
CS/ECE !"# A Practice Final Exam ! Questions Fall $%$&

Write your answers in the separate answer booklet.
You have !"# minutes (after you get the answer booklet) to answer seven questions.

!. For each statement below, there are two boxes in the answer booklet labeled “Yes” and
“No”. Check “Yes” if the statement is always true and “No” otherwise, and give a brief (at
most one short sentence) explanation of your answer. Assume P →= NP. If there is any
other ambiguity or uncertainty about an answer, check “No”. For example:

• x + y = 5

Yes XNo Suppose x = 3 and y = 4.

• $SAT can be solved in polynomial time.

Yes XNo $SAT is NP-hard.

• If P= NP then Je% is the Queen of England.

XYes No The hypothesis is false, so the implication is true.

Read each statement very carefully; some of these are deliberately subtle!

(a) Which of the following statements are true for every language L → {0,1}↑?
• (L↑)↑ is infinite.
• If L is decidable then its complement L is undecidable.

• {↓M↔ | M accepts L} is undecidable.
• Either L is finite or L is NP-hard.

• Either L has an infinite fooling set or L ↗ P.

(b) Consider the following pair of languages:

• T!""= {G | G is a connected undirected graph with no cycles}
• H#$P#%&= {G | G is an undirected graph that contains a Hamiltonian path}

(For concreteness, assume that in both of these languages, graphs are represented
by their adjacency matrices.) Which of the following statements are true, assuming
P ↘= NP?

• T!"" is NP-hard.

• T!""≃H#$P#%& is NP-hard.

• T!""⇐H#$P#%& is NP-hard.

• H#$P#%& is undecidable.

• A reduction from T!"" to H#$P#%& would imply P= NP.

Problems !–" appear on the next three pages.

!
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&. More of the same: Follow exactly the same instructions as problem !.

(a) Which of the following statements are true?

• The recurrence T (n) = 3T (n/3) +O(n2) implies T (n) = O(n2 log n).
• The recurrence T (n) = T (n/2) + T (n/3) + T (n/6) +O(n) implies T (n) = O(n).
• There is a forest with 374 vertices and 225 edges. (Recall that a forest is an

undirected graph with no cycles.)

• Given any directed graph G whose edges have positive weights, we can compute
shortest paths from one vertex s to every other vertex of G in O(V E) time using
Bellman-Ford.

• Suppose A[1 .. n] is an array of integers. Consider the following recursive function:

Ohio(i) =

!
0 if i < 1 or i > n

A[i] +max
"
Ohio(i + A[i]), Ohio(i ⇒ A[i])

#
otherwise

We can compute Ohio(n) by memoizing this function into a two-dimensional
array Ohio[1 .. n], which we fill by increasing i in O(n) time.

(b) Suppose we want to prove that the following language is undecidable.

C&#’$"!( :=
"
↓M↔
$$ M accepts both STEAMED and HAMS

#

Professor Skinner suggests a reduction from the standard halting language

H#’% :=
"
(↓M↔, w)
$$ M halts on inputs w

#
.

Specifically, Professor Skinner claims that if there is a Turingmachine S)*"!N+,%",-.
that decides the language C&#’$"!(, then the following algorithm decides H#’%.

D"/+-"H#’%(↓M↔, w):
Encode the following Turing machine:

A)!.!#B.!"#’+((x):
if x = STEAMED or x = HAMS or x = UTICA

run M on input w

return F#’("
else

return T!)"

return S)*"!N+,%",-.(↓A)!.!#B.!"#’+(↔)
Which of the following statements is true for all inputs (↓M↔, w)?

• If M hangs on w, then A)!.!#B.!"#’+( accepts ALBANY.

• If M accepts w, then S)*"!N+,%",-. accepts ↓A)!.!#B.!"#’+(↔.
• If M hangs on w, then D"/+-"H#’% rejects (↓M↔, w).
• D"/+-"H#’% decides the language H#’%. (That is, Professor Skinner’s reduction

is correct.)

• We could have proved that C&#’$"!( is undecidable using Rice’s theorem instead
of this reduction.

Problems #–" appear on the next two pages.

