LECTURE 14 ( October 16™)

APPLICATIONS OF MAYX FLOW

Eclge D/‘s)o[rﬂ: Paths Problem

We are gv'vm a directed graph G=(VE) , tnwo verbices s and ¢
and we want o Find the lmgresb number of }:a'H)s fmm S b+

where every edpe i the graph appears i at most one of the paths

@ij/é/;@

Fov examPlc, the highlcc‘ghfec( forl:hs above are e_que —dr'&joiht

This ic a fundamental poblem that occurs many veal -vio7id  scenavias

such as how few Google Streetview cars 1o send out 1 maximize street
Coverogre .

“The follov\/fng s the algorthm to Solve this provlen;

> Assgm capacl'i-y L 4o every Sdge
o (ompute max (s,1)-floW

> \Valve of the max flow s the number of cc(g’e C/L'{/'or'n% Pa'(‘/u

Why does this wotk ¢ Since every Capac@ s an oteger, the maxmum flow
valve ¢ an u'rteger. This s 4he flovv that Forc{—Fulkcrson' Omputes. |
Since flow is an t'hte(gEY f/ow, ever/ ec(ge pwsf have elther 0 or 1 upt
of flow throoph t. The edges with 1 ontb of Few Comprse the edge
dlfsjol'n‘b Fa’l:hs In )‘Jthl‘cu(aV, if we leave at how fnqny PG‘HLS leave s, that
will be the same as the het ffo. The paths are "edge disjoint because

o two paths shave an edge then that wovld be 4wo vnits of flow which
Is hot }Doss}ble because the wpacry s 1.

“This would Just pive the moaximum number of- edgr ditjortt paths. I we
want +the podhs themselves , ve  can add one more Step

' Gompte the flow decompostin of £ into paths

The ronnL'ng time of Favd- Fulkeveon s O(’El-,]”l)



Bt o you 4hank about & f*| £ NI Since 4he maximum humber

O:f ufge df{)ofht ?a‘ths is of mast the moximum oub degree C{f
ahy vertex which 1s  atmost NI,

So, the running time af Ford - Folkerson here (s O(IV]-1E])
which is the same as Ovlin's algon'thm. Also, Com]:tH:"n(SO' the flow
dacom)aosib'on fakes O(CIN)IE]) time

'l/\]!'laf f the gfaPA is ondivected ? Replace eVeY/ Jndivected edg{
with 1wo divrected e_c(gcs

< "G =

ahd run Ford- Fulkerson. It s ?oss;b’e that Ford- Folkewson will
(.Om?ute a flow using’ both thece ufge_r bot one can do q Sam'gf
check and vemove Svch cydes th the f{ow decom/oo:ﬂ:‘can_ A/fernqt/‘vef/,

ore can split the two directed edges forther and fthen wmpute
the flow .

Ths is st O(NI-IEI) Hime .

Vertex disjoint paths

What  we wont fhe maximum nomber of Paths that do not share any
vertices ?
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Heve what we wovld want s also a ca}?acf??/ on the vertices somehow .
In other wovds, a —ﬁ:an'ble —ﬁow ks qul‘s‘ﬁ'er

0 £ dte) £ cle) Pr ery edoe e
but als S flusv) £ c) for every vertex v
usy

L 'By onservakion, 4his s also the Fou coming
ovt of v ®



As o ohcrete exam’)le, , this flow satuvates the vertRx ith ca/aa}k/ 3 below

Now , there ave two Possthilites +to desipn  ap algon'thm here
® Change the flow algorithm to handle thi case

This v not vewwmmended ! One has 4o cqreﬁlll)/ Hink abot vesidua| gqu’h
w’{)'e.ct to Veviey ca}vact'tle.r ond other detalls and make cure b WOTKS .
Hint © s ge’as ve,ny dif‘t'c,ul‘l: !

@ Change, the grqph/ﬂaw netwovk. and sofve the vegubv flow /'qublem
on this new gmph

Here we will Somehow Construct o gfq/o)\ where each vertex Ca/?aC@
is vepresented as capac@ of an edge . Br example . the above vertex
will have 4 hew cdge with cq)ow'?/ 3.
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We can do this :ﬁﬂ evey vertex in O(INI+ IE|]) time.

Now, we can just use the ‘S'tqndaru( Afow  alpordhn to f:/nc{ a flow
in this new oraph which easly gives os o fiou in the origiml gr.q;)h
os well . We can also e(ecomfm%e the ﬁow " l#;e hew grq)O}u m.t-o
Pa’fhs and c/cles and abtap a ﬂaw decomfasrbbh f(‘hf the fbw n

the cﬂ'gfnal gfa}?h as well. This alse takes O(VHE|) time.

