CS/ECE 374 A 4 Fall 2025
» Homework 6 &

Due Tuesday, March 10, 2026 at 9pm Central Time

Please make sure that you read and understand the standard dynamic programming rubric.
Dynamic programming solutions that do not include an English description of the
recursive function being evaluated (or the underlying recursive function if the solution
uses iterative pseudocode) will not receive any credit.

1. A sequence X[1 .. n] of non-negative integers is called k-residual friendly for a posi-
tive integer k if for each index i, we have X[i] = i (mod k). For example, the array
[4,2,12,1,17,0,10] is 3-residual friendly. However, [4,2,13,1,17,0,10] is not, because
13 # 3 (mod 3).

Describe an algorithm that, given an array A[1 .. n] of non-negative integers and
a positive integer k, computes the largest sum of elements in any k-residual friendly
subsequence of A. For example, given the input A=[4,13,5,3,11,6,1,7] and k = 3, your
algorithm should return the integer 37 which is the sum of the values in the 3-residual
friendly subsequence [13,11,6,7]. Do not assume k is a constant.

2. Emily and Ruta are scheduling events for the Spring 2036 semester of CS/ECE 374. As a
response to the so-called “Algorithms Revolution”, the university has declared 374 to be a
hard requirement for all undergraduate degrees. In turn, the course has a lot of students as
well as a lot of staff hired to support them. Emily and Ruta need to assign CAs to staff three
homework parties a week, one taking place on each of Saturday, Sunday, and Monday in a
packed Foellinger Auditorium. They’ll use the same schedule every week.

Each of the n CAs for the course has provided a list of at least one and at most three
of those days for which they are available to staff a homework party, and each should be
assigned to exactly one day’s party. Ideally, each homework party will be staffed by exactly
n/3 CAs, but that may be impossible. Therefore, Emily and Ruta have decided to minimize
the variance in the numbers assigned where an assignment of a CAs to Saturday’s party, b
CA’s to Sunday’s party, and ¢ CA’s to Monday’s party has variance

(a=8)+ (-5 +(c—5)"

Var(a, b, c) := 3

Describe an algorithm that returns the minimum possible variance for an assignment of
CAs to weekly homework parties.


https://courses.grainger.illinois.edu/cs374al1/sp2026/misc/rubrics.pdf
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3. Practice only. Do not submit solutions.

(@) Any string can be decomposed into a sequence of palindromes. For example, the
string BUBBASEESABANANA (“Bubba sees a banana.”) can be broken into palindromes
in the following ways (and 65 others):

BUB ¢ BASEESAB * ANANA
B e U e BB *ASEESA * B * ANANA
BUB B Ae* SEES * ABA * N e ANA
BeUeBBeA®SeEE*S*A*BeA*NANCA
BeUeBeBeAeSeEeEeSeAeBeAeNeAeNeA

Describe and analyze an efficient algorithm to find the smallest number of palin-
dromes that make up a given input string. For example, given the input string
BUBBASEESABANANA, your algorithm should return 3.

(b) A metapalindrome is a decomposition of a string into a sequence of palindromes,
such that the sequence of palindrome lengths is itself a palindrome. For example,
the string BOBSMAMASEE SAUKULELE (“Bob’s mama sees a ukulele”) has the following
metapalindromes (among others):

BOB ® S e MAM ® ASEESA ® UKU * L * ELE
BeOeBeSeMeAeMeAeSefoefEeSeAeJoeKeJo| eEe| oF

The length sequences of these metapalindromes are (3,1,3,6,3,1,3)and (1,1,1,1,1,
1,1,1,1,1,1,1,1,1,1,1,1,1, 1, 1); notice that both of these sequences are themselves
palindromes.

Describe and analyze an efficient algorithm to find the smallest number of
palindromes in any metapalindrome for a given string. For example, given the input
string BOBSMAMASEE SAUKULELE, your algorithm should return 7.
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Solved Problems

3. A shuffle of two strings X and Y is formed by interspersing the characters into a new
string, keeping the characters of X and Y in the same order. For example, the string
BANANAANANAS is a shuffle of the strings BANANA and ANANAS in several different ways.

BANANAANANAS BANANAANANAS BANANAANANAS

Similarly, the strings PRODGYRNAMAMMI INCG and DYPRONGARMAMMICING are both shuffles of
the strings DYNAMIC and PROGRAMMING:

PRODGYRNAMAMMI INCG DYPRONGARMAMMICING

(@) Given three strings A[1..m], B[1..n], and C[1..m + n], describe and analyze an
algorithm to determine whether C is a shuffle of A and B.

