LECTURE 15 ( October ZSM()

APPLICATION OF MINIMUM CUTS

We have been talkthg/ abovt vomous kinds of abstvact Problems that can be vefovmulated
as different  kinds of maximum flow problems UJua“)/ though some gEAEm(f%aﬁbn of
the idea of findhg dijoint paths / b@arﬁftc matching-

Cycl e Cover Problem

Given o  graph (hot a DAG) cover the edges of With cycles.
“The cycl&s ove allowed 1o share Verbces but hot ec(g&s,’

/O How can wWe +uvn thic nto o rnaéchilgf
O% problem ?
0/ \1/ We want +s find the Soccesar of every
\L edge on the Same C)/C(e

We can build a bl‘;Da(‘tl'J:Q grqf/',

G's (LoR , E’)

[ where L = {a—)-u | tu=v) et =R
J.|vow Le. the veltices of €' are the &c{gﬁf
G ,/ of G- The only cdgzr ih E’ are -thow

where -the +adl of the left side a%uczls
the fead on Hre nf/?t sde. , .e.
‘EQ*—?U'), (v—owl} is an edge ih E'

[

L R ond fhase arr all Yhe ec(ges.
H verbices = 21E) To find a cycle cowrr, we need to Mmatch
# edges £ IEINI al] 4he vertices (n [ +s R,ie we heed

45 find o matching that matches all verites
th L. Thisés called a Pe:j"ec& ma'h:hihg, The vy
5 do this is 4o comp e Hhe maximom P'\a‘l‘cﬁ)h{
ord make sorve every vertex in G s matched

“The. %nning time  of this a@orfb‘vm s

o(qui+RI) 1E1) = 0(IE]-1&1IN)
= O( IE* V)



gaseLaH Elmlhation —PYoblem#

Heve is another ffablem that ic Fmely motiVated J:/ the rea —warld.
When s a baseball team maﬁwfmaﬁcall/ eliminated 7

Vaviovs teams f/a)/ over 100 games in the cgurse of q year agzzihsl-
each other gnd He dea s that when the man Dard of —the seasgn
ends, you want 4o come ot on top decavse that purs Yo into

ot leost the competition for #he viorld Sevies | So , teams keef very
Caﬂaﬁjl statixtic{ . One of +the gotistes +that };eo)Dle ke-Cf tock of
(S how many - games has each team won and bst cfun'ng' the couvse
of the Season So far. And also how mary Cames has each team left
4o }Dla/v agaa'hsb other teams.

For examplt ) here ave he statishcs for some of the teams f?fom 139¢

Team Won-Lost Left NYY BAL BOS TOR DET
New York Yankees  75-59 28 3z 8 7 3
Baltimore Orioles 71—-63 28 = 2 7 4
Boston Red Sox 69-66 27 8 2 0 0
Toronto Blue Jays 63—72 27 7 7 0
Detroit Tigers 49—86 27 3 4 0

Heve Detrot s c(em’/y behind  but the q/ueg%rbn is It even poscible
for Dedrort +o come’ Ouvt on ‘l:Df. For exam)ale, f Detrot’ wins all
of Heir \vemafning 27 oumes , thc;)/ win 76 ‘eames In ~otal ,Abz't
seems ke the “answer shovld be “yes. But fgf -this 1o happen , NY
cah only wih at most oOne e ,fBaHl‘mMc ot most 'S and o
on. If yov hotce more Cm/eful/ then , there are hot enodérh mes
[eft here . For example , NY ¥ Boston have o Pla/ 8 gomes o) 0He
of them will win " So, & is not clear if Debwit can come ovt On
'l:oef and In fack one can make an ad hac argl)ment (ke +his +6
see that Detrot can hot ome ouvt on +op.

Bt here we will #/ o yesolve this ide&bbn sys—tefmJa‘caH/ . Ak ave jucl:
going to seb & Up as & maximum Flow Prodlem , run ford - Fylkevron and
the ancwer will fall ove i we fave set this vp covrectly.



The inlpdt here. is Hor each team

Wins [i] — -How mahy games has Hdeam | wWon ih the qu-k—?

Games [i,)] — How many Afutwe pames are left befween teoms
i and J ?

The ovpUb is TRUE if team h auld ehd the seassn in the [ad ?/ace

( may be 4ied)
ok FAKE o/w

Leb os also define Lefp L] = £ Games [)) 4o je +he total number
’ of @ame feam | has left

We are alo going to assume 4hat tegm n vans all qf ks rc,maim‘ng gamts.

