
CS/ECE 374 A 6 Spring 2026
2 Homework 8 1

Due Tuesday, March 31, 2026 at 9pm Central Time

1. Consider the following puzzle played with two tokens on a graph. You’re given a directed
graph G = (V, E) with n vertices and m edges where each edge e is assigned a label
ℓ(e) ∈ (V ∪ {ϵ}). You’re also given two vertices s1, s2 ∈ V (not necessarily distinct) which
serve as the starting positions for your tokens. Finally, you’re given a single vertex t ∈ V
which serves as the end position.

Your goal is to move either token to the end position t in a sequence of moves. In a
single move, you may translate either token, but only one of them, from its current vertex
u to another vertex v as long as there is an edge e = (u, v) ∈ E and

• ℓ(e) = ϵ or

• the other token is at vertex ℓ(e).

Describe an algorithm that decides if there is a sequence of moves to bring either token
to the end position given they begin at the starting positions.

2. The well-known chain grocery/electronics depot/warehouse Cost Club Express just opened
a new location in your city, and that means you have something very important to do:
collect as many free snack samples as you can!

You have a map of the store in the form of a directed graph G = (V, E) with n vertices
and m edges. The edges of G represent aisles in the store, and the vertices represent
intersections between aisles. Each intersection has a non-negative integer number of
booths offering one free sample per customer, and no free samples are available in the
aisles (of course, you’re free to buy the food available in the aisles, but the goal for today is
not to spend any money.) Booth attendants are shockingly observant, and they will not
offer a second sample to any one customer. Also, to avoid congestion (and as part of the
Express service the chain provides), each aisle (u, v) is clearly marked for traffic going in
one direction from u to v only. Going the wrong way through an aisle is a great way to get
banned from the store for a year, and yes, that would be a shame, because those $5 five
pound boxes of cereal do look pretty tempting.

As part of their grand opening promotion, for today only, everybody in town gets one
free visit to the store, entering at the entrance s ∈ V and leaving at the exit t ∈ V . Describe
an algorithm to compute the maximum number of free samples you can collect in a single
trip without getting banned from the store.

[Hint: Try solving two special cases first: i) G is strongly connected, and ii) G is acyclic.
Finally, there is a linear time algorithm to compute longest paths in a directed acyclic
graph (Erickson, Section 6.4). If you choose to use it, you should invoke it as a black-box
like you would any other algorithm appearing in this semester’s materials.]
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3. Practice only. Do not submit solutions.

One of Jeff’s daughter’s elementary-school math workbooks1 contains several puzzles
of the following type:

Complete each angle maze below by tracing a path from Start to Finish that has only acute
angles.

Start Finish

Start Finish

Describe and analyze an algorithm to solve arbitrary acute-angle mazes.

Your input is a connected undirected graph G, whose vertices are points in the plane
and whose edges are straight line segments. Edges do not intersect, except at their common
endpoints. For example, a drawing of the letter X would have five vertices and four edges,
and the first maze above has 18 vertices and 21 edges. You are also given two vertices Start
and Finish.

Your algorithm should return True if G contains a walk from Start to Finish that
has only acute angles, and False otherwise. Formally, a walk through G is valid if, for
any two consecutive edges 〈(u, v), (v, w)〉 in the walk, either ∠uvw = π (straight) or
0< ∠uvw< π/2 (acute). Assume you have a subroutine that can determine in O(1) time
whether the angle between two given segments is straight, obtuse, right, or acute.

1Jason Batterson and Shannon Rogers, Beast Academy Math: Practice 3A, 2012. See https://www.beastacademy.
com/resources/printables.php for several more examples.
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Solved problem

4. Professor McClane takes you out to a lake and hands you three empty jars. Each jar holds
a positive integer number of gallons; the capacities of the three jars may or may not be
different. The professor then demands that you put exactly k gallons of water into one of
the jars (which one doesn’t matter), for some integer k, using only the following operations:

(a) Fill a jar with water from the lake until the jar is full.

(b) Empty a jar of water by pouring water into the lake.

(c) Pour water from one jar to another, until either the first jar is empty or the second jar
is full, whichever happens first.

