LECTURE 3 (September 2™0)  —  Adminitivia HWO due , HW1 released
grovp of <2, wllaberaton

CONVOLVTION R BACKTRACKING

Last time we saw the Rst Fourer Tvansform Algorfﬁ'nm and how 7 can e wsed 4o
muHiply two degree-n yolynamlal_c' n O(nlc)gn)tirne_

We also saw that he a)ofvahbn of- Pol}/noml‘al mul‘b:p/;'ca,ﬁbn can be abstracted
as a convolution of WO arrys which can then be c_om/JUtEd tiw'ck/y uar'nﬁo' FET

Given vectors A[O0,..n] & B8[o,..n] , the convolvlion At B [o,___. Zh]
is the vector

Aas[}(] = 5 AlJ-B) < coef{fc/'ent of < th  AGD-8(x)
L=k

This can be int‘EY):)fetcd as mult )'P/y/'ng Jwo FO/)'homI‘q/S w hose Coeﬁ'cfeoi: are
given by A v 8 rerPecfi\/e//

But ffom the Poiht Of View of alg@ﬂ%ﬁm , theve are many other prlfmﬁ'om of

FET & convolutions , for chstance inte.ger mul#?vlicqffon but fntegcv ahd /Dolynoml‘ql
muH:iPIfcqﬁon ave somewhat gsmilar tasks (exce/:»/; jBr kee/ochgf troclk of° overflon)
and carry on which is very difficolt )

Let's tee another apphcation of convolvtion that will be ucefol Hor the HwW

and  there i)l be yet another q/;)pll'cat{‘an of @pvolution (n the HwW fhat is
goihg 4o look %uibe Anﬁafent— from clther moliiph‘ca—ffan 0 4he one e ave

gd.‘ng +o Lee pow
Let’s cuppoce we ave give two Sets of pastive intepers
X= % xn §
Y= 4y 3
Define the set X+Y = 7 x+y [ xe X and ye ¥
Each dfferent som appear once in the set,eg. if
X= 41,33 and Y= 2,43 then X+VY = 3,52}

let's see f we can Compote how b[g s X+V°?



How canh we corn/)u-te H ¢
Easy: wvia haSht‘hg’ i O(h?) time
Vi balanced lac‘nqv/ Search tvee (n O(thOg’h ) time

We are going to see an algorc'z‘:hm that & much fa&éer under some circumsionces
2>/u exlﬂfesst'ng' this onb)em as convolutons

Think of <ets X andl YV as At vectors

X(i] = {1 f ceX 2 Tiex]

0 otherwise
let's cee what  (X+W)K] is in terms of bik vectors X and Y
Q(+\/)[I<] = [xe X+V]
‘This (s almost +the conVolvtion
X+ Y k] =2 XC)lYG] = #of pairs ieX

"=k and je Y that
som {0 k

and ke X+Y if ther is at least one paiv thot Sums t5 k
l.e.
[ke X4Y] = [ X*Y[k] 70]
Ss, 4o COI’TI})U‘LQ the size of X+Y
b ComP(){;e the convolption X+ Y
P Check how mahy eptries n X*Y are b@gﬁ/ thar zenp

Ronm'ng* time < O/U[Og 0) wheve O = mox (XvVY)

The is  oignificantly faster han  hashing or Bfnony search trees
when U is  hot' oo larpe COm/qued to n

So. when shoud you use convelytions ¢

“The F,‘c{—dre yov chovld hare in Your mind ic that you are (grr\/eh



two areays and| you are Sfl‘ofc}\g’ them })as% each other and CUM/DU'HI‘?E-
om  fov each shfft

INPUT OUTPUT

How far they ave shefted vl give  one oui;uut bit

And to com/yu{;e ot bt we wil compote som o ;arooluct of /_)a)'rs
‘ff e lem-ents fram eq ch arroy that s g'iVeh b}/ that &‘héf{;

BACK TRACKING

PRIMVSDIGNITASINTAMTENVISCIENTIANONPOTEST
ESSERESENIMSVNTPARVAEPROPEINSINGVLISLITTERIS
ATQVEINTERPVNCTIONIBUSVERBORVMOCCVPATAE

The above s a -text from a S(Jtech b)/ Cicero Witen n Ladin

Most of the Yme Latin is':jus—l: Witlen ke Hic whhout any spaces

Cicero  vefecs to a cdm[Ntah“dnq{ Problem i the above text calf ed
"S}oaces between words'”