&
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$. Submit a solution to exactly one of the following problems.

(a) A Hamiltonian bicycle in a graph G is a pair of simple cycles in G, with identical lengths,
such that every vertex of G lies on exactly one of the two cycles.

A Hamiltonian bicycle in the !⇑! grid graph.

Prove that it is NP-hard to determine whether a given graph G has a Hamiltonian
bicycle.

(b) A clique-partition of a graph G = (V, E) is a partition of the vertices V into disjoint
subsets V1 ⇐ V2 ⇐ · · ·⇐ Vk, such that for each index i, every pair of vertices in subset Vi

is connected by an edge in G. The size of a clique partition is the number of subsets Vi .

Prove that it is NP-hard to compute the minimum-size clique partition of a given
undirected graph G.

In fact, both of these problems are NP-hard, but we only want a proof for one of them.
Don’t forget to tell us which problem you’ve chosen!

’. let T be a full binary tree, meaning that every node has either two children or no children.

• Recall that the height of a vertex v in T is the length of the longest path in T from v

down to a leaf. In particular, every leaf of T has height zero.

• A vertex v is AVL-balanced if v is a leaf, or if the heights of v’s children di%er by at
most 1. (You might recall from CS &&( that an AVL-tree is a binary search tree in
which every vertex is AVL-balanced.)

Describe and analyze an algorithm to compute the number of AVL-balanced vertices in T .

(. Suppose we are given a directed graph G = (V, E), where every edge e ↗ E has a positive
weight w(e), along with two vertices s and t.

(a) Suppose each vertex of G is colored either orange, green, or purple. Describe and
analyze an algorithm to find the shortest walk from s to t in G that never visits two
consecutive vertices with the same color.

(b) Now suppose each edge of G is colored either orange, green, or purple. Describe and
analyze an algorithm to find the shortest walk from s to t in G that never traverses
two consecutive edges with the same color.

Problems $ and % appear on the next page.

$
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). Vankin’s Mile is a solitaire game played on an n ⇑ n square grid. The player starts by
placing a token on any square of the grid. Then on each turn, the player moves the token
either one square to the right or one square down. The game ends when player moves
the token o% the edge of the board. Each square of the grid has a numerical value, which
could be positive, negative, or zero. The player starts with a score of zero; whenever the
token lands on a square, the player adds its value to his score. The object of the game is to
score as many points as possible.

For example, given the grid below, we can score 7⇒2+3+5+6⇒4+8+0= 23 points
by following the path on the left, or we can score 8⇒ 4+ 1+ 5+ 1⇒ 4+ 8= 15 points by
following the path on the right.

⇒1 7⇓↑2
⇔

10 ⇒5

8 ⇒4 3
⇔
⇒6 0

5 1 5⇓ 6
⇔
⇒5

⇒7 ⇒4 1 ↑4⇓ 8
⇔

7 1 ⇒9 4 0
⇔

⇒1 7 ⇒2 10 ⇒5

8⇓↑4
⇔

3 ⇒6 0

5 1⇓ 5
⇔

6 ⇒5

⇒7 ⇒4 1⇓↑4⇓ 8⇓

7 1 ⇒9 4 0

(a) Describe and analyze an e*cient algorithm to compute the maximum possible score
for a game of Vankin’s Mile, given the n⇑ n array of values as input.

(b) A variant called Vankin’s Niknav adds an additional constraint to Vankin’s Mile: The
sequence of values that the token touches must be a palindrome. Thus, the example path
on the right is valid, but the example path on the left is not. Describe and analyze an
e*cient algorithm to compute the maximum possible score for an instance of Vankin’s
Niknav, given the n⇑ n array of values as input.

+. (a) Let La denote the set of all strings w ↗ {0,1,2}↑ such that #(1, w) + 2 ·#(2, w) is
divisible by 3. For example, La contains the strings 0012 and 20210202 and the empty
string ω, but La does not include the strings 121 or 0122210.

Describe a DFA of NFA that accepts La. (You do not need to prove that your answer
is correct.)

