I. [Spring 2020] Let S be an arbitrary set of n points in the plane with distinct x- and y-
coordinates. A point p in S is Pareto-optimal if no other point in S is both above and to
the right of p. The staircase of S is the set of all points in the plane (not just in S) that
have at least one point in S both above and to the right. All Pareto-optimal points lie on
the boundary of the staircase.

A set of points in the plane and its staircase (shaded), with Pareto-optimal points in black.

(@) Describe and analyze an algorithm that computes the number of Pareto-optimal points
in S in O(nlogn) time. For example, given the points on the left in the figure above,
your algorithm should return the number 5.

(b) Suppose each point in S is chosen independently and uniformly at random from the
unit square [0, 1] %[0, 1]. What is the exact expected number of Pareto-optimal points
in S? [Hint: What is the probability that the leftmost point in S is Pareto-optimal?]



2. [Spring 2016] Your eight-year-old cousin Elmo decides to teach his favorite new card game
to his baby sister Daisy. At the beginning of the game, n cards are dealt face up in a long
row. Each card is worth some number of points, which may be positive, negative, or zero.
Then Elmo and Daisy take turns removing either the leftmost or rightmost card from the
row, until all the cards are gone. At each turn, each player can decide which of the two
cards to take. When the game ends, the player that has collected the most points wins.

Daisy isn’t old enough to get this whole “strategy” thing; she’s just happy to play with
her big brother. When it’s her turn, she takes the either leftmost card or the rightmost card,
each with probability 1/2.

Elmo, on the other hand, really wants to win. Having never taken an algorithms class,
he follows the obvious greedy strategy—when it’s his turn, Elmo always takes the card with
the higher point value.

Describe and analyze an algorithm to determine Elmo’s expected score, given the initial
sequence of n cards as input. Assume Elmo moves first, and that no two cards have the
same value.

For example, suppose the initial cards have values 1, 4, 8, 2. Elmo takes the 2, because
it’s larger than 1. Then Daisy takes either 1 or 8 with equal probability. If Daisy takes the 1,
then Elmo takes the 8; if Daisy takes the 8, then Elmo takes the 4. Thus, Elmo’s expected
score is 2+ (8 +4)/2 = 8.



3. [Spring 2016] Suppose we are given a set of n rectangular boxes, each specified by their
height, width, and depth in centimeters. All three dimensions of each box lie strictly
between 1ocm and 2ocm, and all 3n dimensions are distinct. As you might expect, one box
can be nested inside another if the first box can be rotated so that is is smaller in every
dimension than the second box. Boxes can be nested recursively, but two boxes cannot be
nested side-by-side inside a third box. A box is visible if it is not nested inside another box.

Describe and analyze an algorithm to nest the boxes, so that the number of visible
boxes is as small as possible.



4. [Spring 2016, Spring 2020] An n x n grid is an undirected graph with n? vertices organized
into n rows and n columns. Every vertex is connected to the nearest vertex (if any) above,
below, to the right, and to the left.

Suppose m distinct vertices in the n xn grid are marked as terminals. The escape problem
asks whether there are m vertex-disjoint paths in the grid that connect the terminals to
any m distinct boundary vertices. Describe and analyze an efficient algorithm to solve the
escape problem.

For example, given the input on the left below, your algorithm should return TRUE.




5. Suppose we are given a set R of n red points, a set G of n green points, and a set B of n blue
points; each point is given as a pair (x, y) of real numbers. We call these sets separable
if there is a pair of parallel lines y = ax + b and y = ax + b’ such that (1) all red points
are below both lines, (2) all blue points are above both lines, and (3) all green points are
between the lines.

(@) Describe a linear program that is feasible if and only if the point sets G,B,R are
separable.

(b) Describe a linear program whose solution describes a pair of parallel lines that sep-
arates G, B,R whose vertical distance is as small as possible. (Here you can assume
that G, B,R are separable.)

[Hint: Don’t try to solve these problems; just describe the linear programs.]



6. Suppose we are given two binary trees—a smaller pattern tree P with m vertices, and
a larger text tree T with n vertices. Describe and analyze an algorithm to determine
whether T contains a rooted subtree (a vertex and all of its descendants) that is identical
to P.

There is no actual data stored in the vertices of P and T; these are not binary search
trees or heaps. We are only trying to match the shape of the trees.

For example, in the figure below, the middle tree T contains a rooted subtree identical
to P, but the right tree T’ does not.