You ave giveh a sequence of letters ond you want 4o break & cown mto
A Sequence of wOrds

let's see how we can do Hfue agfar/'ﬂ»micqll/ — In terms cf yeCuvSiOh
What s o seguence of wovds 7 Recursivel/,

Segoence 6f words = hothihg
OR
word + segeene of words

So, One woy cdo this s 1o say erther the Feguehce s e"?j’"]? ‘f
Jost find the fick word and just (el the vecovsion faivy deal with

the rest of the seguence
©,



So, how to find the frst word 7
We will assome that Hhere 1o a lr'bfar)/ that dells you what q word is
IS Word (X[J,-.-- k]) — retorns TRUE {f the. sequehce Gf [effers
X[I.. k)
s a word
So, how do we find the firet wod vshg the above *
Theve are two nditions fhat we need to check

[J The prefix we have chosen s a word — There s a lbrary fonction

@ Rest of the S‘ﬁrihgs (s _(Plthb/e it worle  — We don't 1o think about it

U

"Rec yrsion

Bvt sl e have not answerved he tZueshbn , how do e flnc( 1he
npht Drefix T Jush '1;// all ]Dreﬁ'Xe_s

SPLITTABLE(A[1..n]):
itn=10
return TRUE

This (s bac/cl;rack(hg’

. otheywise knowhn as

fori—1ton Recuwsive Brute-foree
if ISWorD(A[1..1])

if SPLITTABLE(A[i + 1..n])
return TRUE

return FALSE

What e the wnn}ng time [

How mqyy wa.yg ove there o S}Dl(‘t @ Sb’ihg ihto Sobs‘tﬁnf’.?

After each chavacter , we @n make two choiges to incude ¢ ov not
0, 9" choices and this aka—ar}thm ex;:/ores all choices

So, this 4ales DCZ") tme (n the worek-case

Where is $he sovune of incﬁ‘l'c/e ey in this q/goﬂ"b‘)m ?

“The a/cg'on'%m (s searchfndcr aver the same Pace over and over

@



For examp)e, coppose the algnn'h‘»m is bying o break the Fo/laving-
.Seq/uehce

NOWHERELS THISCLEARER

It c going to first breale NOW + HERE 4 Recurce on the rest
put in the top-lewel, 1 i also gaihg to try NOWHERE + FRecyvsiop

Th both caes , £ recoves on the same Suffix heve vhich b the wovst-case
ovld take ejgonen’abd time and dhis alpordhm is dong- exactly e care
wovt twice. . This i what makes t e;c]vdneptt'q( time .

To avolid l‘{‘/ insteqol af ]:o,m'ng +he Whole Jq#/‘x, we Qqve on[/ ngrbdo'
4o pass awund the index where the Suffix starks.

So, tonsider +he ﬁ”owihgf fonction  Which returns  TRUE F Al .n] can be

’\
s]:li-b (ko words

rTRUE ifi >n
Splittable(i) = {

\/ (ISWORD(i, j) A Splittable(j + 1)) otherwise
\J=t

((Is the suffix A[i .. n] Splittable?))
SPLITTABLE({):
ifi>n
return TRUE

forj<—iton
if IsWorD(i, j)
if SPLITTABLE(j + 1)
return TRUE

return FALSE

How mah/v Posxible suffixes are there ¢ Exactly n.

So, why are we S}?ehd(h(fy ex/JoneHJ'al time ¢ Instead the first
time we see a sufix ), we ave gohg 10 \rhe i down W
an avay and check i we have comjauted this before.

“his s called memoization. We can memoize this functn into a datq

Chucture _
INPUT :

OUTPUT : SPLITABLE [) OR 7?20?



ARRAY : SPLITABLE [1,..., p+1 ]

l

Valve of SpitTable (i)

How will this tabk be filed ¢ The bae case s wheh we ave at the end
at the (ash symbol .

In inteYmedate vecorsion Seps, say while we are conpuﬁh‘gm SPlit Table [i]
we will need 4o ©mpute vales of S}:h:b?&ble 0] wheve j2e

So, this means that the fable i Loinp- 0 be filled right 1o left
avtomatically.

