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1. In the following, Iy is the initial environment (as usual), I'; is I'o[f : Va.(int — «) — o]
and Iy is T'y [y : int].

[ogFletf=funx->x0inf(funy-> (+)y 1) : int (let)
[opbFfunx->x0: (int - a) = a (abs)
Doz :int - o] Fx0: o (app)
Lolz :int — o] Fx:int — a (var)
Lolz:int — o] = 0:int (var)
I'Ff{uny->(+)y1):int (app)
I'y Ff: (int — int) — int (since (int — int) — int < Va.(int — o) — «) (var)
I'Ffuny->(+)y1:int —int (abs)
o)y 1:int (app)
[y F(+)y:int —int (app)
'y F(#):wnt — int — int  (var)
'y y:int (var)
I'oF 1:4nt (var)

2. In the following, I'; is additionally defined as I';[n : int].

[oFletf=funx->x0in (f (funy-> (+) y 1), f(funn -> (::) n [])) : int * int lzst (let)
[obFfunx->x0: (int - a) — a (abs)
Colx :int — o] F x0: o (app)
Dolx = int — o] F x:int — a  (var)
Colx = int — o] F 0: int  (var)
I funy->H)y 1), ffunn-> () n[])) : int xint list (tuple)
IHf{funy->HH)yl):int (app)
I'y Ff: (int — int) — int (since (int — int) — int < Va.(int — o) — «) (var)
iFfuny->(+)y1:int —int (abs)
o)y l:int (app)
o (+)y:int —int (app)
I's = (+):int — int — int (var)
[s = y:int (var)
I'yF1:int (var)
I''Hf{unn-> () nl[]):int list (app)
[y Ff: (int — int list) — int list



(since (int — int list) — int list < Va.(int — o) — «) (var)
'y Ffunn-> () n[]: ent — int list (abs)
s CG)n[]:intlist (app)
I3 - () n:ant list — int list  (app)
I3 = (:2) int — int list — int list (var)
I'sFn:int (var)
s+ [1:dnt list (since g F []: Vo« list and int list < Va.a list) (var)

3. Pre-condition: min =0& i =1
Post-condition: V0 < i < |A|.A[min| < Ali]

while (i<n) { if (A[i] < A[min]) min = i;
i=1i+1; }
Invariant: V0 < j < i.A[min] < A[j] & i < |A4]

4. Pre-condition: i = 0 & n = |A]
Post-condition: V0 < j < |A| — 1.A[j] < A[j + 1] & A has the same elements as Ay

while (i < n-1) {
m = min(A,1); swap (A, i, m); 1 = i+1;

}

Invariant: V0 < j < i.A[j] < A[j + 1] & i < |A] & A has the same elements as A,

5. Pre-condition: lo =0 & hi = |A| — 1
Post-condition: V0 < i < lo.Afi] < x & Vo <i < |Al.Ali] > =

while (lo<hi) {
if (A[lo] > x) {
swap (A, lo, hi); hi = hi-1;
}
else if (A[hi] <= x) {
swap (A, lo, hi); lo = lo+l;
}
else { lo = lo+l; hi = hi-1; }
}

Invariant: [o < hi+ 1 & V0 < i < lo.Ali| <z & Vhi <i < |A|.Ali] > x
6. Pre-condition: i =0 & j = |A| — 1

Post-condition: V0 < i < |A|.A[i] = Ag[|A] —i—1]

while (i < j) { swap(A, i, 3); 1 = i+1; J = j-1;}

Invariant: V0 < k < i.(A[k] = A[|A| -k —1] & A[|A| -k —1] = Ak]) & i <
[1Al/2] & j > ||A]/2]