Now, soppase we waht at mott two ]m{'fu shan'ng an edére ond
ab most three paths Sharlng a Vverley , Exercice !

Biparte  Match [né:’

A bipartite graph is a graph vhere
wrtices can be divided itp two Parts
L and R $uch that ec{ges only go
between ) g g

i
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A tatching is g set of edges in e orgph st no two
edges shave any Vertex. For e,xam/o)e, the ved edger hfghll'g’htcd

above .

The gfaal i this 7~roHEm s o find a Mmoximum E:?a/—l;ftc
matching , ve., a matching with the maximom nomber of edges.

How do we sove this Trob(e,m ¢ Sinee , we wont 4o Fnd edges
hot Shaving' vertices , we can consder -the follawing gra/:h, by
add(ng a sowree ¢ and o onk t, and edpes from s
to each verfex in L and Afrem each vertex in R & 4
and directing the edges from L te R. Running time is O(|VIIEI).

Cof ac;?/ Capacity 1

S

G

Capaci-ly
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Veriex and Edge disjoint fa#,,c n s grq}ah aw the Some !
S5, ¥ wn the Jclaw a/guf}‘li\m on his frq?l), we. dcrei' the

Se of the maximom matching. To get the matcbt'h&r, we
Compute the flow C(ecomPosr'f:t'On and vemove the edges that

tovch § or +.

Another way of :ﬁnding the magching = 1o see that the max
ffow s inte_grq( and the ma’cchl‘ng 5 “the set of edges with

'flow valve 1.

A useful woy bo think abovt What Ford-Folierson is c/m}g here
is 4he —follavﬁng.

Consider  the ]%l!ov/«“ngr gquh and a mm‘chfnf in



The flow on the- gmyh we wnsbrpycted  |ooks be.

% K=<

vwhee +the Finlc edge; have flov valve one
and all other hgwve Flow  value zero

)\ Residual grq)o)w
U of e fiow

G—_——aOé—-/&D

ioég/

In the ovigial graph Now Ford- Folketson [ooks for an
this is an alternwl:ing' augmenﬁng Fab‘\ in thie grth.
Po\& . o vpdate the SU??OSE it find the plue }’oer

Mai’d»ing , ve will veplace

the pink edgres with e

blee edpes o (hCrease

the size of the MOrbchinér

by one. Move geneally, we veplace M by M@P e the symmetric
dl}fevence.of M &L P. Tt looks [ike +he fo//o\,lth’ se%)ence
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So, we don't need +o exflfcl'-/:/ comp vte 4he vesdval era but
Ohly +the. al{;ernal;ing 'fﬂlfu [How would you 'f/nd altemaﬁ'ng }XTHU'?J



“This notion  of aftema.{;ing 7’ab‘\s Was l)db/l:shwf b)l Berge in 1957

i what is considered os the fixst orph theory texbook , predating
Ford - Fulkeyson. Bot Infact the notim £oes Sack. way earler +o
Jacobi in 1836 who vas tyng to Sohe a ?roblem abovt  matrices
oﬂ'gfna-b‘ng’ in —the 'H')ﬁd-?’ Of d%%ren‘hb/ Qzum':lbn—?-

The matnix yrvlolem s he ﬁy)lm/fng— :

Permute the vows and colomns of a hatix 4o maximize the som of
valves a/ong the mam q‘/'ag’onal. “This (s exacﬁ/ the bifqrﬁ'te H\C{k/)l'/léo'
Problem with wu'ghl:_q. Jacob: gave an algaﬂ-b'w i  harvative  Lotin |
to solve s using” albernating paths ! This is also a polynomial time alporthn
which  was C’ﬂ/y Inverted n 1960s !

‘__7 Mortvix QW/ Qo.ﬂes?mding o TOW (L ColUmnj
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So, to sole a problem wrth mox-flows , the standavd 71‘79///16 IS

Mox flow . _

. Tnput . + Decomposiion_ 4
OYtg'ma.( > 6 : y > Flow .
l‘nPU'L T);an:fo.rma_bOn viq Fd'fl ’FalkEYfOl?/ ~ decam QSf'bOH

Ovlin's algorrli-um b | path
® ® T

ovbput
%ngfow/m&b'om @

Ouifut' fzr/ the
M@)ﬁnal frqblenﬂ

You need to describe © ® sShe & s a black-box
You also need 4o descvibe time anal/sz's in terms of the mcg)‘nq[ fn/)di:

as well as proof of correciness ,ie. , why the flovw outprt gives the
solvtion 0 the O’f'fl‘nal TYOB/CM.

