the turtle resting?”
The guru hesitates for a moment and then answers:

“It is turtles all the way down.”

This tale has a quite direct bearing on our mental picture of sets. Recall the metaphor, developed in Footnote
[ of §3.3] of sets as boxes, whose elements are other boxes they contain inside. Imagine a game in which,
after opening a box, one chooses one of the boxes inside, opens it, chooses another box inside this second
box, opens it, and keeps going until ... when? If it is “turtles all the way down,” this game may go on
forever, without ever reaching a bottom. There is nothing in the axioms of set theory we have seen so far
preventing the possibility of having a set a that is an element of itself, so that, for example, we may have
a = {a, @}. Although the order of the elements inside a set does not matter, let us go on with our metaphor
and assume that the box a is rectangular, so that when we open it, the box a is on the left, and the box @ is
on the right. If the player chooses to open the righthand box at any moment in the game, the game will be
over, since when opening the box @ there will be literally nothing in it. However, if the player’s strategy is
to always choose the leftmost box, the game will never end.

This box metaphor is of course much more than a metaphor. It can be made both mathematically precise
and graphical by observing that (%, 3) is a “mega-relation,” and therefore a “megagraph.” Therefore, we
can picture each set x as a node in the megagraph (%, 3), and then represent the relation x > y as an edge
x — y in this megagraph. As a consequence, the elements of a set x are precisely the nodes y that have an
edge x — y. For example, the sets a = {a, @}, and {1, 3} can be depicted by the graphs:
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where the graph on the right depicts not just the membership relation for the elements 1, 3 in the set {1, 3}
(the edges {1,3} — 1 and {1, 3} — 3), but all the memberships in its transitive closure TC({1, 3}) (note that
a = TC(a)). There is nothing intrinsically wrong or “pathological” with sets like a. On the contrary, it is
possible to adopt an “Anti-Foundation Axiom” (AFA) which celebrates this kind of recursive circularity in
sets, and exploits it in many applications, including quite interesting computer science ones (see [1, 3], and,
for shorter introductions, [26,[8]). Sets with such circularities, or, more generally, sets where we may never
“bottom out,” are called ill-founded sets. Instead, sets where the box-opening game always stops no matter
what inner boxes we choose are called well-founded sets. As we shall see shortly, well-founded sets form a

subclass WF C 7 of the entire universe of sets 7. Although ill-founded sets can indeed be quite useful, it
seems fair to say that:

1. In normal mathematical practice the sets we encounter are well-founded; and for the usual mathe-
matical structures (groups, posets, topological spaces, etc.), even if the original structure is based on
an ill-founded set, we can find an isomorphic structure based on a well-founded one.

2. It is possible to model non-well-founded sets using well-founded ones; specifically, as a subclass
Zsria < WEF, which, together with a specially-defined membership relation €44, gives us a “mega-
graph” (Zar, €ara), Which, interpreting set membership € as the relation €5z, satisfies all the axioms
of non-well-founded sets (see [26], Appendix B, for a very accessible and careful account of the
non-well-founded universe (Zuga, €ara) Within WF).,

3. There are some definite advantages of working in the class WF, including, as we shall see: (i) that
WEF = 7, so our “constructive” picture of sets as built up out of the empty set @ by union and
powerset operations is confirmed by this choice; and (ii) that WF comes with a quite useful induction
principle, called >-induction, which generalizes transfinite induction on ordinals and can be used to
prove set properties.

So, how can we characterize the class WF? It is of course the class of sets x that always “bottom out,”
that is, sets x for which there is no infinite descending chain of memberships

X2X192X23...X;,3 Xp412 ...

