LECTURE 4 ( September yt)

Dynarm‘c, ’Progm rnming

Dynamic Progmmmfng s " Recorsion wrthout Re/)eﬁf'on " where we solhe each dictinck
YecJvaive svb—})roblern exacfly once .

The algotithin does not (ook ke @ recorson bot Hested for loops buot under the hood
i is doirxr Smart recdrsion.

Last time,

LONGEST INCREASING SUBSEQUENCE

Given a sequene  Of numbers ﬁnal a :ubse:zuywce that s z'ncwea3I)7£’ and
the thg/cSt

3DDA 10 3 2@ 5 3 s 9@ 3 23 4 ¢ 2 ¢

(hcveasfnéy sequente = emply
2 OR

humber| + :ncreaainér Sequence
y ?x 7y

) T

This is my job Rewrsion fafr/ takes core of it

So, how f)f our L'nFut Seguence , we need 1o ;‘alehi-/f}z for every 1, whether
ks (n the longesf l‘ncreas«'n{ subsequence . Lel's jomp into the middle  and ascurme
@ few of the firt jtems have alveady been dentiffed.

3 1415326531585?33 23 8 496 2 ¢
- v—/"‘/ T t
Decision a’fﬂw‘y made what about the ?

Is it (n LISY
So, 5 (s not—in LIS

—— How about 8 7
Not easy to tell !
What do we do 7

RECVURSE (n hoth

cses , assoming-
@ & LIs and

one O«S.cuml'ng
8 & LIS

Here | we need to vemember for recorsion which case we ave th



g/{/;gefslsgs?aa 23 8 462 ¢

This does not matter Onl)/ need ‘o vemember e [q;gpfesz’:
nomber (n the subs‘ecpuence o far

Considev  the. Yecouvrion :

LISbi () = L LTS Al.... Il bi than Al
pger (i) engﬂv cf 4 J h)] a igpev  Thay :,]/

L, We alreqd)/ Saw the Yecorsive

d g‘fanOn of this

We need to check f Alj) is
this ;ubse%uence_ .

What does +4h finckon (ook lke ? Last # we have decided is
th in LTS
0 if j > n i
_ . LISbigger(i,j + 1) if A[i]>A[j] — I jthrumber
Lisbigger(i, j) = LISbigger(i,j+1) s smaljer
max{ gg ’], , } otherwise then we gt
\ 1+ LISbigger(j,j +1) looking: o ja
| buv have the
same Iavgest

In 4his we tv7 \aoﬂv, whether < # AL

AGl ¢ LTS or  Aljle L3S

Vov can also wrte £ this Yecu@on n /Dse,udacade as well :

LISBIGGER ((,}) *

\f j>n @ vetuvn O
else if ALT2AL) : vetoyn LISBISGER (L,j41)
ebe : skip « LISBIGGER (v, j+1)

ke < LISBIGGER (7, j+1) + 1
return max {sk/'jb , take




This pives an algvﬂ%hm o fihd the LIS bipyer than some valve x .
How do we solve the ortc‘e‘l'nal Froblcm.?

One way : add an oartificial valve for x , say —eo

Another way m a fm’ foop, 1519/ all Po&S/'b/e inttial valve for X

Bub waip , thic might take exponential dime :  We are only rec/uc_/'pg the

froblem Si2e b/ one bot Fo-bem’:fa/}v vecy /S/'/()Saf on each J‘U‘bfrob/eb-; Hw)ce.

Hsw do iwe memoze hic fUncbbn o éref an eﬁ?'c/enf aléown't/vm 7

What  sors Of dota Structove 20 uvse 7 We neecd 4o fa.cs 2 ihdices and
Telom a humber  so we ose a 2D arvay

R

: PRE 30, let's see (h whal oOvder the
3 ] .
J [z 12 1eL 07SI0N :ﬁ”_c up the arfa)// $o
| ' we cah do & ourcelvesr ‘with
Jor leops
LT 5 BIGGER

(ynsider an  entry [2] W the arra/

(0 if j>n
LISbigger(i,j+ 1 if Ali] > Alj
Lisbigger(i, j) = { '8 ( / ) | [i]=A[j]
{ LISbigger(i,j + 1) } .
max , o otherwise
! 1+ LISbigger(j,j +1)

\] This line looks up ah entry in the Same yow byt to the wipht of [)

E‘ This hne does +the same as above

B This line looks an enty)/ in the same colomn bot Jelow H jUS'l:
obove the dl‘ag'om(

