LECTURE 13 ( October 14%")

Flow Pecompositions

Recall +he set Up j{'om the last lecture abpvt maximum :f(ows A miumum cuts.
Here we ave «Lryc'ng to find seme  other g]rb'm)mhbn Structure 1h a grafb.

The bv/ou{; s a flow network which s a directed dﬂq}?h G=(V,E) ,two verbces
s and £ and Cafacf-h'e; cle) z 0,

I¥ we think of he edger 0 P;’fe; and cqloa.cc'-él'ep as -the cafac:?v 74 —the /:;)'De,
the maximum ﬂow ])roblem 5 as'kl'ng how CLuic,kly can we L'nject water hto the
fouvrce vertRx s and }wI/ ot of e targef vertex €.

S the dea s that we want +o com/Dl/fz angther jUnc{v'on called 4pe f/oyv f E-R,,
that stigns hon- peg’aﬁvc valves o eoch ec(g’e ond Satisfies the fb//aw;hda conShrants

® flu—>0) 20 non-nega-b‘v;yl con sbaint
@  fu-sv) £ clu—sv) Capacily corstyant
@ 2 j—'(u—)\)) = 2 tf(w)—aq)

X Fov ‘Vall W#s,¢ Conservation (onshaint

The gaal s 10 maxipize the net Flow

Ifl= 2 flsmv) — I fuss)
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fiow  cominp Flow coming-
ovt of ¢ ko S

= T fu—ot) — %fﬁ;—ﬂu)
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nto € ovt Df g9

So, we ar not }ooking’ for a combinatovial strvcture lke Shorbest path

6¥ minimUm cFahhfng tree by a global function Hat deseribes how stuff
Mmoves ‘L’hvough the network

So, one of the homework guestions in the hext homework will ask you 40
ﬁgur@ ovt whep the max/mum Flow is un/‘(&ue Shce  in genem/ there mcy
be ceveral maximim f}ows n a petwoik



So, the other plece of his f«/—%@. is 4he minimum ot Probiﬁm.

Here we want to (ompite a Jattition V= ST Where S& T are digoint
and cover all vertices <+. se S, te T and we mininlze

IsTI = = 2 clu—sv)

UES veT

In the lasz lectue ,we caw -the yox - flow min- cot  thedsem
I£1 = ) s Tl

which aleo gave us an dgafrbhm 1t find the rnaximom ﬁlw
Ths s the Forcl - Fulkevson agro«rthm let ys veqqll how 1 works

Considey the jbllowf,g flow network ond a flaw cn i . Ford- polkersdn
first bullds the vesidval grogh of the fow .

low capadt
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“The value of the Residual gvaph  of
flow is 20 the flow

Next , the algor'rthn, looks gt a path fom s 4o t i the residual
gro\yh This s called the avgmenting path. “lhe algorithm then st/)e:
as mvch Flow q/ang/ Hhis }m{‘h as ]vo_sslb/c , wWhich eiva[c the minimum

cafa_chb/ almf' this fa’th

Augmentinp  path New flow



The ffoof of the max-flow tnin-cut theorem bals down 4o the ]ﬁﬂovJ)‘r&o'

o if dthere & o avpmentho path from & 4o ¢ ,dhen we Aheady

have oA maximum JclovJ
TJC we take S = all Verdices veachable ﬁdm s and T = E‘Vef/‘thlhéﬁ
else , then +4his pives @ cvt whick has the same valve ac the Corrent
flon and cerdrfles that we have hoth @ maximum fow and a. raipimvm o,

So, Ford- Fulkewsan algO‘f;ﬁ')h‘» Ls

Aug mentin & Paths Algortlthm

Initialize f<0
Cp <G

While there s a ]’Glfh p j"mm s to + n jS
Fush fawd a|0n£ P
vebui(d jS

Retym £

So, what we saw last +ime is 4hat if thic algorthm  halts ,
W fefufns o maxinom Flw , buv does & always halt ?

\/Ve hGVC the fa”OV\/l‘)\g ;‘nteg'ralf‘—{y 'bbcoy’em:

If al capad'h‘es are in-begtr.c , Fovd- Folkeyson alwa)ls veduths an Ilni'%ﬁf
mox imum  Tlow.

The Prodf- of this is via )nduckon . Eva?/ Hme the Q%Toﬁhm ﬁ}io(s 4. new flow
its valve & alwa/5 on ;méeger that'c lper byt theve s a ﬁ'nfbe @p. o t
met hatb ofter  [f] memtions, where |£* | is the maximum flow valve,
Thus, the vonming~ time of Ford -Fulkeson i O[IE)'If7).

ttowever, consider the follaving example  viere X s a very /Gfg'e integer

The maxmum flow valve here
X A X )s 22X .




