LECTURE 19 ( NoveEmBER £th)

Elh'PSOicI A/gorfb‘)m

Last time we saw the simflcx q/g’on"l‘hm for Solvin 4 [inear progvams- We find
some verRx of the fcanbk region and move to a lpwer vertex (n each ﬁe/p.

Primal S;mfle%

Primal (IT) Dual (II)
max cox - min y-b
st. Ax<b St YyA> ¢
X 20 y=0
Po\y!:o,se does not c(e,?enc( Po\\/-(:o?e does ot
on ¢ dEFend on b

TTo find the (nbal POL.n'b.'

© Choose any basis () Rotate the above ® Pivot down +o q
boSis t0 make Feosible bgsis with
locally optimal ond the original objechive

pivot Ip to a feasble
basi's



We can view this whole thing ‘b';raugh the fers of c(va//'i/ ag'q:‘n u.sinﬂ the d/'ch‘ona7

() Choose any basis ) Change the. ® Pivet 0p To
offset ond the optimal bases
find locq")f with the O'f"g""‘ﬁl
optimal basis offset

Thi's alg'avébhms runs well in }Nactl'ce bvt there can be Paﬁwologt'cal cases wheve this
takes exF0nerrHal time . I fact | 4here s ho Khown verson of +this akfaffb‘»m which

does not hawe a Faﬁmlogt'ca[ @w . In fact , moving o a negyhbofby— VerHex At
rqandom could st reguive &ub-exfonmifal bLme.

Qo , wh)/ does the a/{aﬂ'ylm work well in fmc_ﬁ'cc 7

Smoothed Analyg}g —  (ntrodvced by SFielmqn—Teng’ ‘02

One  way fo a)7olain this < 17/ smoothed ana/)u[s — basteally the Pafbﬁo/aéai'ca/ cases

be come ’pol)mOmt'a/ time lf one adds a emdl amourt of naive to the data and
one can prove that for some reasonale noice models, hjs s a(wa/s +he case and
the sr'mplex aléo'an—'H)m runs Ih folynamz'a( dime. Note +hat 4he ic not vo7st-Case
0r avevage- case analysi. We ar —l:a[tl}s(f' a worst-case ﬁ7PU‘t end qafc{r'nga Sma/l

amount of hnofe and ana/}/a-l'nf the behavior of the alf'o#‘b‘nm on hic }Denl;ufbeo(
fn}?Ut.

However, whethey this ex/o)anah‘on s adequate or hot is open tu n‘hte'rfm-éw&bn
ahd this is an adve avea of research with many /onéqundl'nf' open prob/cm-

Tn fact, o mote basic gueckion vemains open -

Po/\/nomt'al Hisch Conje.c:(ure;d

Let G le the graf/) of ah n-dinens/onal ]Jal}/éo'/e With m facets .
Then, the diameter of- G is  poyromial in n and m.



L) [4 °
EH|P50Ld Algonthm
) Sinilor Tromportation Bond fvw ; IRAN'S CIVIL GOVERNMENT OUT:
e - "X | HOSTAGES FACE DEATH THREAT;
= [t OIL EXPORTS BELIEVED HALTED
- ~

'73c(a/ we Qre g’oing to cee an alg—av’r}%m that
v's/e CGh opyoVe alv\/a}@ rons fr\ }wl‘nomfal time .
This is the Elli;;&aiol A{f'aﬂ'thm vy Khachiyan
f/orn 1929 7F:‘.s- a,lg'orcll:l-.m ,hawever y S hot

ve;)/ ’)Dract-/}:q/ cipce the cxfone/nf of' the
)bolyhoma'a/ and 4he ceonstants are lavéfe,

Later i 19805 , an a)gofri:hm was ]‘vunaf 1>)/
Kormokar +het was bgth theovelicall

\ 4 .
To\yhomml time and afso works wefl” n practice.
“This a@afc"dwm ’s bdaed on interier o6k methods
Hhat we will pot diccuss here i bl:l‘s Covvse.

E(h‘ysoid ag!oﬂ'ﬂvm ,as the name \n)grge:ts works with Elh'rsoz'o(r/ so letls seo haw
+s descrbe them ma%ema-b‘m/ﬂ/.

A ball s described b)/ the.  vegion xZryZ =1
This ¢s a bal centered ob O and with radios 1.