Can this be stated in a more intrinsic way as a property of the set x itself? Our first guess might be to use
the property that (x, 3,) is a well-founded relation. This is clearly necessary, because if (x, 3,) is not a well-
founded relation, it will have a descending chain x; 2 x, 3 ... x, 3 x,41 3 ..., yielding also a descending
chain x 3 x; 3 xp 3 ...x, 3 X;41 3 .... However, it is not sufficient. For example, for a = {a, @}, the
singleton set {{a}} has no edge in the empty relation = {(x,y) € {{a}}*> | x 3 y}, and is therefore a
well-founded relation, yet, we have the infinite descending chain {{a}} 3 {a} 2a>3a>...3a>a... The
point is that we cannot look at the set x in isolation: we have to “dig deeper” inside its elements, that is, we
should consider not just x but its transitive closure TC(x).

Lemma 27 The following are equivalent for any set x:
1. There is no countable sequence of sets {x,}neny such that x = xo, and for each n € N we have x,, 3 Xy).

2. (TC(x), >rcw)) is a well-founded relation.
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Proof. To see (2) = (1), first of all observe that (1) is just the set theory formula (Af) f:Fun A p[f] =
N A f(0) = x A (Yn € N) f(n) > f(s(n)). But, by Exercises [[05(2) and [TI0} if there is a function
f such that f(0) = x A (Vn € N) f(n) > f(s(n)), then f is such that (Vn € N) f(n) € TC(x), which
makes (TC(x), 37¢(y) a non-well-founded relation. To see (1) = (2), we reason by contradiction and
observe that (TC(x),3r¢(y) a non-well-founded relation implies the existence of a countable descending
chain xp @ x; > xp @ ...X; D X1 D ..., plus the fact that either xy € x, or there is a k > 0 such that
Xo € Uk x, which means that we have a finite chain x 3 yp 3 y; 3 ...y, with y; = x¢, and therefore, also a
countable descending chain x 3y 3y 3... Y 2X1 32X 3 ...X, 3 Xp41 3 ..., as desired. O

Since (1) & (2), and both (1) and (2) can be expressed as set theory formulas, we can use either of them
to define our desired class WF of well-founded sets. Using (2), we can give the following definition:

x:WF & (TC()C),BTC(X)) : WFRel.

The axiom of foundation (Found), is just the statement (Yx) x: WF, and will be discussed in detail in
However, until we will not assume the (Found) axiom, that is, the equivalence WF = %, in our
reasoning. Instead, we will reason about the properties of the class WF without necessarily assuming that it
is the class of all sets. This is useful to investigate other characterizations of the (Found) axiom, such as the
equivalence ¥ = 7%/. To be clear about this, I will use the abbreviation ZFC~ to refer to all the axioms of
ZFC except for (Found), and will preface all results prior to with (ZFC™), since we are not assuming
(Found) in their proof. In fact, some results follow from substantially weaker axioms than ZFC~.

Exercise 115 (ZFC™) Prove the following for any set x:
1. x: WF & TC(x) : WF.
2. Ifx: WFand x>y, theny : WF.
3. If x : WF, then s(x) : WF.

15.1.1 >-Induction

Note the interesting fact that, since each ordinal « is transitive (so @« = TC(«)), and well-ordered (and
therefore well-founded) by 3,, all ordinals are well-founded sets. Therefore, we have a class inclusion
Ord ¢ WF. Furthermore, since by Lemma if x : WF, then there is no countable sequence of sets
{X,}nery such that x = xp, and for each n € N we have x,, > x,), we should think of (WF,3) as a well-
founded intensional relation, which both generalizes and extends the “well-ordered megachain” (Ord, 3).
This suggests the following, straightforward generalizations of Theorems |26 and which can both be
proved in (ZFC™).