Hovvever, Ford-Fylkerson dies not Sfec‘f/ which aug'merrbbce fa't‘h +o chopse

So, )f‘ an acl\/en‘a'l)/ a/wa}u )DI‘CIQ"H'E o make # yun as .S‘IOVJ/)/ as
pusible, it will avays choose the highliphted red and green béa%s altermating
them. You wan see that for this faa‘tfcular flow network number of
/erations is exoc.c—b‘y 2X . S, Fard -Fulkerson con falke f*] cemtns f
we do not :fcclﬂ how 4o choose the augmenb‘n{ ?rtfu

However , fir the akove gvuph , how much information are e given —
the \'nfut takes o(loér X)+ OC1) bts 49 desoiye . So, an‘ng time
of Ford-Fulkersor , which is X, is exponential in the nput- size. .

So, the Qbvidus fespanse is we chaase 0w paths baa@/ (h thic alg‘o/u'ﬁ?m.
(n we choose hem 1 a clever Wﬂ)/ ?

Among’ o/l aUgmthnéa 7ai’h: , thoose the path wWikh the  maXinum CG/D“C’ZJ’
This rvons in time

O (1EI* V- top I*])

We will diccuss thie in a second bot hote that <till C(Efehc(r an the flov
ohd Teguires /‘n{:eger ca}mc_ﬁh‘es 0 notk.

F('ndl'ng’ the ﬁﬁ';esﬁ augmenb‘ng ?mﬁh cah be done with a small Ihocf/f‘cznflbn
o Dijkstra’s a(g’offﬂwm n  near- liher b:me { Instead Of [aok/'nfza{--)f;e
minimum path length, we (ook for maXimom amonp: the mInImom edpes)
The dﬁ%’cdH—, ?qﬂ: hee s 4o anf)/ze the hupber of beyations .

Another way sf chooﬂhg' an augmenﬁ'nf 7aréh s to 1ake the shovtast
qug’men’cin(gy path (ie. -the minimom number of cdges,hoir we?ﬁfz‘),
This can be done in [inear tme and % does not depend on the fiow
valve .

This s called the Edmonds- I<a7> a/go{r‘fhm.
Bov the above stll uses that the cafaaﬁts are ategers. Whak if we allow
vationa ca/?acftt'ey 7 Here we alow the arithmefic oye/ah'ans 4o be dore b/

come Subrvoutine which ic %w'ie hatunal.

Howvever , in bis case Fodd- Fylkerson may hever halt os the ﬁ//aw;‘nf-
e)carnf)le shows :



'

W Thverse of This s stll q
1 : A gg Ifj Enﬁ . well -behaved
to = \—-'-’f;‘ irrational nomber
. .
% % and we can skl

do arthmetrc
ations n

OCl) tme.

Bt consider the vesidyal cafau'é)/ of fe green edge heve while we do
ON infl'nfte \S‘Eiﬁoe)hce qf augmenta&r‘ans.

The firt fqth vie augment s Hgﬂ/gr)\éed by ved in e top figure . This
adds one unit of fiow . Onee we have cé/ne this the preen edpe &
new pointing to e lgft i the residval édrq/?)). Now we avgmest  alanr
path B. It flips the middle edpe again ."Now we can use poth C
Which flips X7 again. “Then B again o llowed b/ A . So, the }Jattern Is

Top, B,C, 8,A,B,C,BA, ..

The math is in the notes ,bet It tums out every dime after the st
avgmentation f we do this the flsw Increases b/ the fo/lov\//'n Ja volves

TEF’ Brc/BIAIB/C
1 ¢ ¢ ¢z pz ¢3 ¢3

So,the humper pet smaller and smaller and even if we ron this forever
the total flow valve s of mat

20 .
1+ 2 24" <7

flowever | it Is easy o See that the maximum flow s 2X+1 »7

So, ford- Fulkewson does not even work feve, again if we are not @refil
how we Qre chooS/‘ng’ -the ?aﬁ\

H we use the fatlest augfment;héo' ?aﬁ here . 1t tums out that we
can get stuck in an ingqnlE [oo/D bt at least e conveyoe b the figrh‘

answer
&



If we we the Shortest ngmentfng 70#\, we q/vmys tcfw'hate N ]Dof)/noml'q(
time..

O turns ovb that mox flow can be Solved in OQVI-JE)) tme — You can
vse  this Hor homework & exams. In fact, there s major propress vecertly

th  Sogme Casesf

Nete that of all Ca]?aclﬁ'es dve one , OQWI-IEI) is the mhm'ng tme of
Fovd - Fylkerson. 7o exphin , why this & a natoral time bound In geneml,
et & (00X ot Flow Dtcomfos/t‘ons.

Flow/ Decomposttions
There are two dffferefri' ways af defcrfbipf Q fbw-

- The fist ore we saw before , a flow is a fupcﬁ'on on edpes satz_‘qj//')g}
hon- neéoaéi \/H,-/ ; @pac [19/ A conservotion Cconstraints .

« The second Wa)/ of c{e.ccribing’ f/ow.s thot s uey useful for q/of/fmt’lbns s
to thik of flows as a Sum of paths @ Cycles -

L1
@——aO—-)O—l—DO—l—JO—L@ Given any ;aa‘t'h ﬁom S 1T, we
can think of this Fa‘bﬁ as encoding
a flow with valve. one .

