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ONLINE LEARNING

Consider the. ﬁ)”owing' online task:

> There aqre n experts that make binay })/ed/c,{:fans ,e-g., Weather the stock market
goes uvp/ dovin, whether the weather will be good or bad . The experts may be virong.

® Each ola)f all of them make aq ?Yedt'ch‘an about '?ﬁda)”-f outcome
> We can see all of them and make ouvr onwn Trcdr'cﬁbn

> At the end of the day, the ovttome is revegled and we know o we made he
Yfg}\t 'P-ledl-ch'on 0v hot

This process oves on [ndq%ite{ and  our gaql at any Hme s to hot have too mahy

move mfstakes than the best expert in hindSigvht_

Hee there s total uncer&zfn%)/ — no one knows what +he ovttome s gafngr to be.
Not even the experts! o, this is the best one can hope Jor ,ie., tf an expert

s covveck 7o0ve of the time in hindsipht, we shovld alto be corect almost 7o 7

of the 4ime.

This s an onlne clecsion making 4ask because we do not know the future and still
want to be com/)@h'%ive. This lboks [ike an n'mfossible fask aivw‘on',

let’s 4y some simple strategies in special cases
[0 Mdjordy and halving  Soppose We know that the best expert makes no mistoke

but we don‘t their ;‘den’a't)/_ Can we Jw}ac to make onl/ a
few m)stales ?

Heve's a \sfrm‘:egy Wrth Iog;h mistqkes

o At each vound we eminate the experts that are wronp-
and among the vemaining , We take the mq)orz%)/ prechition

If we make a tnstgle , then the number of XpLres poes
down by Y, and after log n mistakes, e have found
the best expest and will not make any more Tnista kes

It is not hard to see that qr}v deterministic stratcgy
makes b, n mistates , so one can‘t 7m}>Y0'/C on (&



Withot a perfect expert

M Daz 1 Fivst h exre{bs say (@]

2

n
Last 2 experts say 1

If we ?YEd:UJ ovttome O, then the azf(/ef.my
chooses the vyeal ovtcome 4 be 1 and
\ice- versa . So,we make one mistake.

Ferfect expert erther in e inteyval
Ci,n P 41 h
31 o[+
Daz 2 In each interval fi,%] and [.2+1, n]

We wmake —ﬁrsf: half- of ex/trts Sa/ 0
and se cond haff say 4.

Adversary chooses the Teal ovicome {o be
oﬂaas}‘be of what we predict , so we
made another misiake.

PerﬁCﬁ ‘?—xj)tf'[: 5 crther D:%] or
(3] (23] o 20 0]

and So on'!

Total mistgkes = log?_n

Suppase the best expert makee at most M mistakes
Here's a strategy that makes <M (log, n +1) mistakes

Run +the maj‘on'my-ha/\/ing' a{goﬂb‘nm above .

But if we discard all the experis, brng evesyone
back and start a pew ])haje.

In each phase , each expert makes at least one mistake
ond we make at most bg, n +1 miséakes. So, if the

best expe/+ only makes M pustakes, thee ave at mab
M rhast: and we make at most MC(o{P—Lh +1) miSlakes

This ¢ ?u{be goocl as we Qe log, h+1 comfetn'b‘v& how
bot what ic the best bound we can hore for

Cannot do bedler than the best expert who makes M
mistakes | Cannot- do better than l9g; n pistakes



Can we acheve a found of ~ M+ log; » mistakes ?

Netc that 4his & an additive guarantee -

Multiplicative  \Weights A@'on%hm — Class of algorithms

Thvowihg away an expert when thy ave virong seems oo drastic

Suppose  instead  we give each expert  a welgbt W 70 and oagwl:

the mgjority ovtcome according to the weights. If an epert is

Wrong~ e decreqse s we/'gﬁt b/gz_ Each ex/?e/(-b has waght 1 n'nrb\dt///v

mul-bfP)'l Ctrl,’l‘\/e|7/ '\lpddbe the We]gH,’s |

J')T\eoremw) The above basic deterministic Wergrhtaol maj'oﬂ?/ q/gorr'thm makes
£ 249 (M + Ingh) mistekes

n
Proof Potential  function Sbt; ST Wikt)
T A weght of egertiat e t

I“;JG'\GI‘)’ q),, - n o= C)D:hfl:

Each time we make a mistake | (bnw £ 3 d>o|d since half
the h\qjofﬂ7 wu‘gh’c goes  down b). 1 “

If we hae made k mistakes,

Cbﬁna( £ (%)K'¢in1t e (%)k'”

