HW 11 — Lambda Calculus

CS 421 — Fall 2013

Revision 1.0

Assigned Thursday, November 21, 2011
Due Thursday, December 5, 2012, 19:59 pm
Extension 48 hours (20% penalty)

1 Change Log

1.1 Please use hwll-solution.pdf for the handin name.

1.0 Initial Release.

2 Turn-In Procedure

Answer the problems below, save your work as a PDF (either scanned if handwritten or converted from a program),
and hand in the PDF. Your file should be named hwll-solution.pdf.

3 Objectives and Background

The purpose of this HW is to test your understanding of:
e Alpha and beta conversion in the lambda calculus
e The consequences of different evaluation schemes

e experience answering non-programming written questions similar to those on the final

4 Problems

1. (15 pts) Prove that (Ay.zy)(Ax.\y.yx) is a-equivalent (Az.xz)(Ay.Az.zy)
You should label every use of a-conversion and congruence.

Solution: By a--conversion
\y.zy —— A\z.xz.

Because a-conversion implies a-equivalence, we have
\y.xy ~  Az.az. (1)
Because a-equivalence is closed under application on the right, from ?? we have
My.zy) Az yyz) ~  (Az.zz)(Azy.yz). 2)

By a-conversion
A Ay Yz — Aw.Ay.yw.

Because a-conversion implies a-equivalence, we have

Az Ay gz ~ AwA\y.yw. 3)
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By a-conversion
\yyw — Az.zw.

Because a-conversion implies a-equivalence, we have
\yyw ~  Az.zw. )
From ??, by closure under abstractions of a-equivalence,
AWy yw N AwAT.Tw. (5)
Because a-equivalence is closed under transitivity, from ?? and ?? we have
Az Ay gz ~ A wAz.zw. (6)

By a-conversion
Az 2w — Ay Az.zy.

Because a-conversion implies a-equivalence, we have
AwAT.zw Ay ATy, @)
Because a-equivalence is closed under transitivity, by ?? and ?? we have
ANeAYYT  ~ Ay ATy, (®)
Because a-equivalence is also closed under application on the left, from ?? we have
Az.zz) Az yyz) ~  (Azzz)Oydz.ay). )
Yet again, by transitivity of a-equivalence, from ?? and ??, we have
\y.zy) Az yyz) < (Az.azz)(ydz.azy). (10)

as was to be shown.

2. (15 pts) Given the following term:
Az.z(Ay.zy)) (Av.w)(Aw.w))

reduce this term as much as possible using each of

a. eager evaluation
b. lazy evaluation
c. unrestricted aS-reduction (i.e. by a5 conversion that can be applied anywhere)
Label each step of reduction with the rule justifying it. You do not need to label uses of congruence, or break them
out as separate steps, in this problem.
Solution:
Eager Evaluation
Az.z(Ay.zy)) (Au.w)(Aw.w))
8 ‘
— (Az.z(Ay.zy) (Aw.w)y)
s (7oX. §(‘%v-xy3§ y
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Lazy Evaluation

Az.z(Ay.2y)) ((Av.w)(Aw.w))

i>(()\uu) (Aw.w))(Ay.(Au.w)( Aw.w))y)
L Owwaw) Oy () w.w) )
i>)\y.(()\u.u)()\w.w))y

Full a8 Reduction: Continuing on from eager evaluation:

Full a8 Reduction: Continuing on from lazy evaluation:

Ay.(Aw.aw)y
i>)\y.y

Ay.((Au.u) Aw.w))y
i>)\y.()\w.w)y
i>)\y.y