Theorem 36 (ZFC™) Each nonempty subclass o/ C WF has a 3-minimal element, that is, a set x such that
x: o and for any y with x 2y, then 'y : =</

Proof. Suppose that o7 € WF is nonempty, so there is a set A with A : /. Consider now the set B = {x €
TC(s(A)) | x : o7}. Since A € B, B is nonempty, and B C TC(s(A)). If we show that (TC(s(A)), S7¢(sa))
is a well-founded relation we will be done, since then there is a b € B (and therefore b : o), such that
Src(say[{bY] N B = @, and then if we assume, towards a contradiction, that there is ay : o/ with b > y,
then, by TC(s(A)) transitive, we have y € TC(s(A)), and therefore y € B, which is impossible, since
Stesay [{PY] N B = @. So, all we have left to do is to show that (TC(s(A)), 37c(say) 1s a well-founded
relation. Note that A : &/ € WF, and that we will be done if we show s(A) : WF. But this follows from

Exercise[T151-(3). O

Theorem 37 (3-Induction). (ZFC™) Let o&f C WF be a subclass such that for each A: WF, the implication
(Vx € A) x: ) = A:o holds. Then <7 = WF.

Proof. Suppose not, so that WF — o7 is nonempty. Let A be a >-minimal element in WF — o7, then,
by the minimality of A and Exercise [[15}-(2), we get (Yx € A) x: .7, and therefore A : o7, contradicting
A:(WF -4/). 0

Is there also a >-recursion theorem generalizing and extending to the well-founded class (WF, 3) the
transfinite recursion theorem (Theorem[30) for the well-ordered megachain (Ord, 3)? The answer is yes! In
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fact, an even more general R-recursion theorem can be proved for any “set-like” well-founded class (<7, R),
that is, a class o7 together with a well-founded intensional relation R that is “set-like” in the precise sense
that there is an intensional function R[{_}] : &/ — % such that (Vx,y) (x,y : &/ A xRy) © y € R[{x}],
that is, the class of all y in &Z “R-below” a given x : & is actually a set; note that this is indeed the case
for the > relation on WF. The proof of this R-recursion theorem is a generalization of that for Theorem [30]
(see, e.g., [17], Thm. II1.5.6, or [16], Thm. 5.4).

15.2 Well-Founded Sets from the Bottom Up

Our view of well-founded sets so far has been “from the top down,” that is, we begin with a set as a box
and go down inside its inner boxes until we bottom out in the empty set. It is interesting to think about
well-founded sets in an alternative “bottom up,” “constructive” fashion, where we begin with the set at the
bottom, namely @, and build up all the other sets by powerset and union operations. The key question, of
course, is: are these top-down and bottom-up pictures equivalent? That is, do they describe the same class
of sets? The answer is yes! so that we indeed have the class equivalence WF = 7.

To gain an intuitive feel for why this is so, we may go back to our “sets as boxes” metaphor (in essence
our graph-theoretic view of sets), and think of the construction of the von Neumann hierarchy of sets %
as the work of an incredibly skilled and infinitely fast Hungarian carpenter called Johnny. Johnny wears a
digital watch, but his life is eternal, so that at each moment, when he looks at his watch, he does not see
just a natural number n, corresponding to the number of seconds elapsed since he started building ¥, but an
ordinal a. For example, if he sees w + 7 in his watch display, this means that the time is seven seconds after
the first eternity w. At each moment, Johnny builds a new box out of the boxes he has already built before.
He can do this extremely fast, so that in just one second he is able to build the new box needed at that
moment. Also, when he builds the box for time «, he writes the time at which he built it on the outside of
the box. Furthermore, Johnny has perfect memory, so that he remembers all the boxes he has already built;
this means that if at some later time he needs to build a copy[ﬂ of a box he had already built at a previous
time (3, he will mark that copy with the earliest time 3 at which the original box now being copied was built.
Let us call 7, the box that Johnny builds at time @. Such a box can be easily described:

e 7#;: here Johnny just builds a single empty box and writes O on it.

e ¥,:1: here Johnny has already built the box ¥, and now builds a new box ¥,,1, which he marks
with its time @ + 1 and inside which he places, for each subcollection B of boxes among those found
inside ¥, (set-theoretically, for each subset B C %), a box containing (an exact copy of) each box
in B. If the box thus obtained for B is one he had not built before, he writes on it the label « that
was written on the bigger box ¥, ; otherwise, he marks it with the earliest time 8 at which the original
being copied was built.

e ¥,: if Johnny just arrived at some eternal time A (a limit ordinal), he builds a new box ¥,, marked
with time A, inside which he empties the contents of all the boxes that he had built in all previous
moments before reaching that eternal time (but avoiding duplicate copies).

