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Due Tuesday, May 5, 2026

1. For each of the following languages, either prove that it is undecidable, or describe an
algorithm that decides this language. In the latter case, any algorithm guaranteed to return
a correct answer is acceptable; you do not need to analyze its running time.

(a) {(〈M〉, 〈N〉) | L(M) ⊆ L(N), where M is a DFA and N is an NFA}

(b) {(〈M〉, 〈N〉) | Accept(M)∩ L(N) =∅, where M is a Turing machine and N is an NFA}

2. Prove each of the following languages are undecidable.

(a) {〈M〉 |Turing machine M halts on all strings with length not a multiple of 374 (and possibly others)}

(b) {〈M〉 | Turing machine M decides a context-free language}

(c) {〈M〉 | Accept(M) is undecidable}

[Hint: In each part, use an appropriate version of Rice’s theorem. Yes, there is a
decision version in addition to the accept, reject, halt, and diverge versions mentioned in
class.]

Solved Problem

3. Consider the language SometimesHalt = {〈M〉 | M halts on at least one input string}.
Note that 〈M〉 ∈ SometimesHalt does not imply that M accepts any strings; it is enough
that M halts on (and possibly rejects) some string.

Prove that SometimesHalt is undecidable.

Solution (Rice): Let L be the family of all non-empty languages. Let N be any
Turing machine that never halts, so Halt(N) =∅ ̸∈ L . Let Y be any Turing machine
that always halts, so Halt(Y ) = Σ∗ ∈ L . Rice’s Halting Theorem immediately implies
that SometimesHalt= HaltIn(L ) is undecidable. ■

Solution (closure): Let Encodings be the language of all Turing machine encodings
(for some fixed universal Turing machine); this language is decidable. We immediately
have Encodings = NeverHalt ∪ SometimesHalt, or equivalently, NeverHalt =
Encodings \ SometimesHalt.

The lectures notes include a proof that NeverHalt is undecidable. On the
other hand, the existence of a universal Turing machine implies that Encodings is
decidable. So Corollary 3(d) in the undecidability notes implies that SometimesHalt
is undecidable. ■
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Solution (reduction from Halt): We can reduce the standard halting problem to
SometimesHalt as follows:

DecideHalt(〈M , w〉):
Encode the following Turing machine M ′:

M ′(x):
(ignore x)
run M on input w

return DecideSometimesHalt(〈M ′〉)

We prove this reduction correct as follows:

=⇒ Suppose M halts on input w.
Then M ′ halts on every input string x .
So DecideSometimesHalt must accept the encoding 〈M ′〉.
We conclude that DecideHalt correctly accepts the encoding 〈M , w〉.

⇐= Suppose M does not halt on input w.
Then M ′ diverges on every input string x .
So DecideSometimesHalt must reject the encoding 〈M ′〉.
We conclude that DecideHalt correctly rejects the encoding 〈M , w〉.
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