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Optimization problem Given an input it
has several feasible solutions for the

problem Each solution has a value

Find max min value its solution

Ex Given directed graph G V E sev teT
what is distance from s to t

min edges on an s t walk

Decision problem Given an input
answer Yes or No



Given an optimization problem P
we can define a decision problem
that takes as input the input for Po

a value k Is there a solution of

value at most at least k

Ex Given G V E SEV te V an

integer k Is the distance from s

to t at most k

One can typically solve the other



Formally a problem's input is a string
typically over 0,13
We want to answer Yes or No about

the string
A subset of strings lead to Yes

A Language leads to Yes

Given decision problem A

L language of inputs leading
to a Yps

Likely not regular or context free



Suppose we have a decision problem

A we want to know if there is

an efficient algorithm for A

We compare problems difficulties
using reductions

Anonereduction from decision

problem A to decision problem B

is a computable function f such

that string x is a Yes instance
of A if f f x is a Yes instance
of B



1

there is a algorithm to

apply

Algorithm for A from an algo
for B

10

No

can write A mB or L Emly
less than or

equal symbol



ILike.si

ni
has.f take O poly 1 1 time on

string X T any fixed polynomial

for this function
Can write A p

B or LaEplp
Lemma If A p

B and B has a polynomial
time algorithm then A has a poly time
algorithm
Proof Compete f x return B applied to

f x



If f x takes 1 1 time

B's algo on y takes lyld time
Above algo takes 011 1 1 1

0 1 1

Cor If A p
B and A has a poly time

algorithm then B has no poly time

algorithm



Three decision problems all on

andirected G V E n 101 mi El

an integer k

Independent Set Is

independent set subset of vertices
with no edge between any pair
Is there an independent set of

size k

site 4
I

p
no



Clique
A clique is a subset of vertices
where every pair of vertices sharp
an edge

o_0

d o
slime 40s

Is there a clique of size k



Vertex Cover
A vertexcovers is a subset of vertices

where every edge in G has atleast
on endpoint in subset

0 vertex cover
of sizp

I

Is there a vertex cover of size k



Thm Independent set p Clique

Proof Given ind set input G V E

integer k

Construct Clique input G V E

integer k
complement of G

V V

E uv ueV vev wv E

k k

Takes polynomial O n time

Need to prove G has an ind set of



size k iff G has a clique of size
k
Let SEU Ge ind of site k in G

For all ages UV E

So uv E E So S is a clique
of size k k in G

Let Sev be a clique of sizela



in G

For all u u t s av E E

So no E So is is an ind set
of size k ik in G

Lemma Ind Set
p Vertex Cover

Proof Given Ind Set instance G V E

integer k
Construct Vertex Cover instance G

integer k

G G

k a k



Takes O n m

Proof sketch of sizek

If S is an ind set

IS is a vertex cover
of size
n k

If S is a vertex cover

IS is an ind set