Ss, when we want 0 know [, we need to fill B ad @

What order shovld we chooe o ﬁ‘// the fable 7



We heed +tWwo hnected for loops

[ Indices ﬁr each qf the /ocyD

(2] .chveasiy\g/ decreasl'rka/ ovder for the loop
E Whch is in he mer fovter /oolo ¢

For cxamrle ) SUppose we do this L‘;ﬁ
| _aa <= Odter loop & ovcer

Jfor j< n to 1 ~
for { < n-to T Inher (ao)o & ondey

(olormn )'+l o evalvated

TRs s mot the Only ovder thot works. before  column |

We can alee do the fbllowfng

0 OR

.
<
N

A M

J Y

g B

One cop check that tn all of these ogvolere f/ll
It takes O(n*) Hme to fill the +able

“The final a'gorfthm looks ke the ]Gllowfng

D before 7

FAsTLIS(A[1..n]):
A[0] « —o0 ((Add a sentinel))

fori < 0ton ((Base cases))
LISbigger[i,n+ 1] < 0
for j « n downto 1
fori—O0toj—1 (... or whatever))
keep « 1+ LISbigger[j,j+ 1]
skip < LISbigger[i,j+ 1]
if A[i] > A[j]
LISbigger|[1i, j] « skip
else
LISbigger|i, j] < max{keep, skip}
return LISbigger[0, 1]

Fsevdocade is hat
veguived for HW
& exams for dthm/'c
Progvammi not Prob)ems




“This (s not the onl/ way +o sole this LI /_')rab/tfn

Instead of askng a gz‘mlvle yes[no queshon abovt each efemest of the input-
SELZUEhce , we could dire_cH)/ try o ask. abovt the elementc of the Odw;out
seq/uenc@

31415326153585793238?5‘26‘

N — v

Which  ones of these is hext n the
long’eg-é increasing Subseguence 7

Heve we arv Ye(ym‘g' move on e vecursive Stveture of- the mrybui' more.
dhan -the recovsve Shuctvre QC +he (b }:U-L—

Theve ave sOme H»ing:c we Khow aren‘t gau'mg— te be h%f-ﬁny#)ing' less thah 6

314153261¥XX5’3?9X)&X87(KKX

For others, Judt by all )oansfb/e options . Suppose, vle decide that 7 € LLS

31a1532653585?’9§<;1ﬁ87f%%/¥
;—V —

Now we need to recovse
on the guffix bot we

Still reed 0 remember
ad dtbion al :‘nﬁfmaﬁon In
-the recursion

Consider the vecursion :

LIS bigper Ct',j) =115 of A[j..n) & all > Ale]
Bub how notice that j & always (+1 !
So, let's define

/

LIS Fivek (i) = Lxs Ali...n) sty ting- with ALL)



So, when we decide 4o recurse fmm

31‘(1532615355’3‘7‘33238‘[6‘26‘

there ave any fossible recursive calls

314153265358'3793238‘{626‘
3 @D 1035 2053 5s8@)? 93 238 ¢462c¢
3141532653585’71332384{gzg
314153265358573,3238c{gzg

3 @B 1035 2@®c 3 s 9 * 9 3 zs@lqug
LIS Fivek ) = Lzs Ali...n) s%avﬁ'rg wrth A ]

LISfirst(i) = 1+ max {LISfirst(j) | j > i and A[j] > A[i]}

LISFIRST(1):
best < 0
forj<—i+1ton
if A[j]>A[i]
best « max{best, LISFIRST(j)}
return 1 + best

What 's the base case of the vecorrence 7
When { LISfirst () |j>¢ and Al\f}] YALTE i the EJﬂ]"[y seb .

In this case , we Can Just defne  max gé = 0 ahd we ave done
with dhe dase case ‘as well.

LIS(A[1..n]):
A[0] « —o0
return LISFIRsT(0) — 1

To Com}aube. the finql answer , e call




|Ahat 's the ﬂ'g’}ﬂ: data stvuctuve +o memoize ? An arm)/ because how heve
(s Jus-l: one index ¢ !

What order 1o evalvate ? Right 4o left becawse vecorsve call For < on}/
makes cqlls o j wheve )‘>,C

What's e YUnping time ? o evalvate each efrtr/ is 0Ch) time and
0(h) entries in +he array, o tme (s 0(?)