Note that it follows immediately from this construction that all the boxes Johnny ever builds are well
founded, because any player in the box-opening game who begins with a box built by Johnny will al-
ways bottom out regardless of which inner boxes he chooses to open. This is so because the player can keep
a list of the labels @ marked on the boxes he/she has opened so far, and as he/she keeps opening boxes, gets
a descending chain of ordinals @y 3 a; 3 @2 3 ... @, which must bottom out at some finite k£ with o = 0,
precisely because the ordinals are well-ordered. Therefore, we obviously have ¥ C WF. The rest of this
section is just crossing the t’s and dotting the i’s in the above, intuitive picture of the containment ¥* C WF,
and getting the converse containment WF C #". The stages %, %1, %2, 73, ... ¥, in Johnny’s box-building
effort are depicted below.

IRecall that in the physical metaphor of boxes, the same box cannot be simultaneously inside two different boxes, so copies of
it may be needed. Instead, in set theory, by the (Ext) axiom, the same box is always shared, and can therefore be inside many other
boxes; in particular, the empty box @ is inside all other boxes. Graph-theoretically, the difference between boxes and sets is just the
difference between a tree and its maximally-shared directed acyclic graph (DAG) representation.
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Recall again the recursive definition of the von Neumann hierarchy ¥: (i) % = @, (i) ¥ = P(Ya),
and (iii) for A a limit ordinal, ¥ = Uy€ 1 7. It follows immediately from (i) and (iii) that for any set x such
that x : ¥, the smallest ordinal « such that x € ¥, must be a successor ordinal. The following notion of
rank of a set x : ¥ exactly corresponds to the label B that Johnny marks on the box x in our sets-as-boxes
metaphor.

Definition 23 Given a set x : ¥, its rank is the smallest ordinal § such that x € Vg. We then write
rank(x) = .

Therefore, if rank(x) = B, we have x C ¥ and x ¢ 73, which was exactly the case when Johnny used
the label 8 to mark the box x, since x was either /3 or a new, smaller box not built earlier (i.e., x ¢ ¥3). By
definition we also have x € ¥, and, more generally, x € ¥, for any y such that y 3 8, as shown by the
following lemma.

Lemma 28 (ZFC™) For any ordinal a, ¥, is a transitive set; furthermore, for any ordinal y such thaty € a
we have a strict inclusion ¥, C Y.

Proof. The proof of the conjunction of both statements is by transfinite induction on @. For @ = 0 the result
is obvious. For @ = s(8) we have ¥ transitive by the induction hypothesis, and therefore ¥ = P(73)
is transitive by Exercise [[05(5), and ¥3 C P(¥j) by Exercise [[05-(4), which trivially implies %, ¢ ¥,
for any y € s(B) by the induction hypothesis. For A a limit ordinal we have ¥} = (J,e, %3, which by the
induction hypothesis and Exercise (6) makes ¥ transitive. Also, we trivially have ¥, C ¥ for any
¥ € 4, since we have ¥, C ¥y, C #; by the induction hypothesis and the definition of #;. O

Another interesting feature of Johnny’s box-building method is that at any time «, the box ¥, contains
inside only and exactly those boxes labeled with a 3 strictly smaller than a.

Lemma 29 (ZFC™) For any ordinal a, we have
Vx)xe¥, © x:V A rank(x) < a.
Proof. Suppose x : ¥ and « is an ordinal; then the proof is just the following chain of obvious equivalences:

xeVy © FBew)yxe ¥y <V © rank(x)€a. O

The following lemma collects a couple of useful and intuitively obvious facts about ranks.

