CS/ECE 374 A <4 Spring 2026
» Homework 10 ey

Due Tuesday, April 21, 2026 at 9pm Central Time

1. Consider the following geometric matching problem: Given a set A of n points and a set B
of n points in 2D, find a set of n pairs S = {(ay, b;);...(a,, b,)}, with {a;,...,a,} =Aand
{b1,...,b,} = B, minimizing f (S) = >, d(a;, b;). Here, d(a;, b;) denotes the Euclidean
distance between q; and b; (which you may assume can be computed in O(1) time).

Assume that all points in A have y-coordinate equal to 0 and all points in B have
y-coordinate equal to 1. (Thus, all points lie on two horizontal lines.) The points are not

sorted. See the example below, which shows a solution that is definitely not optimal.

(@) Consider the following greedy strategy: pick a pair (a, b) € A x B minimizing d(a, b);
then remove a from A and b from B, and repeat. Give a counterexample showing
that this algorithm does not always give an optimal solution.

(b) (Exchange argument) Let a be the point in A with the smallest x-coordinate. Let b
be the point in B with the smallest x-coordinate. Consider a solution S in which a
is paired with some point by with b, # b, and b is paired with some point a, with
ay # a. Prove that the solution S can be modified to obtain a new solution S, with
f(So) < f(S). [Hint: The triangle inequality might be useful.]

(c) Now give a correct greedy algorithm to solve the problem. (The correctness should
follow from (b).) Analyze the running time.

2. Consider an instance of the Satisfiability (SAT) problem in CNF form specified by clauses
Cy,...,Cy over a set of Boolean variables x,...,x,. Clauses do not necessarily have three
terms. We say that the instance is monotone if each literal/term in each clause consists of a
nonnegated variable; that is each term is equal to x;, for some i, rather than x;. Monotone
instance of SAT are very easy to solve: They are always satisfiable, by setting each variable
equal to TRUE.

For example, suppose we have this formula over three clauses:

(x1 Vv x3) A (X1 Vv X3) A (X3 V X3)
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This is monotone, and indeed the assignment that sets all three variables to TRUE
satisfies all the clauses and the formula. But we can observe that this is not the only
satisfying assignment; we could also have set x; and x5, to TRUE and x; to FALSE. Indeed,
for any monotone instance, it is natural to ask how few variables we need to set to TRUE in
order to satisfy it.

Given a monotone CNF instance of Satisfiability, together with a number k, the problem
of Monotone Satisfiability with Few True Variables asks: Is there a satisfying assignment
for the instance in which at most k variables are set to TRUE? Prove that this problem is
NP-Complete.

[Hint: Reduce from Vertex Cover.]

3. Practice only. Do not submit solutions.

Given an undirected graph G = (V, E) a matching in G is a set of edges M < E such that
no two edges in M share a node. A matching M is perfect if 2|M| = |V|, in other words
if every node is incident to some edge of M. PerfectMatching is the following decision
problem: does a given graph G have a perfect matching? Describe a polynomial-time
reduction from PerfectMatching to SAT. Does this prove that PerfectMatching is a difficult
problem?

Solved Problem

4. RedBlue is a puzzle that consists of an n x m grid of squares, where each square may be
empty, occupied by a red stone, or occupied by a blue stone. The goal of the puzzle is to
remove some of the given stones so that the remaining stones satisfy two conditions:

(1) Every row contains at least one stone.

(2) No column contains stones of both colors.

For some RedBlue puzzles, reaching this goal is impossible; see the example below.

Prove that it is NP-hard to determine whether a given RedBlue puzzle has a solution.
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A solvable RedBlue puzzle and one of its many solutions. An unsolvable RedBlue puzzle.




CS/ECE 374 A Homework 10 (due April 21) Spring 2026

Solution: We show that RedBlue is NP-hard by describing a reduction from 3SAT.

Let ® be a 3CNF boolean formula with m variables and n clauses. We transform
this formula into a RedBlue instance X in polynomial time as follows. The size of the
board is n x m. The stones are placed as follows, for all indices i and j:

* If the variable x; appears in the ith clause of ®, we place a blue stone at (i, j).

* If the negated variable x; appears in the ith clause of ®, we place a red stone at

* Otherwise, we leave cell (i, j) blank.

To prove that RedBlue is NP-hard, it suffices to prove the following claim:

® is satisfiable
if and only if
RedBlue puzzle X is solvable.

= First, suppose ® is satisfiable; consider an arbitrary satisfying assignment. For
each index j, remove stones from column j according to the value assigned to x;:

— If x; = TRUE, remove all red stones from column j.

— If x; = FALSE, remove all blue stones from column j.
In other words, remove precisely the stones that correspond to FALSE literals.
Because every variable appears in at least one clause, each column now contains
stones of only one color (if any). On the other hand, each clause of & must

contain at least one TRUE literal, and thus each row still contains at least one
stone. We conclude that RedBlue puzzle X is solvable.

<= On the other hand, suppose RedBlue puzzle X is solvable; consider an arbitrary

solution. For each index j, assign a value to x; depending on the colors of stones
left in column j:

— If column j contains blue stones, set x; = TRUE.

— If column j contains red stones, set x; = FALSE.

— If column j is empty, set x; arbitrarily.
In other words, assign values to the variables so that the literals corresponding
to the remaining stones are all TRUE. Each row still has at least one stone, so

each clause of ® contains at least one TRUE literal, so this assignment makes
® = TRUE. We conclude that & is satisfiable.

This reduction clearly requires only polynomial time. [ |