So, these are two O(h*) ime a/gorhfhm ﬁr LTS

Theve is o <hird alporrthn as  well, whick vYuns in fime 0(11-(Og’n ) called
patience Sort{ng

IWooDcUTTERS PROBLEM

You have a LOhg' woden board (nto jqxd Pa.c{‘hbns

You heed to take W& o the sav\l'rnl:ll, which cgn cot ahy L-fooi: boqrd qﬁf \fL

DcPc,ndfng on wheve the sawmidl cots the boord fﬁrb , you well have {o Pay.
diffevent amoonts . For example, ff the cobs are evehy spaced , if the saw milf
cots the boqrd aquys in the mia{d[e)i?hch every fUVUY& wt (s éO'Ot'ng’ to cost
at most Y2 while ¥ the saw mill cvtr from ohe end to the other , the st of

cach cot is \argtr.

Consider the following {qu)olc, where @, @ ,® denotes e ovder in which
cobs ave made and how ‘{:he)' lead 4o different cwsts

® 47
@ ¢$3 Total = & 20




So , the rroblern s 4 ﬁgwe oot e Ylgbt oYcEen'ng’ b hake e cat as omall
as Tossible given +he ]aos'rl:fbn of the cuts

How to solve this Via dynamic Progmmm[ng 7
[J  Break veco fsn'\/e,l/ into .sob-})rob(ems

How do we that ?

> We have to find the fist ot which divider the board info two paris
> Affer that, we feu)rsivel/ solve the left part and e 7%7}1{: part.

So,We ae bvilding— o binary {ree

—

' A — Ovr \)ob S 1o ﬁhd the
fixt cot

]

< 1.

/ N\
| |1 .
/ \\ — How t do this
>:\ N 3| Teeeen fayls

<Y | -

Whal are the sobproblems here §  Intervals — Each tme we have

a Pm"b of the board Hhat starts ot He (" cvt and ends at
the k™ cut

l |

L k

Oov Trob[e/n how LS +o iafeh-{;riﬁf where +he |ef£ and n‘gbé ends Of—l'he nterval qre
JNe wan¥ +to compute

OPTcoeT (k) = min cost 4o cot vp segment from cot L to cot k

In ordey to rite the acktval vecurrehce , e need to define  how +he [n]:ai-
is re,Presentccl

INPUT - L [0...n]) = amay of baad length

L[l = lenpth of board betweeh cwt ¢ & cot C+1

e_.g. \ 2 | 3\ 4 ) cofre.gft)hd_s 1o L=[2,:\_,3,-’-+]




Let's c(e\/elo'): OUr TeLUYrence

OpTCosT (1,K)

—
—

ZHL[J']

i

This ic the cost we

have +o paLy Sfor the
firsk cot no matter where

we make

7

if k=i{+1 —>base caxe
(ho cvts te
be made)

+ i § OPTCOST (¢,)) l ‘L<j<$}
+ 0PTCosT(j,k)

L What we don't know s
where the ﬁr,gt' cot s
ahd the foture cosks
defenatr on the fivst
cot. How do we find the
ﬁfs{: cot 7 Just va}/ them
all and take 4he pinimum.

Boy CQM?UHHS' this rvewvrence zakes O(Qh) time , 5o we peed to
make effivient by me_kwiﬂ'ng— Sp that we don’t soNe the same
Sub-rrolvlem mulﬁ}rle times.

What data strictore should we use do stere  OPTcosT C(k?

2-D arrq)i

) &
—

k

ol

N el ' 2 Z ALY
\\ ﬂ

N[

[¢]

-~

\

\

N\
-~
N

—t+— Whith subyra}alam OPTCasT (i’ k')

does —this dqie,nd on

We heed to Comfu’r:a OP TcosST (¢,))

whith s ¢n +the same row but o
the ft of k & vight of ¢

These are the blue entries +o the
left of B - Simi\oul7r we also
have to compibe the  entries bHelww
Z ontl the d('aéa’onal

In what order should we fill Zhic arvay ¥

f—

One val'd order :

'

/M

)

Ronnih ¢ Mne (s

o)

Ovier for (oo}> For i=n to 1
Inner P (oop for k= 1 40w
CDD‘)}?UTQ 0PTCOST (k)
With he recurrence

Ewo for loops over n indites and Afilling edch entyy takees
oCh) Hme SN we have comrute. the. ™in enbf/ amunce’ O(n) ‘l‘l\l‘ngs @