So, team n wins the Season HF every leam ¢ wins atmast

Wens [n) 4 Lefb[n) - Wins [T] Sfrore gomes . In other worels. we are
irying 1o imagine oo all of the fotwe games i e & a way to
ULSSifh a wWnher 4o each of thase gomes <o thob this condityn  folds |
Evev/ other team F(a/: i} Cechm‘n humber of Lames but @L[of'f/le games
mos+ be Tfa)/caf and a wnper Qsﬁg"nt’a’ -+ E\/EY/ one. cf—thase §a)77€.<‘.

So, 4his Seems ke a bipatte matchnp problem since ve are assonag-
\Vihhers +o games. With that Intutly, &t os build a bl'féff-b/‘bc g‘mfh
where LefJg verbices ve,?reseht: games and 'fc}ghf Vertices thresm‘b teqps.

O 0
6) 0
X ¢
Og‘)\>o
o o}
games tedams
-l

There are £ (’;) There are n-1 teams
e foﬁr-?

for each of -the :ﬁftvre game , we want' o @ssgh QA whner, Sw:c/ dfﬁérenf/y/
jor al of the Juure Gumes bedween ¢ and ; ,we need 4o s?b-é ther up .
Some of these will be won Jy team v and —the rest Jy team ¢

Co, we Conhect each node g5 o nodes & & 4 in he /,‘g%p’r Ia/er



We also add a Sovrce s & ¢ g('nk t and add edf@ W;H,, C ac{b,

Games[iy ) between 5 & g5 and wiHh capacly Wins [n) + L4t (2) —Wins[i ]
betweeh £ M &

© ° Wins [n) + Left [n] ~Wins (i ]
0 0
Games (i) . o /
@ > Og“ > 0 hd ) @
O D

For -the obove eanbole, the nebwork looke like +he ﬁ)/lam/)‘n&o' :

This has 4o ke the hox Tir)

Theorem  Team h can Wih seasoh & fere ic a flow n G that atywates
every ec{ge oMt of <

Proof (<)Svppose. £ flow saturates al edpes ovk of S
W& de(‘_om,)ofe 30 tnto fq‘t’h:_ “The. :ﬁaw dECOanOS‘rHOn
telk v that § & @ wel'g)ltco{ Som of ?a‘tbs\ Where
the weights are inbegers . We are going” o sf[;t theyn
int0 yq’chs of unt fiow . Each of thase Pexthis Ls ga.‘nér
10 vepresent one Lume Aet'nér played between a fair of teams
and one of hose teams wfnm'ng the game

The {total humber of ?a‘t'hs thet g’o —I;bm%)) an €d(fre (bc te
leam (ie the Qd&re =+ ) s the tutal number of pames
that teom wwns | so e cafacifn‘es on e e_c(gcs fmm Wt
imply {hat no tean overbaker team n. This means eam h

Can come O on e, 4 all of wirs[losces /’nqp}aahs os gv‘\/en
by the flow .



&) For the otter divection, we are going o buld a Sflow by
adding ane ont of flow albng” this path

S — g’.) —t; — €
every tme  feam L beats team -

S, Suppose Here IS Some Senes of osAtomes s that teom n

can come ok on 4gp . Each time 4 beats t; e are fa'bf to
pish om one of fow thoveh the abve path. This builds @ fipw
such that every pume (s f/a/eq’ Which means Zhat all edpes
S— g5 Or wtvmte] and fedm N won l'mPh‘EJ that no edfc
t; =2 t owerflr | @ al He cafaa'iv‘e: are akw met. So ,thisis
a  valid flow Hrough the  network..

The vunning Hme af this a/goﬂ%m s O0(n*n?) =0(m') ¥me

We c@n alo redwe the above problem divectly to bipavirte maﬁcb:'nbo/ by makl'nér
Coples of all the nodes |, e Bal’d‘mofe1 ... Baltmore cawesfandl'n\sov to

the scepgwo where Baltimore wins 1 or 2 or 3or 4 ov & Faes amongr
the {qmes K hoe Jeft. [Exercie — wotk oJt Hhe dctai};] Bot the sie of the

éfraJ? ml'g'hk increase if you db this | so his may hat be faster.

onj ech Selection /Open- prt minfng*

Imagl'ne that e ave given 1y fnpl/f a Segvence of n ]qu)cc,b_v that ave cmraz(&i
m some soA of DAG where e edérﬁs of the grm/oh Ve7bresentg dﬁoendemes.
For example , lf there.  an edg'e u—Vv, -then & meqns that w defﬁﬁds oh U
fiv instance , v meeds du be completed before . an fart . Each of these projects
has @ homenkal vale dltuched to & which you cap Yok of as 7>rofr't.