(b) Let Lb denote the set of all strings w ↗ {0,1,2}↑ such that no two symbols appear
the same number of times, or in other words, the integers #(0, w) and #(1, w) and
#(2, w) are all di%erent. For example, Lb contains the strings 110212 and 20220, but
Lb does not include the strings 01212 or 2120210 or the empty string ω.

Prove that Lb is not a regular language.

’
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" Practice Final Exam ! #
December ’%, $%$&

Name:

NetID:

• Don’t panic!

• You have !"# minutes to answer seven questions. The questions are described in more
detail in a separate handout.

• If you brought anything except your writing implements, your two hand-written double-
sided "½"→ !!" cheat sheets, and your university ID, please put it away for the duration of
the exam. In particular, please turn o$ and put away all medically unnecessary electronic
devices.

• Please clearly print your name and your NetID in the boxes above.

• Please also print your name at the top of every page of the answer booklet, except this
cover page. We want to make sure that if a staple falls out, we can reassemble your answer
booklet. (It doesn’t happen often, but it does happen.)

• Greedy algorithms require formal proofs of correctness to receive any credit, even if they
are correct. Otherwise, proofs or other justifications are required for full credit if and only
if we explicitly ask for them, using the word prove or justify in bold italics.

• Please do not write outside the black boxes on each page. These indicate the area of
the page that our scanners can actually scan. If the scanner can’t see your work, we can’t
grade it.

• If you run out of space for an answer, please use the overflow/scratch pages at the back of
the answer booklet, but please clearly indicate where we should look. If we can’t find
your work, we can’t grade it.

• Only work that is written into the stapled answer booklet will be graded. In particular,
you are welcome to detach scratch pages from the answer booklet, but any work on those
detached pages will not be graded. We will provide additional scratch paper on request,
but any work on that scratch paper will not be graded.

• Breathe in. Breathe out. You’ve got this.

Jeff E
jeffe
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For each statement below, there are two boxes in the answer booklet labeled “Yes” and “No”. Check
“Yes” if the statement is always true and “No” otherwise, and give a brief (at most one short sentence)
explanation of your answer. Assume P →= NP. If there is any other ambiguity or uncertainty about an
answer, check “No”.

Read each statement very carefully; some of these are deliberately subtle!

(a) Which of the following statements are true for every language L ↑ {0,1}↓?

• (L↓)↓ is infinite.

Yes No

• If L is decidable then its complement L is undecidable.

Yes No

• {↔M↗ | M accepts L} is undecidable.

Yes No

• Either L is finite or L is NP-hard.

Yes No

• Either L has an infinite fooling set or L ↘ P.

Yes No

Problem ! continues onto the next page.

!

so

1 0 L e E5 e5

Decide w return notDecide w

Rice'sTheoremtechnicality
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(b) Consider the following pair of languages:

• T!""= {G | G is a connected undirected graph with no cycles}
• H#$P#%&= {G | G is an undirected graph that contains a Hamiltonian path}

(For concreteness, assume that in both of these languages, graphs are represented by their adjacency
matrices.) Which of the following statements are true, assuming P ≃= NP?

• T!"" is NP-hard.

Yes No

• T!""⇐H#$P#%& is NP-hard.

Yes No

• T!""⇒H#$P#%& is NP-hard.

Yes No

• H#$P#%& is undecidable.

Yes No

• A reduction from T!"" to H#$P#%& would imply P= NP.

Yes No

! (continued)

We can use WFSTodidifG is a tree inOIFL
L PATH

reduction Einontres

try all n permutations

wrongway youdidn'tsaypoly time

N
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For each statement below, there are two boxes in the answer booklet labeled “Yes” and “No”. Check
“Yes” if the statement is always true and “No” otherwise, and give a brief (at most one short sentence)
explanation of your answer. Assume P →= NP. If there is any other ambiguity or uncertainty about an
answer, check “No”.

(a) Which of the following statements are true?

• The solution to the recurrence T (n) = 3T (n/3) +O(n2) is T (n) = O(n2 log n).

Yes No

• The solution to the recurrence T (n) = T (n/2) + T (n/3) + T (n/6) +O(n) is T (n) = O(n).

Yes No

• There is a forest with 374 vertices and 225 edges. (Recall that a forest is an undirected graph
with no cycles.)