This can alse be ganeyali-zed o ht;,grhef dimensions

2
X‘7‘+ ?(,,2+ - AT S 1

An e”&)&'d[d s a Sq/w‘.rhcd Lall and looks like

2
L L e
( qn'z_
2 GRA
For examrle, (27()2 + [2’2__) <1 (‘)
\_/

In 2-dim, oarex of ab @Iﬁpson'c/ (s
Ta o,

ca, the ratio  volume (elh'?sou'dz = 0,0,
volume Cball)

In d dimcns1‘ons, the vatlo s q_l Qa, ---- &f.



For exg mf|c ,

One alSo center He e”’f”"d at a db%yw }>ot'hi-, (i \-@,1_)
\_

(2 (7(—1))7_ + (%{‘)L £ 1

k centered at (12,1). This cloes not change the volvme of the ellipsord.

Also, hote 4hat a]»flyd\g a rotution also does not charge the volume .

With the dbove cetup, let us Sppose we. have an LP
where A,c, b are L'nteger:

max  ex
st. AX = b and total ¥ bits 5 descrbe
X 20 them (s [

We wil| give an algori-l:hrn that vuns (h time Pal)/ (rR)

In order 1o do ths , we fvst peed some dasc facks

@ FACT If the LP colvtion |isc fl'm'-l;e, then the O/J-B'ma/ ob]ec_ﬁve
valve (s ot most ZOCPOMT])

If 1P solvbion Is finte, # is at a vertex x”
One can see that every vertex gatisfies

Fr some dxd matrix M (where n<d)
ahd leng’b"\ d vector s

Proof
(sketeh)

Mz =5

- M s and the sie of

The solvion x s gI'VCA 17)/ X

humbevs th B°1 s TOI)/noml'aL i T,

If there is @ finte solukon , then volume of the feastble regth Is

@ FAcT

otleat l—POIY(TJ
Proof The smaqllest ané can gehcva&al s 2
(Skefeh) /
D

The clll"ps'ozb( method redvces 4he task of &‘dlwbg the [P to just c(ecr'dt}—f o the
LP (s fea&ible or not ad o ﬁnc] ax f‘eq:('b/c Fo:‘m‘: ia It s



Th-;s is done va
Choose o& number t

T
max ¢ X = Is there an 7 si. C'x 24
X 70 X 20

If we con find x inside the new feas/'ble regl'on th )ool)/ time , we a@h
vse Hhmy search +to iﬁ'nd the best valve of + in )90!/ time !

From FACT 1, we know 4hat the optimal valve ("% is always (n the
interval [—2"“,75772'“7{7 , 50 that t always lies theve, Now 4his s a rea’ e (o
bot from FACT 2, We know -that we do not need gmnu/arf smaller
than 2 P Oyerall , it means hat we only need poly (T) vounds of
binay search fn‘nd the. of'b'mal sovtion.

y=T y=T
yso
< <>
— |
ye-T ye-T
Check  polytepe is non-em}JLJ/ Add new constraint
and ﬁnd Fofm‘:
/
y<0 y<0
y¢T, > <
Jeot —
) Y47,
Add new condvacnt yeot
and find

Add new constroumnt
ancl +find fon'nf:
but~ polytope s empty



ConcLustoN It Is enough to give an algonthm o find a point @ convex polyiope.

Elli}osofd Algoﬁ},lvm ﬁr( f'nalz'h{ Pafnis (n 730’)/{0}965

The main idea here is to tterativel ﬁhc{ e”/}:sofd: wheve +the dehclﬁ/ of the
})Olytoyt (S lafger and b?’ef untl a point (S found.

FACT 1 imlbh'es that +the Folyfofe is nside
a boll of radis R < 2PV centered at Onmgn.

* We fict check t:f 0 & in the ]Doly’coye,

* If not , then we ﬁnc( gome. ine_ci/uozh'f}/
¥at s vidloded ,shft 4 to the origin
and find an elliFso{d 4hat  contans the
half ~sphere cortaining the  polytope

* Shift {0 the center of that e(liPsoicl
* Now volume of polybope velabive 4o this
elll'Pml'd is (arggf

We  vepeat  the  above  for poly(7) iterations and i we
haven't joL)nd a }Dofnt in P b)/ then, we say LP s not
feasible .