~2le—1-3 -5 -8
For exam)ﬂe, ;fwe select +he h/‘g)ﬂig)wfe_ol JOBE, +the ota ?fcﬁ'l-  -$2.
If we add the job <‘> , then the -total Ivrof:'t s $2.

So, the Questin IS *

Which Jjohs shovld v chosse 4o maximize 4he total 7%0%‘ ¢




So  4he ouput (s a subset S of- proyects that s‘aﬁ'eﬁ\ej
) Downwavds closed (ueS, u—v1€E = vel)

@ max S v

vES

One nay {o think gbot this & that we ae érying b 7a/i:r£‘0n Lthe
Projed:s ints tWo categores S & T — S be/‘ng the ]Jrojecl;_s- we Select
and T being +the ?rajec:é: we_ turn down svbject 4o some Ofﬁ‘miéaﬁrbn
conshaint.s |

Recal that svch o parbition is called a cot. We want 4o find the best
Fa&sible cot o this gfq}’)h bt we know how 4o do minimum Cuts

“The woy minimum Cot Is a{effncd we. only lesk at the cq]?aczé/ @“ edges
g”OI'ﬂ{ fmm S te T but we r‘gnofe fhe e'dgﬁf £ong from T to S

< T
C

We are b)//‘nér to f:‘nof +the
wt SuT s+.

S S clu-sv) ik PInimlzed

Uues veT

Now, there ave o issves wih :{E,rmulaﬁng T oas a mnmm Cyk “]Dmb)em

) Theve do not seem o be any CIZPQCI:HCS‘ associated with- the Ldgd 7
ovr On'fﬂ‘na/ £ quh

ProJeob selechon s a maxmeativn Frob/em

So, we need to trangorm 4he walves on the vertiee to Cti}?acf%'er an
ca(ges and trn the makimization inko @ mininraton }t»roblem.

Su”ao:e, we coyld do all the Jobs ~thot gave vs money bot none af the jobs
that cost 'rnone/. This (s hot Po:séble buot- we wovuld lke +o ge.é as clore
o this as Fmsible. In other wovds, let us c{gﬁ}nc P= Z %(1)7.

veV
120

Then , we wark 4o minimize P — 2 ), < Ths takes care of

ves ' [ - \
the minimization us

max/mization  I<spe.



How gbovt the ecfge capacl%ies ?

We will show this via an example what s construction looks like -

//‘\\ —— We add a veex 4 and an cdg&

u | 1th . -
/2 /3 5\ 8\ — 4+ iff $(u) <0 w ca(?au? )t(u)
o= sl 3 -5 . -8
o A
quaﬂ'l’y of + P o 7 ®

ths cot is %&

—

o ';oo Al other edges have wpacty oo
&b b ’

> We add a vertex & and an edge

s—v SOV 20 wrth copacily
$

Consider any st S obove +hat s downward closed ,then —the Cach{‘67
Of this cut [c ﬁnfbe and vice-vevsa. Ths (s beause. oll the oo cdge:
are on(/ wmt‘ng 'n  and not- going™ out. o,

S dowhwavd cosed < Caf‘ac:yx cyc ST ﬁ;'ll't‘e

If we chosse a b that has an = edpe poing- out /b Can rot de.
the minimum cut and alse i is hot downward closed.

If we do mot take amy jobs, then the capacity Of the cut Is P
s0, the prafit- is 2er0

So, we want fo find -the mhimum cot abpve whith plves ve the

maximum ]:Yafr{,-
o formalize +he gbove intution Let us define

osk(S) = Z - $la) = Z clu -+

ucs Ues
$u)co
ihcome. (S) = S $MW) = 2] c(s— )
ve S =
£o) 2o
Then P = jneome (V) = = ¢(s—v) =income (s) +income (T)
)



So, Fmﬁ‘t—(s) = income (S) —cost (£)

= IS, Tl = incomel(T) + cast(S)
= P - Prof{tCS)

So, 4o maximize the profit , we want to ﬁ;na’ the minmum cut.

Rupning time is O(VE) .