Lemma 30 (ZFC™) Let x : ¥, then:
1. (¥y € x) rank(y) < rank(x)

2. rank(x) = U{s(rank(y)) | y € x}.
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Proof. To see (1), let @ = rank(x). Then x € ¥, = P(¥,). Therefore, if y € x we have y € ¥, and
therefore, rank(y) < a = rank(x) by Lemma[29]

To see (2), first note that (1) implies (Yy € x) s(rank(y)) C rank(x). Therefore, @ = |J{s(rank(y)) | y €
x} C rank(x). Furthermore, by Lemmawe have x C ¥,, and therefore x € ¥, thus rank(x) C @, which
gives us (2). O.

We are now ready for the main theorem of this section.

Theorem 38 (ZFC™) The classes of well-founded sets and of the von Neumann universe are equivalent,
that is, we have WF = 7.

Proof. To see ¥ C WF, just note that if x : ¥, then we cannot have an infinite descending chain
X3X 2X3...3 X, 3 Xp41 D ..., since by Lemma @(1) this would give us an infinite descending
chain of ordinals rank(x) > rank(x;) > rank(x;) 3 ... 3 rank(x,) > rank(x,.1) > ..., which is impossible.
This is just crossing the t’s and dotting the i’s in our box-game argument showing the well-foundedness of
Johnny’s boxes.

To see WF C ¥, we can reason by 3-induction, that is, for x : WF, we assume that for each y € x we
have y : 7" and then show that x : ¥. Let @ = (J{s(rank(y)) | y € x}; then by Lemma 29 we have x C 7;,
and therefore x € ¥, as desired. O

Of course, since we already know that Ord c WF, by Theorem[38|we also have the inclusion Ord C ¥
But we can be more precise.

Lemma 31 (ZFC™) For each ordinal a we have:
1. rank(a) = @
2. a={x€ ¥, | x:0rd}.

Proof. We can prove (1) by transfinite induction on «; so we assume rank(S) = 8 for 8 € @ and must show
rank(a) = a. But rank(B) = g forces 8 € ¥z C 7, and therefore a C ¥, which gives us @ € ¥, thus,
rank(@) C a@. On the other hand, by Lemma [30, we have rank(a) = |U{s(rank(B)) | B € a} = | U{s(B) | B €
a} C a, which gives us rank(a) = «a, as desired.

To see (2), note that by the definition of ordinals and Lemma we have @ = {8 | B € a} = {B |
rank(B) < a} = {x € ¥, | x : Ord}, as desired. O

15.3 The Axiom of Foundation

The Axiom of Foundation (sometimes also called the Axiom of Regularity) is the statement
All sets are well-founded,

which can be formalized as the formula
(Found) (¥x) x:WF

or, equivalently, as the class equivalence WF = % . It is however worthwhile to study other, equivalent
formulations of the (Found) axiom. Here are some.

Theorem 39 (ZFC™) The following formulas are equivalent formulations of the (Found) axiom:
1. (Yx) x:WF
2. (Vx) (TC(x), 37¢(x): WFRel
3. (V) Af) (f:Fun A pi[f1=N A f(0) = x A (Yn€N) f(n) 3 f(s(n)))
4. (¥x) (x,,) : WFRel

5.0 (@AW uex) = ANy ex A ~(F)zex Azey)
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6. V) x+2 = Ay)(yex AxNy=0)
7. ¥x)x: V.