W/DI'CQ”)/ \I\/haE we ave (adkfnr OCOY' (s Wa)«‘ 0\76 Vc(a.b'ng, ’H,'e ]%ﬁ))’ef c.n

our  solvtidns 4o paths in the g)’rq/)hs, &g in the matching ?Yob(em
we velated ¢ +o paths .



Let's see another exarn;?)e qf a f/aw ’])rablem

Df.sjo int Poth Cover

o\
“The lh})l}b s a DAR G =(VE) <\><g/0

Pre_v;‘ous(y we Saw Dpyoblems veloted o
finding” paths that don‘t collide in erher vertites or edges.
Sveh Froblemj ave called faCk)'nf froble.'m.r.

In this problem , we wont g coveﬁng’ ?roblem —  Find the ¢mallest collection
of dl‘sjo{)né Pq%.f that covey all the verdites . As an exar))}?)e a/)/t/l‘cah'dn
of ‘this 7Yob{en| , consider the. fallowing :

Given h  envelopes Wrth height he & width w, ,we Cap }307!— [ in9de )

ff ke <hp L W <wWj. We want o nest envelopes imo as féew stacks

as posSthle . We can Cregte o DAG where [ —3) gceors jf epvelope [
can be nested |nside envelope j . A path is G sequenee of envelopes that-
Can be nested and we want +o f:‘ncl the Smalles€ collection sf such ?aih_c
10 mihimre the number of simcke .

This ¢ infaci a ‘md‘l;ch)'nér 'frablem, We are %rying to assipn to each
Qh\/e(dfe what e,nvdafe we Plﬁ, ct l'n'l:o) (e, :ﬁn/ each verRx we awe
‘b'ying' to a&rtgn a Successoy & he number af ?a#;s s the humber
of verdices that don’t have a Successor,

So, minimi2ing- the humber of verties that do not hawe @ succemer

is the swre os qufmt'%n'ng the humber of verbices that do have a
SUCCessOY , Te. we gve fl:vyingr to MATCH nodes in &G 4o their

Succegsor . G=CV'E>

H 2 We Myld b o “0’]‘\
ow do we seb A op? We buld a bpartite praph < ®

6= (V' LuR)
Wheve (= Copy Gf V ! O 1
R:; wopy of V- . 2 o o 2
and E'= (u—v) f u—v is Qc{ge n &
@™ a 3 O 3
L R
, , 4 O o 4
We want a max rnat—ching/ n G whfc‘f) will @iv'z ] \
vs the maximom number of podes with a Successor
whfch g’i(/eg Xy ‘H7f minlmum hum’oer Gf cfl;yjo;'ﬂi' FabﬁS ¢ © ® 5
or envefspes needed viq = Fath_g =HV-# ma{:Ching L R

Running tme & O(VE) = o(h3) i there ae = envelopes



Another CXam}yle of Hhis fraHem s the cycle cover prodiem

Given o pgraph (hot a DAG) cover the edges of ¢ Writh cycles.
The cycles are allowed 1o share VertHees but hot adécre:!

Or
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L R
N verbiees = 2\E)
- ecig&s £ el

How can we 4uvn this nto o rnafchi)gf

problem 7

We want +o fi'ncl the Svccessor Of evep'
edge on the Same C)/C/ﬁ

We can build a bl‘}Da(‘tl'J:Q grq‘fh
GI: (L 0 R , El)

where L = {a—n} | tusvi e}t =R
Le. the veltices of @' are the chyﬂs
of G- The only cdg?;r ih E’ are -thow
where the tail of e left side eguals
the fead on He ng}fﬂ sde. , (.e.
-EQA—')U’)/ (v—ouwlf is an ede ih E'
ond fhase arr all the Qa(ges

To ﬁhol a cycle cover, we need o Mmatch

all 4he wertices (n L +o R, ie we heed

45 find o matching that matches all verites

th L. This és caled a /'petfect- matching The viay
+ do this is 4o comp e He rroximdm ma'(‘c/»hg'
ond make sore every vertex in G' i matched

“The. Running time  of this a/gon'#;m is

o(Qui+/RI) 1ET) = 0(IE]-1&IIN)
= 0(C I1E® V)