H  the best eypert . has made M mistakes , vheh

s o 4 > 1
TSm0 Pl 7
2 \f 4\° = w2
Thos, (’Z> n z i“" — (g) £ n
= Kk < log,n + M - Z'LI\C'Y\'HO(Q',)'))
log; (45)

“Thus, f 4he best QXTEY{Z & wWromg- lo<fo of the times, we are WYonp- abovt
24 °[* of the Himes ir M fog n

One can fh’;}wove the jfic:boa’ af 2-4] qu;w‘:mn'l)/ clese 4 2 )7 dec;'ea:fr)g’
4he wtl\g,‘{'é b/ a :ﬁlc{ﬁ OiF € whre & & small.



Agoih no  dedemninistic a(gow'%rn can make Fewer than 2M mistakes

Sup)oo:e there ave On(/v o eX}Der’és .OOt;;c a/v'\\//jy.f Say-s 0
br always Sq)/S 1

Fix oy determinfstic algofiﬂwm that mqkes 7rea(/‘at7‘0n. The aafveW‘aV/
can make Svre —that all Hhe veal ocytcomes ave 0)9}309"’}8 of +he
FYEdfc:ﬁon given b)/ he algcm'ti)m. Thus, 4he algan"mm makes a mitake
evev/cla}/ . On the other hond, the best ex]acft nuct be Might oh 2 5o/
of e days.

Randomized Mcajorié)/ A/((Of}‘d\m
How abovt a randomized algoffthm?

> Stark  with unit we/‘ght.s-
W,

° At each time, pick & vandom expert where r [e)qefﬁ ¢ P)'ckeal] = v
Swy

Pick that EX/?Cﬁ': )predl'd:ion as the answer

> For epmch ex;:ef-b that s Wroner mulh'])b/ Jts w@ig)\t 1:)/ I-€

'ITﬂeorern! Expected # of mictakes of the vandomizeo| wel'ghtcaf mcy‘on'y q/gonﬁm IS
at moSt

(HE) M + Inn
E

|Pro o{\ Potential q>-t = % W ) <« Ths onl)l derends deterministrcally on
- the veal ovicome on all days and
predictions f al the E)(Fe/ts

let F, = foction of total weight on the £ day of eperts
who make a mistqke on that da/
= Prabab;h‘t}/ of 'mah'ng & mistake on the 9 Aa/

E [ Total 3 mis/ﬁkes] =§ﬁ-

On the £ da/, we cdaim that Cb = @, (I—EFJC)

hew

To see this, let \/Jw,o,,&,, = Wejght of experts Who were wrong on day ¥

\N Corvect

= correcl




—[h—(’_n, F'L' = erong’ - erong
erona_ + Weorrect q)o,d
welght goes Stays same
down by C-¢)

So, new ?ot&n'l:'\a\ q)heu = (ke) W\Nrona + WCO-,Q.t.
s (\_&_) Wwwng + (¢°H - erong)
= ¢o|d —¢& WJO“E

¢old T

= Qod Cl'E,F.b)

-EZF¢
ne = > (-£)
— ES F £ Min 1+ Ian
€ I-£
= SF. £ M lint 4 hn
x &g & &
— —
rwslakes

PV&@ sweet, | We ave +he om-b‘cql//u Close 4o the O}yﬁ‘ma) bound

Suppose we want fo look ab error rates ie., what factn of the dime.
we make a mistake.

Expecfed # of mistakes < (HE)M 4 Ih n
o T T ET
avemge ovror vabe £ M + M+ In n
T T eT
\/'r—"

L’ Evror vate ofl the bcs*é QXfe(t- £ 1

< OPHmaI error yate + £ + |hn
T



We can choose any £ we want , S0 let’s choose one to minimize
the above 2 = [Ihn
’ VI

Then

ovy avur%e ewor vate £ of-ﬁmal error vate + 2 [Inh
=

-
Reg‘fe,t

The Second 4erm K called the vegret and 1ts vanishfng 0}1 Hhe It
T— e ,iy becomes 2ero)

Mo)‘h?h‘caﬁw welphts algonthm car be penerafized 4o more penenl
Ccenarios wWhere we have {o }D;Z:k one of 4he n Outcomes and

ﬁ)e/v hqve certih cosis

H was vediscovered mobiple times i different frelds and  has a/)}?/l'ca[bbns
in game ﬁmo{/, machine /caming , o]rtimiza‘bbn among- athen.

Feel fre to e,xf/ore Hem ff‘/ov are iiterested bt we wil Agve 1o end

heve !