Solution (design): We define a boolean function Shuf{(i, j), which is TRUE if
and only if the prefix C[1..i + j] is a shuffle of the prefixes A[1..i] and B[1..7].
We need to compute Shuf(m,n). The function Shuf satisfies the following

recurrence:
rTRUE ifi=j=0
Shuf(0,j—1) A(B[j]1=C[j]) ifi=0andj>0
Shuf(i, j) = { Shuf(i —1,0) A (A[i] = C[i]) ifi>0andj=0
(Shufli —1, ) A(A[i] = C[i + )
\ V(Shuf(i,j—l)/\(B[j] = C[i+j])) otherwise

We can memoize this function into a two-dimensional array Shuf[0..m][0..n].
Each array entry Shufi, j] depends only on the entries immediately above and
immediately to the left: Shuf{i —1,j] and Shuf{i, j — 1]. Thus, we can fill the
array in standard row-major order in O(mn) time. [ |
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Solution (pseudocode): The following algorithm runs in O(mn) time.

IsSHUFFLE?(A[1..m], B[1..n], C[1..m+n]):
Shufl0,0] <« TRUE
forje—1ton
Shuff0, j] « Shuf[0,j — 1] A (B[j]=C[j])
fori«< 1ton
Shufli, 0] « Shufli —1,0] A (Ali] = B[i])
forj<—1ton
Shufli, j] « FALSE
ifA[i]=C[i+j]
Shufli,j] « Shufli—1,j]
if B[i]=C[i+j]
Shufli, j] < Shufli, j]V Shuf[i,j —1]

return Shuf[m, n]

At the end of the algorithm, for all indices i and j, we have Shuf{i, j] = TRUE
if the prefix C[1..i + j] is a shuffle of the prefixes A[1..i] and B[1..j], and
Shuf(i, j] = FALSE otherwise. [ |

Rubric: 5 points, standard dynamic programming rubric. Each of these solutions is separately
worth full credit. These are not the only correct solutions. —: for reporting running time as
0(n?). 3 points for a slower polynomial-time algorithm; scale partial credit accordingly.
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(b) Given three strings

A[1..m], B[1..n], and C[1..m + n], describe and analyze an

algorithm to determine the number of different ways that A and B can be shuffled to

obtain C.

Solution (design
the prefixes A[1..

The #Shuf fu

the expression [P

f

#Shuf(i, j) = <

\

time.

We need to compute #Shuf(m, n).

Iverson bracket notation to convert booleans to integers: For any proposition P,

We can memoize this function into a two-dimensional array #Shuf[0..m][0..n].
As in part (a), we can fill this array in standard row-major order in O(mn)

): Let #Shuf(i, j) denote the number of different ways that
i]and B[1..j] can be shuffled to obtain the prefix C[1..i + j].

nction satisfies the following recurrence. Here I am using

]is equal to 1 if P is true and O if P is false.

) ifi=j=0
#Shuf(0,j —1)- [B[j1= C[j]]
#Shuf(i —1,0) - [Ali] = C[i]]
(#Shuf(i — 1, 7) - [Ali] = c[i]])
+ (#Shufi, j — 1) [ BLj]

ifi=0andj>0
ifi>0and j=0

C[j]]) otherwise
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Solution (pseudocode): The following algorithm runs in O(mn) time:

NuMSHUFFLES(A[1..m], B[1..n], C[1..m+n]):
#Shuf[0,0] « 1
forj—1ton
#Shuf[0, j] < O
if (B[j1=CLjD
#Shuf[0, j] — #Shuf[0,j —1]
fori—1ton
#Shuf[0, j] « O
if (A[i] =B[i])
#Shufl0, j] « #Shuf[i—1,0]
forj—1ton
#Shuf[i,j]< 0
ifAli]=C[i+j]
#Shufli,j] <« #Shufli—1,j]
if B[i]=C[i+j]
#Shufli, j] < #Shufli, j] + #Shufli,j—1]

return Shuf[m, n]

At the end of the algorithm, for all indices i and j, #Shuf[i, j] is the number of
different ways that the prefixes A[1..i] and B[1..j] can be shuffled to obtain
the prefix C[1..i+j]. |

Rubric: 5 points, standard dynamic programming rubric. Again, each of these solutions is
separately worth full credit. These are not the only correct solutions. —%: for reporting running
time as O(n?). 3 points for a slower polynomial-time algorithm; scale partial credit accordingly.