Bot this also means that we don't have to do vecowe at-all.
We can just fill the bable ovrelves fom ripht to left using a
for bop- “his i called dypamic progvamning”

FASTSPLITTABLE(A[1..n]):
SplitTable[n + 1] < TRUE
fori < n down to 1 Running Tfmc = O(nz)

SplitTable[i] < FALSE

for j<—iton
if ISWorD(i, j) and SplitTable[j + 1]
SplitTable[i] « TRUE

return SplitTable[1]

FUndamcnta”}( Jthis s based on the same tvecorsion but we made -the
yecovsion eﬁ‘t'd&m‘: ]»)/ dolng & in the ﬂ;(yh{: grder OJCJUL—/Jroblehu
and S"baYing’ i in the rr'gh't data strocture .

So, dynqmic, ]Wogmmming (s hot about nested for loops @ table pot

smart YelJrsion .

LONGEST INCREASING SUBSEQUENCE

Given a sequence of- nombers ffho( a .cubxeztuehce that s z'ncweaslbg/ and
the [ohg/c_S{:



3@ 1035 2@5 3 s 933 3 238 45 2 ¢

Let's  follow Tthe tecwvsie idea we vsed }er\/)'ausl}/. Corsider the. yewrsive dq‘fnftl‘on:
increas[néy Sequente = empky
OR
humber —+ l'ncyeasinf/ Sequene
This i« not E,houglw "It doesn’t enfdrc_g that the Segpence LS fhcrea.ﬂbda'.

Consicler a modified  definition

ihcveasfnér sequente = empky
A OR

humber| + increasinér Sequence
y ?x 7y

) T

This is my J‘ob Rewrsion ﬁlff/ lakes core zf o

So, how far 0ur inpVt  Seguence, we peed 1o Jdentlfy for every wem  whether
ke in the longesf l‘nweas«'ng subsequence . Lel's jump into the middle aqrd assume
@ few of the firt jtems have alveady been dentifted.

3 1415326531583?33 23 8 4 ¢ 2 ¢
- V/__/ T t
Decision already made what abovt thi ?

Is it (n LIS?
So, 5 (s not-in LIS

—— How about 8 7
Nekt eosy tel] !
What do we do 7

RECVRSE ih hoth

Qses a.SSdmln{
@ & LIs and

one cxs:uml'ng'
8 & LIS

That's the intutive (dea behind this 4lgdft:thm.
Bub how when we vecorse ,we aan't just vecorse on the Suffix rself.
We also need +o }m.s: and vemember some adddioral l'fyﬁrmaﬁon Qbyut

Which case we are (&

To keep tack of it what do we need o remember 7



g/{/;gefslsgs?aa 23 8 462 ¢

This does not matter Onl)/ need ‘o vemember e [q;gpfesz’:
nomber (n the subs‘ecpuence o far

Considev  the. Yecouvrion :

LISbi () = L LTS Al.... Il bi than Al
pger (i) engﬂv cf 4 J h)] a igpev  Thay :,]/

L, We alreqd)/ Saw the Yecorsive

d g‘fanOn of this

We need to check f Alj) is
this ;ubse%uence_ .

What does +4h finckon (ook lke ? Last # we have decided is
th in LTS
0 if j > n i
_ . LISbigger(i,j + 1) if A[i]>A[j] — I jthrumber
Lisbigger(i, j) = LISbigger(i,j+1) s smaljer
max{ gg ’], , } otherwise then we gt
\ 1+ LISbigger(j,j +1) looking: o ja
| buv have the
same Iavgest

In 4his we tv7 \aoﬂv, whether < # AL

AGl ¢ LTS or  Aljle L3S

Vov can also wrte £ this Yecu@on n /Dse,udacade as well :

LISBIGGER ((,}) *

\f j>n @ vetuvn O
else if ALT2AL) : vetoyn LISBISGER (L,j41)
ebe : skip « LISBIGGER (v, j+1)

ke < LISBIGGER (7, j+1) + 1
return max {sk/'jb , take




This pives an algm«”fhm o fihd the LIS bipyer than some valve x .
How do we solve the ortc‘e‘l'nal Problcm.?

One way : add an ortficial vale fir x , say —
Another way m a fm’ foop, 1519/ all /Do&S/'b/e inttial valve for X

Bub waip , thic might take exponential dime :  We are only yec/ucfpg the

’?roblem Si2e b/ one bot Fo-l:em’:fa/}v vecy /S/'/()Saf on each JU$7Drob/em Hw)ce.

Hsw do iwe memoze hic fUncbbn o éref an eﬁ?'denf aléom/"f/?m 7

L" NEXT TIME