For example, suppose your jars hold 6, 10, and 15 gallons. Then you can put 13 gallons of
water into the third jar in six steps:

• Fill the third jar from the lake.
• Fill the first jar from the third jar. (Now the third jar holds 9 gallons.)
• Empty the first jar into the lake.
• Fill the second jar from the lake.
• Fill the first jar from the second jar. (Now the second jar holds 4 gallons.)
• Empty the second jar into the third jar.

Describe and analyze an efficient algorithm that either finds the smallest number of
operations that leave exactly k gallons in any jar, or reports correctly that obtaining
exactly k gallons of water is impossible. Your input consists of the capacities of the three
jars and the positive integer k. For example, given the four numbers 6, 10, 15, and 13 as
input, your algorithm should return the number 6 (the length of the sequence of operations
listed above).

Solution: Let A, B, C denote the capacities of the three jars. We reduce the problem
to breadth-first search in a directed graph G = (V, E) defined as follows:

• V =
�

(a, b, c)
�

� 0≤ a ≤ A and 0≤ b ≤ B and 0≤ c ≤ C
	

. Each vertex corre-
sponds to a possible configuration of water in the three jars. There are
(A+ 1)(B + 1)(C + 1) = O(ABC) vertices altogether.

• G contains a directed edge ((a, b, c), (a′, b′c′)) whenever it is possible to change
the first configuration into the second in one step. Specifically, G contains an
edge from (a, b, c) to each of the following vertices (except those already equal
to (a, b, c)):

– (0, b, c) and (a, 0, c) and (a, b, 0)— dumping a jar into the lake
– (A, b, c) and (a, B, c) and (a, b, C)— filling a jar from the lake

–

¨

(0, a+ b, c) if a+ b ≤ B

(a+ b− B, B, c) if a+ b ≥ B

«

— pouring from jar 1 into jar 2

–

¨

(0, b, a+ c) if a+ c ≤ C

(a+ c − C , b, C) if a+ c ≥ C

«

— pouring from jar 1 into jar 3
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–

¨

(a+ b, 0, c) if a+ b ≤ A

(A, a+ b− A, c) if a+ b ≥ A

«

— pouring from jar 2 into jar 1

–

¨

(a, 0, b+ c) if b+ c ≤ C

(a, b+ c − C , C) if b+ c ≥ C

«

— pouring from jar 2 into jar 3

–

¨

(a+ c, b, 0) if a+ c ≤ A

(A, b, a+ c − A) if a+ c ≥ A

«

— pouring from jar 3 into jar 1

–

¨

(a, b+ c, 0) if b+ c ≤ B

(a, B, b+ c − B) if b+ c ≥ B

«

— pouring from jar 3 into jar 2

Because each vertex has at most 12 outgoing edges, there are at most 12(A+1)×
(B + 1)(C + 1) = O(ABC) edges altogether.

To solve the jars problem, we need to find the shortest path in G from the start vertex
(0,0, 0) to any target vertex of the form (k, ·, ·) or (·, k, ·) or (·, ·, k).

We can compute this shortest path by calling breadth-first search starting at
(0,0, 0), and then examining every target vertex by brute force. If BFS does not
visit any target vertex, we report that no legal sequence of moves exists. Otherwise,
we find the target vertex closest to (0, 0,0) and trace its parent pointers back to
(0,0, 0) to determine the shortest sequence of moves. The resulting algorithm runs in
O(|V |+ |E|) = O(ABC) time.

We can speed up this algorithm by observing that every move leaves at least one
jar either completely empty or completely full. Thus, we only need vertices (a, b, c)
where either a = 0 or b = 0 or c = 0 or a = A or b = B or c = C; no other vertices
are reachable from (0, 0,0). The number of non-redundant vertices and edges is
O(AB + BC + AC). Thus, if we only construct and search the relevant portion of G,
the algorithm runs in O(AB + BC + AC) time. ■

Rubric: 10 points: standard graph reduction rubric

• Brute force construction is fine.

− 1 for calling Dijkstra instead of BFS

• max 8 points for O(ABC) time; scale partial credit.
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