
CS/ECE 374 A Lab 12b — April 17 Spring 2026

Proving that a decision problem Y is NP-hard requires several steps:

• Choose a decision problem X that you already know is NP-hard (because we told you so in
class, or it says so in the textbook).

• Reduce X to Y . Describe how to transform an instance x of X into an instance y of Y such
that x is a Yes instance of X if and only if y is a Yes instance of Y .

If it helps, you might imagine you’re designing an algorithm to solve X by transforming its
input into one that you can feed to a magic black-box algorithm for Y .

• Prove that your reduction is correct. This always requires two separate steps, which are
usually of the following form:

– Prove that your algorithm always transforms Yes instances of X into Yes instances
of Y .

– Prove that if your transformation algorithm produces a Yes instance of Y , then it was
given a Yes instance of X . Equivalently, prove that your algorithm always transforms
No instances of X into No instances of Y .
(If both X and Y are in NP, these proofs usually mean showing existence of a verifiable
certificate for X ’s input implies existence of a verifiable certificate for Y ’s instance and
vice versa.)

• Argue that your reduction takes polynomial time. (This is usually trivial.)

To prove that decision problem Y is NP-complete, you also have to argue Y ∈ NP by describing
the polynomial size certificate. Often, Y will be a problem of the form, "is there a foo in/for this
input?" and the certificate is that foo.

1. Suppose you are given a magic black box that somehow answers the following decision
problem in polynomial time:

• Input: A directed graph G and a positive integer L. (The edges of G are not weighted,
and G is not necessarily a dag.)

• Output: True if G contains a (simple) path of length at least L, and False otherwise.1

(a) Using this black box as a subroutine, describe an algorithm that solves the following
related optimization problem in polynomial time:

• Input: A directed graph G.
• Output: The length of the longest path in G.

(b) Using this black box as a subroutine, describe an algorithm that solves the following
related search problem in polynomial time:

• Input: A directed graph G.
• Output: The longest path in G.

1You already know how to solve this problem in polynomial time when the input graph G is a dag, but this magic
box works for every input graph.
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[Hint: You can use the magic box more than once.]

2. Consider the following kColor problem: Given an undirected graph G, can its vertices be
colored with k colors, so that every edge touches vertices with two different colors?

(a) Describe a direct polynomial-time reduction from 3Color to 4Color.

(b) Prove that kColor problem is NP-complete for every k ≥ 3 assuming 3Color is
NP-complete.

To think about later:

3. An independent set in a graph G is a subset S of the vertices of G, such that no two vertices
in S are connected by an edge in G. Suppose you are given a magic black box that somehow
answers the following decision problem in polynomial time:

• Input: An undirected graph G and an integer k.

• Output: True if G has an independent set of size k, and False otherwise.2

(a) Using this black box as a subroutine, describe an algorithm that solves the following
related optimization problem in polynomial time:

• Input: An undirected graph G.
• Output: The size of the largest independent set in G.

(b) Using this black box as a subroutine, describe an algorithm that solves the following
related search problem in polynomial time:

• Input: An undirected graph G.
• Output: An independent set in G of maximum size.

[Hint: You can use the magic box more than once.]

4. Formally, a proper coloring of a graph G = (V, E) is a function c : V → {1,2, . . . , k}, for
some integer k, such that c(u) ̸= c(v) for all uv ∈ E. Less formally, a valid coloring assigns
each vertex of G a color, such that every edge in G has endpoints with different colors. The
chromatic number of a graph is the minimum number of colors in a proper coloring of G.

Suppose you are given a magic black box that somehow answers the following related
decision problem in polynomial time:

• Input: An undirected graph G and an integer k.

• Output: True if G has a proper coloring with k colors, and False otherwise.3

Using this black box as a subroutine, describe an algorithm that solves the following related
search problem in polynomial time:

2It is not hard to solve this problem in polynomial time via dynamic programming when the input graph G is a
tree, but this magic box works for every input graph.

3This problem is actually trivial when the input graph G is a tree—except when k = 1, the correct output is always
True—but this magic black box works for every input graph.

2



CS/ECE 374 A Lab 12b — April 17 Spring 2026

• Input: An undirected graph G.

• Output: A valid coloring of G using the minimum possible number of colors.

[Hint: You can use the magic box more than once. The input to the magic box is a graph
and only a graph, meaning only vertices and edges.]

5. A Hamiltonian cycle in a graph G is a cycle that visits every vertex of G exactly once.
Deciding whether an arbitrary graph contains a Hamiltonian cycle is NP-complete.

A tonian cycle in a graph G is a cycle that visits at least half of the vertices of G. Prove
that deciding whether a graph contains a tonian cycle is NP-complete.

6. Let G be an undirected graph with weighted edges. A Hamiltonian cycle in G is heavy if
the total weight of edges in the cycle is at least half of the total weight of all edges in G.
Prove that deciding whether a graph contains a heavy Hamiltonian cycle is NP-complete.
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A heavy Hamiltonian cycle. The cycle has total weight 34; the graph has total weight 67.
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