Yes No

• Given any directed graph G whose edges have positive weights, we can compute shortest paths
from one vertex s to every other vertex of G in O(V E) time using Bellman-Ford.

Yes No

• Suppose A[1 .. n] is an array of integers. Consider the following recursive function:

Ohio(i) =

!
0 if i < 1 or i > n

A[i] +max
"
Ohio(i + A[i]), Ohio(i ⇑ A[i])

#
otherwise

We can compute Ohio(n) by memoizing this function into a two-dimensional array Ohio[1 .. n],
which we fill by increasing i in O(n) time.

Yes No

Problem " continues onto the next page.

%

0 IE
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EEEit nXtas ohlogs
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1
Treewith226verticesplus374226isolated vents
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or Ali Oforalli
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(b) Suppose we want to prove that the following language is undecidable.

C&#’$"!( :=
"
↔M↗
$$ M accepts both STEAMED and HAMS

#

Professor Skinner suggests a reduction from the standard halting language

H#’% :=
"
(↔M↗, w)
$$ M halts on inputs w

#
.

Specifically, Professor Skinner claims that if there is a Turing machine S)*"!N+,%",-. that decides
the language C&#’$"!(, then the following algorithm decides H#’%.

D"/+-"H#’%(↔M↗, w):
Encode the following Turing machine:

A)!.!#B.!"#’+((x):
if x = STEAMED or x = HAMS or x = UTICA

run M on input w

return F#’("
else

return T!)"

return S)*"!N+,%",-.(↔A)!.!#B.!"#’+(↗)

Which of the following statements is true for all inputs (↔M↗, w)?

• If M hangs on w, then A)!.!#B.!"#’+( accepts ALBANY.

Yes No

• If M accepts w, then S)*"!N+,%",-. accepts ↔A)!.!#B.!"#’+(↗.

Yes No

• If M hangs on w, then D"/+-"H#’% rejects (↔M↗, w).

Yes No

• D"/+-"H#’% decides the language H#’%. (That is, Professor Skinner’s reduction is correct.)

Yes No

• We could have proved that C&#’$"!( is undecidable using Rice’s theorem instead of this
reduction.

Yes No

% (continued)

so

Eats

Affects

ALBANY is not STEAMEDor HAMSorUTICA
AuroraBOREALISacceptsSTEAMEDandHAMS

Aurorats actuallyrejectsSTEAMED
SNrejects AB ABdoesnot

AurorABloopsonSTEAMED
SEAFEITS

Mhaltson w ABrejectsSTEAMED DECIDE
True False are reversed

L all languagescontainingSTEAMED HAMS
MACCEPT N MREJECT
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Submit a solution to exactly one of the following problems.

(a) A Hamiltonian bicycle in a graph G is a pair of simple cycles in G, with identical lengths, such that
every vertex of G lies on exactly one of the two cycles. Prove that it is NP-hard to determine whether
a given graph G has a Hamiltonian bicycle.

(b) A clique-partition of a graph G = (V, E) is a partition of V into disjoint subsets V1 ⇒ V2 ⇒ · · ·⇒ Vk, such
that for each index i, every pair of vertices in subset Vi is connected by an edge in G. The size of a
clique partition is the number of subsets Vi . Prove that it is NP-hard to compute the minimum-size
clique partition of a given undirected graph G.

In fact, both of these problems are NP-hard, but we only want a proof for one of them. Don’t forget to tell
us which problem you’ve chosen!

%

3

Edition c

fffI.ttiffBuild a newgraph N
twodisjoint copies

of G GIGI

Suppose G has a Ham
cycle C

Then G has Han cycle C1
Ge has HamcycleCz
CIUCe is a Ham bicycle in H

Suppose H has a Ham bicycle cuc If kgEnv
WLOG C contains a vertex of 6.1

C is entirely in Ge noedges
bethgeC is tame

Easytobuildhinpommergeepad
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Let T be a full binary tree, meaning that every node has either two children or no children.

• Recall that the height of a vertex v in T is the length of the longest path in T from v down to a leaf.
In particular, every leaf of T has height zero.

