
LECTURE 25 (DECEMBER 4TH

ONLINELEARNING

Consider the following online task :

" There aren experts that make binary predictions ,
e .g., weather the stock market

goes up/down , whether the weather will be good or bad. The experts may be wrong .

↑ Each day all of them make a prediction about today's outcome

We can see all of them and make our own prediction

= At the end of the day , the outcome is revealed and we know if we made the

right prediction or not
.

This process goes on indefinitely and our goal at any time is to not have too many
more mistakes than thetest expert in hindsight .

Here there is total uncertainty - no one knows what the outcome is going to be .
Not even the experts ! So

,
this is the best one can hope for , i . e ., if an expert

is correct 70% of the time in hindsight, we should also be correct almost 70 %
of the time.

This is an online decision making task because we do not know the futureand still
want to be competitive. This looks like an impossible task apriori

Let's try some simple strategies in special cases -

& Majority and halving Suppose We know that the best expert makes no mistake
but we don't their identity .

Can we hope to make only a
few mistakes ?

Here's a strategy with logh mistakes

At each round we eliminate the experts that are wrong
and among the remaining , we take the majority prediction

If we make a mistake , then the number of experts goes
down by 72 and after log,1 mistakes

,
we have found

the best expert and will not make any more mistakes

It is not hard to see that any deterministic strategy
makes log1 mistakes

,
so one can't improve on it

①



&roofy 1 First I experts sayO

Lastexperts say I

If we predict outcome o, then the adversary
chooses the real outcome to be 1 and

Vice-versa
.
Jo
,
we make one mistake

.

Perfect expert is either in the interval

[1
, 1) or[+,

#y2 In each interval (7, E] and [E++, 1)
we make first half of experts say O

and second half say+

Adversary chooses the real outcome to be

opposite of what we predict , so we
made another mistake

.

Perfect expert is either in (t . ] or
C*+= E) . [E+, 3] or [3+, n]

and so on !

Total mistakes log1

② Without a perfect expertSuppose the best expert makes at most M Mistakes

Here's a strategy that makes =M (108211 +1) mistakes

Run the majority-halving algorithm above
.

But if we discard all the experts , bring everyone
back and start a new phase .

In each phase , each expert makes at least one mistake
and we make at most log" +1 mistakes . So , if the
best expert only makes M Mistakes, there are atmost
M phases and we make at most M(logh + 1) mistakes

This is quite good as we are log +1 competitive now
but what is the best bound we can hope for

cannot do better than the best expert who makes M
mistakes

.
Cannot do better than log21 mistakes

②



Can we achieve a bound of M + logn mistakes ?

Note that this is an additive guarantee .

Multiplicative Weights Algorithm - Class of algorithms

Throwing away an expert when they are wrong seems too drastic
.

Suppose instead we give each expert a weight w;0 and output
the majority outcome according to the weights. If an expert is

Wrong we decrease its weight by 2. Each expert has weight I initially-
in ultiplicatively update the weights

#theorem The above basic deterministic weighted majority algorithm makes

- 2 . 4) (M + logh) mistakes

#Proof Potential function $With
weight of experti at time +

Initially 0 = m = Pinit

Each time we make a mistake,new Dold Since half
the majority weight goes down by

If we have madek mistakes
,

&
final
-
> (*) Pinit = (n

# the best expert ;" has made M mistakes ; then

Wi = & final I

This
, (2)

*

n = (3 -
> n.
2

=> k=M24(M +l

Thus
, if the best expert is wrong 10% of the times, we are wrong about

24 % of the times if M101 .

One can improve the factor of 2. 41 arbitrarily close to 2 by decreasing
the weights by a factor of 18 where a is small.

③



Again no deterministic algorithm can make fewer than 2M mistakes

Suppose there are only two experts. One always says O

Other always says 1

Fix any deterministic algorithm that makes prediction. The adversary
can make sure that all the real outcomes are opposite of the
prediction given by the algorithm. Thus, the algorithm makes a mistake

everyday. On the other hand , the best expert must be right on >50%
of the days.

Randomized Majority Algorithm

How about a randomized algorithm ?

& Start with unit weights .
" At each time

, pick a random expert where Iexperti picked]=
Pick that expert's prediction as the answer

↑ For each expert that is wrong multiply its weight by 1-E

#over Expected # of mistakes of the randomized weighted inciority algorithm is

at most

(12) M + 1

#tof Potential =Wi(t) This only depends deterministically on
the real outcome on all days and

predictions of all the experts

Let Ft = fraction of total weight on the today of experts
who make a mistake on that day

= probability of making a mistake on the th day

IE: (Total # mistakes] = Ft

On the ter day we claim thatnew
= Hold (1-EFt)

To see this
,
let Wwrong weight of experts who were wrong on day toWcorrect-correct-



Then
,
Ft =Witwort
-um

weight goes stays same
down by (1-E)

So
,
new potential

new

= (1-2) Worong + Wcorret

= (l-2) Wwrong + (Dold-Wwrong)

= Gold-E Wrong
u

Pold. Ft

= Gold (1-EFt)

Thus, final = n (1-EFt)
= n . e- EEFt

Also
, Ofinal 3 (1-3)*, so

ne- CEFt = (l -2)
*

-
-> &EFt Mint In

=> EFt Mtn+t
m
-

Expected# of (I+E)
mistakes

Pretty sweet ! We are theoretically close to the optimal bound

Suppose we want to look at error rates
,
i
.

e
.,
what fraction of the time .

we make a mistake .

Expectedof mistakes
-

- (H)+
T

averge error rate -+
&

Error rate of the best expert -> -

-
> optimal error rate + 2 +h ⑤



Wecanchooseany
we want

,
so let's choose one to mininita

Then
,

our average error rate - optimal error rate +2
-

Regret
The second term is called the regret and its vanishing (in the limit
# o

,
it becomes zerol

Multiplicative weights algorithm can be generalized to more general
scenarios where we have to pick one of the n outcomes and

they have certain costs.

It was rediscovered multiple times in different fields and has applications
in game theory, machine learning , optimization among others .

Feel free to explore them if you are interested
,
but we will have to end

here !

⑧