The Pseudocoo'e IS g)w_n as -]QJ/Iovds:

let E be a ball of vadivs R con-l-at’n;néo’ };ol}rbofe P
If 0 €P, IH7>|/{'0

Otherwise, ﬁnd half- sphere  containing’ P and new dl{f&()/d E’
com‘:mnmg that  half - there

4. E < E" ond epeat the above For M= paly( 7) :terat/dns

5. If we have not terminated | output 'hfeanlc .

w LC T S

To prove that this works, we wil prove the ]Gllom'ng lemma

LEMMA let E' be the e/li}Dsofd as above. hen,

1
vol( E’) < eﬁzﬁxﬁ.) < 7 -4
vol (E) 2(h+1)
This c‘m]JIfes that Vvol(P) = ezé;m vol(P)
vo((E') Vol (E)

. ) +
Af-eer t+ ctergtions va/(P) > 8% VO((P)

vo (( Efi) vol (E;,)
M_——v——'

FACT 2 Irnpla'cs that

iF LP s feqnble | his

s gbfeask 2~ POYCT

o , ofter Poly[T) iterations , we can be sure .

h
Proof of LEMMA Noe that E =] xeR" | £x*<1¢

= cllipsod] cantqanln( the vight hatf ball
(sthevwise we can just votete )
A

n
' 2 .
We daim E =<x n+:1_)7- x - £\ +n=2 2,('_7-51
h h+i h% =2

contams the hatf- ball

To see this, let xe E, x, >0, then

h
z 2 .
n+l)‘?_ 'x|_:|_ -’—n—ﬂ- zxLl
n h+ h* 2z

= 2 2 7 Do .
((h+|)76\ —1\* L nt-n P T
=2

h / n




R
— (nfrzp V)% - 200 ) %+

-r -
n* - T
= () %" - Grr2dxe . L 4nii S xP
h hz hz =2
= CZM—"—)?(,(,’X,—ll + +h=l %x:-
h hz he =2
g " ——y—
ﬁo \<1
since x,'E[O‘l]
< L + n-1 < 4
h# ht
Ths, E = E'.
. _a
Next ,we claim thak VOLCE’) "2
va((E)
Recql] EB< {x | Exit=13
2 h
B x| ()« Lk og kT =S
Nt n hz= i=2 °
ond  voume of an e(ligsoid _ 0, -~ a  where q,..q, ae
volume of a ball the lehg% of cach

half— axis where

_ - eﬂfysm‘d =i£}_¢._:: s.lfz
o, we get Vol(E/) -~ %" _ (/.D__,_) %

vol (E) et | nZa
n-1
= <1—_—'L_—_) (.1.1’- 1 )(7)
h+( h*-1
IV snce 14x <€
< . nH e ne_ 1

|
|
’a\H) . eZChf'”

- e ~ 2(n+1)

The one detml we skil;}aed over is how 1o compie the c///)zso/'d n each step.

One can ex,D);ci—Hy write dowp the ﬁfmuhs m terms of the old C//"FSDIH

oincl  the t'nazualfty we have chasen anhd ths fnvoles matrix. vecfor mult phCation
but  Involves oyEVq'b'O)\g sich as sguare- vigt. So, one has fo ke o b Cayeﬁll

(n 7rccl'sfon and nomerical Issves | (o this al&bfr'tﬁm ’s pot unce fmc{-l"can{,



However elh'yson'cl a@’m’tﬁwm Ny vely fawefﬁ/l and cen also solve [neay programs
that have e,x)oonentl'all)/ many ihaf//q[iﬁes as ’°"g asr e can ﬁ'nd q w'o)aé'ng/ constraink
in Jolynomial time as well mere Xencml convex optimization Frable/ﬂr~

Why is linear Fmgramming S0 ?owe/ful?

Linear Progmmm[n{ is P- wmplete , which means that , ony problem that has a
polyhomial  time (deterministic] algorthm can be sobed wuth hhear {ngmrn)m};dcr.

To see the, letle vecall boolean clreots — these ave directed a.c;cl/‘c grqfhr
where  some  of the hedes are
DI abeled wih x or ax and the

fonction of n  bits, i.e.

otfies e [abeled with AND (A)
3 or (R (V)
®» & :
f: 203" — Jo,13

After éofolc?fca/ &0{-@'nf , the op
hode of the civeoik com]outes Lopne
EV(Y/ C‘:Hl'dth{’ a@fm’i‘tfnm can be wnverted & a small CI'}’CUI\L"

- G ®

FACT  If f:{o)8" =>f0)] can be compyted in Hime T , then theve is 0
greuiks Of oze O(T logr T) “hat comfutes i

One can eqsfl/ convert a circoit o a  lnear Pfogrqm as ]‘b//ow&f

\ Add constraints - Ob)ective
xy <— define new =
& vaviab | max X,
\able Xg‘f X T
2b! -xg < Xy top nocle
varigo\es
T — X T X+ Xp " L
X =]1- 7({
OkSEE St :
/‘\ Xe 7 Aa 0.2 %g < 1
@ @ Xg < 7(\+7(Z

This linear program has Fo/ymmfa/ size c0 We Comlbd'l:e f as well.