Proof. The equivalence (1) & (2) is just defining away the class WF; and the equivalence (1) & (7) is
Theorem[38] The equivalence (2) & (3) is Lemma[27] The equivalence (5) & (6) is trivial. The implication
(4) = (2) is also trivial; and (2) = (4) follows directly from the observation that x € TC(x), so that if a
well-founded (TC(x), 37¢(y)) s restricted to (x, 3,), we get also a well-founded relation. So it is enough to
show (4) & (5). But note that (5) can be equivalently expressed as the formula (Vx) (x # @) = ((Jy €
x) 3.[{y}] = @). To prove (4) = (5), we assume (4) and reason by cases. The implication holds trivially in
the case x = @; if we instead have x # @, then since (x, 3,) is well-founded and x # @, we obviously get
(5). Conversely, if (5) holds, then for any set A we have (A, 34) well-founded, because for any x C A with
X # @, there exists ay € x with 3,[{y}] = @ by (§). O

Note that (5) is expressed in the basic language of set theory with no extra symbols at all; so it is often
preferred as the standard formulations of (Found). However, (3) seems the most intuitive formulation of
(1)-(6), and can also be easily defined away into a formula involving only the = and € predicates. Note also
that the formula (Vx) x ¢ x follows trivially from (Found), so that all sets are noncircular.

Could adding the axiom of foundation lead to any contradiction? That is, if the axioms ZFC™ are
consistent (do not lead to any contradiction) are the axioms ZFC consistent? The answer to this second
questions is yes! In this regard, Theorem 38]is quite important, because it gives us a “constructive” view of
all well-founded sets as built up “ex nihilo” out of the empty set. This makes it relatively easy to show that
WEF, that is, the von Neumann universe 7', which we can define in ZFC~ without any recourse to (Found), is
closed under all set-theoretic constructions (that is, we never leave the universe ¥ when building other sets
out of those already in ¥"), so that ¥ itself, and not just %, satisfies all the axioms of ZFC~; but since it also
satisfies (Found), we then get that if the axioms ZFC~ are consistent, then the axioms ZFC are consistent.
Technically, showing that ¥ satisfies all the axioms of ZFC™ requires relativizing those axioms to the class
¥, that is, we have to restrict the universal and existential quantification in the axioms of ZFC~ to range only
over sets in ¥’ E] This can be easily done for any formula ¢ in the language of set theory to obtain a relativized
sentence ¢”, since whenever we have a formula (Vx) ¢, we can recursively replace it by (Vx) (x : ¥) = ¢
and whenever we have a formula (Jx) ¢, we recursively replace it by (Ax) (x : ¥) A go'V, and leave all the
Boolean connectives and basic predicates = and € untouched. For example, the relativization of the (@)
axiom to ¥ is the formula (@)” = @Ax)(x : ¥) A ((YVy) (v : ¥) = y ¢ x). I refer the reader to [17]], §1V.4,
and [6], §11.5, for detailed proofs of the fact that the universe ¥ satisfies all the axioms of ZFC~ and that,
therefore, if the axioms ZFC~ are consistent, then the axioms ZFC are consistent. However, the essential
idea needed to get these results is just the closure of ¥ under the usual set-theoretic operations.

Exercise 116 Prove that, given x,y : V':
1. Ux,Px),{x}: 7V
2. xUy, xNy, x Xy, {x,y}(x,y), [x>y] : 7.
Prove also that N,Z,R : ¥ (for R you can just use the binary representation of the reals from §I2.3).

Exercise 117 (ZFC™) Let (A, R) be a binary relation (e.g., a poset, lattice, well-founded relation, etc.). Show that there
is a binary relation (A’,R’) such that (A’,R’) : ¥ and we have a relation isomorphism h : (A,R) — (A’,R’). This
is just the tip of a huge iceberg: any mathematical structure we may think of: a group, a topological space, a Hilbert
space, and so on, is likewise isomorphic (for the appropriate notion of structure-preserving isomorphism) to one in V.
Therefore, the (Found) axiom, although not needed for mathematical practice, imposes no limits on such practice.