But 1+ is also true that cycles are flows — if we send one o/t
of flow alone any cycle i -the praph & 5 a flow.

o N
(@)
o
So, if we have two flows £ & m the g’rq}yh

f+F" Is also a flw
o(f (s also Q flow 76r ah/ Sca/ar X >20.

Above we ave ignoting” the capacity constraipts ( you can think of them
s o0 for the fine be{'ng')

So , one way to thinke abovt this s that the set of paths & cycles
g}'\/e me 0 way o c(ecomfose a flow irto efmenéav/u pleces with
s‘}n\fle combinatovial Strvchre .



The  easfest V‘J_,g/

ay to d&sc_n'ba this s cOnsfcfen}qg/ On/y ﬂaws wﬁh
valve 2ero. Thss can be qccom/)/:_'ghea/ b}/ ac(cl(hoaf extz edda'er
in the fbw network. for eXO.n‘)/)}E, if we prove the edge
ffom t+ 4o s with  flow s below, this s C[e&‘cr)'bl‘nff a flow
with valve 15 from s to &, pot we have oadded drat one

edge to pish e Flow a/ong' that edge . Now, the wnservatin

copshraipt holds  at-every “vertex ihcluding™ s & t. The net flow
is 2zero. This is what s refeyred 4o Qs a circulation.

Heve s a way 1o c{econ«/:ase a/\)/ chvevlation In a Set af* c)'c(er.
It is a S?mplc ¢(§rgff'i77m — look for any cycle where evevy cdge
is Cartying @ )oam'v@ amount of Ffow . Redvce the flow valve

s Mmucth as ]ba:s)blc vithovt making an}/ifnbg hegati\/e‘ Ee}veqﬂ':
ortl all edge; have. zero flow valves.

We. are doing ramethrngf ke Ford - Fulkerson  bot gornaﬁ',gr Cqpacrties
at- the momept. ( But ho rvesidval f!@f)u here ) f

TThus, any Circolakion can be c/&com/oared into = (Bl eycles

in OCWI-IE)) Hme.

Th penerd | a ﬁow will decornpose  nto com of palls b C)/C/EJ b
ign%nhg the extra edge wef added . ! /

“Thes any fiow s a weighted om of flows & cycles. If e tmow
away oll’ the cycles it does not chage the valve Of the sum
So, we have vedvced| 4o the case of a flow wheve the edges that

3
an?/ flow define a DAG. “The valve of the flow is the §ur of

wef'g)\ts of the fm‘:hr- “fhis meaps “that there S ap QC/C//'C, max
Flow . Moreover, if the fow is (n'teg’ral , the wer‘g)\ts are_ [n'l'eg’rql_



The above alo gives an algorthm do decompase the flow into
weighted sum  of paths & c:}/c/e.y n O(WI-Ie)) +ime. Thee
are atmost  OCIE)  comporents & finding each one takes O(W)

4ime .

There. are flow where Qny flow decamparf"bbh has otal complex
JUVE). TThus, fny Qlgorithm that @nshructe flow , one oF
C/c/e at a time will take R(VI-El) time. In faﬂfr‘c,ulm; any
vaviant of Ford- Folkevson  yons in S IVI-IE]) Hme

For the fattest augmehﬁn ath a/goﬂ'thm, dne car Show that

each the fatlest '}aath must cqr?/ /1el  fracton af the flov/

S0 one can Show -that The pmng- tme 15 0(/}‘;/2\//0(7 I£4)
with some  work

For +he Shoreest gy eh‘bﬁw /Datb, as we yun the alg’on'ﬂw VoL Y10 Us
directed edpes dfquPCqV +from the vesidual ng/D};.s because they

are srtvrated ond then later veappear becawse vie Push flow dackwards .
Fach dime we remove an edge and Juls back again , the drstance
]oe:fv\/eeh s and £+ has 1o 51Cf€ase , SO J‘br ever edge there ave
o(IV)) times where this happens. T do this fer” all edges , we heed
OCIVI-1E1) (terations. Each reration ve@ufrer g(E)) “Hme +o f:'nd
the dhovtest au(gmeh%r}wg path , co this tokes OC IVI-IE)L) time

Do e need 4o compite gl the ﬁaw c{ecom/m&t'-b‘ons +o Comfute
the max Flow 7 This wos a long” S’-L-ar\all‘rg— open Fn:b)em anrd
there. has been a (ot of- }Nogreﬁ

» Orln in 2012 puave an O(IVI- 1E)) time a@oﬂﬁm

+ Chen et al. in 2022 guve anh akaan%hm o = e (0(9()7 time
where U is the maximom Ca/)acrév

. Berns{ejn et al. In 2024 ave. an ql oﬂlﬂ'lm thot runs /‘n

O(IVI*" log L) time . This qlgow’tﬁm is under the hood an
aug‘rneh{:incg' path o.léro 11thms .



