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That is, the following is a valid derived rule of Reachability Logic:

A—Y B

Ao =%z

where y € Y and o is a constructor substitution {y +— u} such
that the variables Z = vars(u) are fresh.
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The Split auxiliary inference rule of Reachability logic ensures that
the validity of a reachability formula

ul|p—¥B

in a rewrite theory R is equivalent to the validity of the two
reachability formulas:

u| A =% B and u| oAy =% B

provided: (1) 11 and 12 do not have any extra variables besides

those of u | ¢, and (2) Ts/puB = 1 V Y2, where Ty pup is the
initial algebra of R’'s underlying equational theory.
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But why is this correct? Because of the Constructor
Instantiation of a Parameter inference rule, since: (1) K is
clearly a parameter of the general formula, and (2) the Hoare triple
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What can we do? Use two ideas: (1) We can apply the Expanding
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this formula by a much easier to prove one. By calling A and D the
above pre- and postcondition, the above formula is summarized as:

Alwhile b:(Z) {stmt} ~ K] =% D[K]
We need to find a much easier to prove
Blwhile b:(Z) {stmt} ~ K] =% C[K]
such that A Cxy Band C T D. How? Using Idea (2).
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Idea (2): The key remark is that loops are a repetitive
computation. If we can find a property I that is preserved by each
iteration of the loop’s body, so that it remains invariant,then we
can choose B = I and C' = Io (o remames X to X') to get a
much easier to prove formula:

Iwhile b(Z) {stmt} ~ K] =% Io[K]

Why much easier to prove? Because it greatly increases the
chances that the Axiom rule, which is a seven league boots rule
designed to detect repetitive behavior will kick in and allow the
Subsumption rule to prove the goal.

Ideas (1) and (2) are combined in a proof method of loop
invariants based on the following steps:

13/21



Loop Invariants

Step 1: We guess an invariant [ that:

14 /21



Loop Invariants

Step 1. We guess an invariant I that: (i) will be true when
entering the loop, and

14 /21



Loop Invariants

Step 1. We guess an invariant I that: (i) will be true when
entering the loop, and (ii) will be preserved by the loop’s body
stmt.

14 /21



Loop Invariants

Step 1. We guess an invariant I that: (i) will be true when
entering the loop, and (ii) will be preserved by the loop’s body
stmt. That is, I should satisfy:

14 /21



Loop Invariants

Step 1. We guess an invariant I that: (i) will be true when
entering the loop, and (ii) will be preserved by the loop’s body
stmt. That is, I should satisfy:
<stmt~ K |TS& T X VS > I(Y,X)Ab(X) = true
SO< K| TS & T X'« VS >|I(Y,X)

14 /21



Loop Invariants

Step 1. We guess an invariant I that: (i) will be true when
entering the loop, and (ii) will be preserved by the loop’s body
stmt. That is, I should satisfy:

< stmt~ K| TS & T X+« VS > I(Y,X)AbX) = true
SO< K| TS & T X'« VS >|I(Y,X)

Intuitively, I(?,X’) is a property that:

14 /21



Loop Invariants

Step 1. We guess an invariant I that: (i) will be true when
entering the loop, and (ii) will be preserved by the loop’s body
stmt. That is, I should satisfy:
<stmt~ K |TS& T X VS > I(Y,X)Ab(X) = true
SO< K| TS & T X'« VS >|I(Y,X)

Intuitively, I(?,X’) is a property that: holds before stmt is
executed (assuming b(X) = true), and

14 /21



Loop Invariants

Step 1. We guess an invariant I that: (i) will be true when
entering the loop, and (ii) will be preserved by the loop’s body
stmt. That is, I should satisfy:
<stmt~ K |TS& T X VS > I(Y,X)Ab(X) = true
SO< K| TS & T X'« VS >|I(Y,X)

Intuitively, I(?,X’) is a property that: holds before stmt is
executed (assuming b(X) = true), and after stmt is executed.

14 /21



Loop Invariants (1)

Step 2: Since a terminating execution of the loop

15/21



Loop Invariants (1)

Step 2: Since a terminating execution of the loop will just execute
stmt a finite number of times,

15/21



Loop Invariants (1)

Step 2: Since a terminating execution of the loop will just execute
stmt a finite number of times, until b:(Z) becomes false,

15/21



Loop Invariants (1)

Step 2: Since a terminating execution of the loop will just execute
stmt a finite number of times, until b:(Z) becomes false, the
invariant I will be true not only before entering the loop, but also
immediately after exiting it.

15/21



Loop Invariants (1)

Step 2: Since a terminating execution of the loop will just execute
stmt a finite number of times, until b:(Z) becomes false, the

invariant I will be true not only before entering the loop, but also
immediately after exiting it.

Therefore, a good initial guess for the loop invariant is:

15/21



Loop Invariants (1)

Step 2: Since a terminating execution of the loop will just execute
stmt a finite number of times, until b:(Z) becomes false, the

invariant I will be true not only before entering the loop, but also
immediately after exiting it.

Therefore, a good initial guess for the loop invariant is:
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Step 3: Our initial guess for the loop invariant may be insufficient.

For two reasons: (1) The invariant I(Y, X) may be too general,
called a weak invariant, making it hard for the IMPL prover to
prove it. (2) I(Y, X) may not fit well with our original formula:

Alwhile b:() {stmt} ~ K] —® D[K]

For example, I(?, )f’) may be too general, and therefore may not
allow us to prove the original midcondition D.

Reasons (1) and (2) both move us in the same direction. We
should strengthen the invariant I into a stronger:

Ly (Y, X) = I(Y,X) A ¢.
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Loop Invariants (1V)

Step 4: Abusing notation and calling I, not just the data
constraint but the entire pattern predicate, if we can show that:

Alwhile b:(Z) {stmt} ~ K| C,. ¢ Lsr[while b:(Z) {stmt} ~ K]

and
I, 0[K] EKY DIK]

then, by the Expanding Preconditions and Restricting
Midconditions rule, if the IMPL Prover can prove:

< while b:(Z) {stmt} ~ K | TS & T+ X V.S >| I (Y, X)
O < K| TS &F— X % VS >| I[4(Y, X"

we have also proved our original goal:

Alwhile b:(Z) {stmt} ~ K] —® D|[K].
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. ob ~
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