Let me finish this chapter with an elegant and very useful technical application of the (Found) axiom
known as “Scott’s trick,” because it was proposed by the well-known logician and computer scientist Dana
Scott. As explained in §7.6] given a set A and an equivalence relation = on it, we can form the quotient
set A/ = and get a quotient map g= : A —» A/=: a — [a]=. Can this be done for classes? That is,
given a class &7 and an intensional equivalence relation ~ on it (that is, an intensional relation such that

2This is just like what happens when proving that a subset A C G of some structure G such as, say, a group, is also a group: we
have to show that A is closed under all the group operations and prove the group axioms for A, thus restricting their quantification to
elements of A.
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whenever x,y,z : &/, wethenhave x * x, x * y = y~ x,and (x * y A y & 7) = x ~ 7), can
we define a class denoted <7/~ and a surjective intensional function ¢~ : &/ —» o7/ =, such that for
each x : &7, g.(x) is its corresponding ~-equivalence class? In general we cannot, because g~(x) must
be a set, but the ~-equivalence class of x may easily be a proper class. For example, the bijectivity or
equinumerosity relation x = y between sets is obviously an intensional equivalence relation on both %/ and
¥, but for any set A # @, the sets B such that A = B form a proper class. Dana Scott’s insight was to
point out that, since by (Found) we have % = ¥, we can get exactly what we want by observing that each
~-equivalence class will have a representative of minimum rank, that is, we have an intensional function
Us : — 0Ord : x > Ala € s(rank(x)) | (Ay) y: &/ Ay~ x A a = rank(y)}. We can then define the
~-equivalence class of x : &7 as the set [x]~ = {y € Psu.vy | ¥ 1 & A y = x}. This then defines the class
o/ |~ by the equivalence
x: A~ e @A)G:L)Ax=[y

and then the intensional function Ax : 7. [x]. : </~ gives us our desired surjection g~ : &/ —» o/ |~.

Exercise 118 Prove in detail that for the intensional equivalence relation x =y, the mapping card : [x]= — |x| is an
intensional function and defines a bijection of classes card : (% |=) — Card. That is, you should exhibit a formula
@(x,y) corresponding to the above assignment notation [x]= v |x|, show that it is an intensional function with typing
card : (% |=) — Card, and prove that it is bijective for that typing. Note that the bijection card is conceptually quite
useful, since it expresses the essential identity between two, somewhat different notions of cardinal: one, more abstract
and due to Cantor, as the abstract concept associated to an equivalence class of sets having the same size, and another,
more concrete and due to von Neumann, as a canonical representative of such an equivalence class.

Exercise 119 (Factorization Theorem for Intensional Functions (see Theorem |Z|) ). For any intensional function f with
typing f : o/ —> 9B, Prove that:

1. The intensional relation ~; defined by the logical equivalence x ~; x' & f(x) = f(X') is an intensional
equivalence relation on < .

2. The class f[.<7], defined by the logical equivalence x : /] © (A2) z: & A f(z) = x, has a subclass inclusion
fle] C A.

3. There is an intensional function f which has typing f: o [~y — fl9/], and is bijective for that typing and
such that the diagram

f

o —> R

o

o |~y —L > fler]

with id = Ax. x, commutes, in the sense that we can prove (Nx) x : & = f(x) = f(qx ().

Apply (3) to the surjective intensional function || : % —» Card to obtain a trivial proof of Exercise

Exercise 120 Use Exercise[II9)to prove that the surjective intensional function ord : WOrd —» Ord is such that:
1. the intensional equivalence relation =,,, is precisely the intensional relation = of poset isomorphism in WOrd

2. the bijective intensional function ord WOrd/=— Ord is actually an isomorphism of well-ordered classes
ord : (WOrd/=, >) — (Ord, D), where > is the relation induced on WOrd /= by the order relation > on WOrd
defined in so that q- : (WOrd, >) —» (WOrd/=, >) is strictly monotonic.

Note that we can view (2) as a vindication of Cantor’s notion of ordinal as the abstract concept associated to an
isomorphism class [(A,>)]= of well-ordered sets, since up to isomorphism of well-ordered classes, von Neumann’s
construction of (Ord, D) completely agrees with Cantor’s definition of the relation a > B between ordinals in [S|] §14.
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