• A vertex v is AVL-balanced if v is a leaf, or if the heights of v’s children di$er by at most 1. (You might
recall from CS %%& that an AVL-tree is a binary search tree in which every vertex is AVL-balanced.)

Describe and analyze an algorithm to compute the number of AVL-balanced vertices in T .

’

4

recursion

compute height ofevery vertex int

height v
if vis leaf

It max height v left
height v right

memoize into v height
enal in postorder in O n time

count 0
For all vertices u
if v.is ftaleafaEd v leftheight vrightheight

count count 1

return count

Ointine



CS/ECE !"# A ! Fall $%$& Name:
Practice Final ! Problem #

Suppose we are given a directed graph G = (V, E), where every edge e ↘ E has a positive weight w(e),
along with two vertices s and t.

(a) Suppose each vertex of G is colored either orange, green, or purple. Describe and analyze an
algorithm to find the shortest walk from s to t in G that never visits two consecutive vertices with the
same color.

(b) Now suppose each edge of G is colored either orange, green, or purple. Describe and analyze an
algorithm to find the shortest walk from s to t in G that never traverses two consecutive edges with
the same color.

(

5

pigstra

Build subgraph G of G by
deletingeveryedge n

v

where U.coor vocolor
RunDijkstra to find shortestpath

in G

from s tot O Elogv tin

Build newgraph G V E as follows

vets V Vx orangegreenpurple

zeedges
E

1 1 9 green unee u

purple unee v

orange nude

weight of u c v c is w un in G

we want shortestpath in G from

pls 0 sig sp to t 0 Ltg or tip
Dijkstra x3 in OLÉ logv 0 Elogv time
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(a) Describe and analyze an e)cient algorithm to compute the maximum possible score for a game
of Vankin’s Mile, given the n→ n array of values as input. (See the question handout for a detailed
description of Vankin’s Mile.)

(b) A variant called Vankin’s Niknav adds an additional constraint: The sequence of values that the token
touches must be a palindrome. Describe and analyze an e)cient algorithm to compute the maximum
possible score for an instance of Vankin’s Niknav, given the n→ n array of values as input.

&

6

fig

tattetisoffedge mail.IEnIVankirlij max score possible
starting at rowi.co j
0 if isn or jon

Vantil
ac.ptmarket Is of

memoize.IE
array

O mei IF
airdrome P EE.EE
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(a) Let La denote the set of all strings w ↘ {0,1,2}↓ such that #(1, w) + 2 ·#(2, w) is divisible by 3.
Describe a DFA or NFA that accepts La. (You do not need to prove that your answer is correct.)

(b) Let Lb denote the set of all strings w ↘ {0,1,2}↓ such that no two symbols appear the same number
of times, or in other words, the integers #(0, w) and #(1, w) and #(2, w) are all di$erent. Prove
that Lb is not a regular language.

*
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fi Io
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(overflow / scratch paper)
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(overflow / scratch paper)

"

clique partition split vertices into
EEegories aspossible

5 t every category is clique
allpairs

connected

chromatic split Vinto as few categories
as possible s t each category
is an in dependentset

no pairs
sonnected

Given G IV E define G v 4 E

luvee uv F edge complement

every clique in G ind set in E andversa

Suppose G can be colored with k colors

then call colgIEE.int YinEonindep.gtg

partition of V into
k cliques in I

so G has cliquepartition of site k

Suppose G has cliquepartition of size k

V1 Vev
each V is clique in G

each V is indp set in G
G has aproper k coloring

So Chrom G CliquePart E
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Some useful NP-hard problems. You are welcome to use any of these in your own NP-hardness proofs, except of
course for the specific problem you are trying to prove NP-hard.

C!"#$!%S&%: Given a boolean circuit, are there any input values that make the circuit output T!)"?

’S&%: Given a boolean formula in conjunctive normal form, with exactly three distinct literals per clause, does the
formula have a satisfying assignment?

M&(I)*+,+)*+)%S+%: Given an undirected graph G, what is the size of the largest subset of vertices in G that have
no edges among them?

M&(C-!.$+: Given an undirected graph G, what is the size of the largest complete subgraph of G?

M!)V+"%+(C/0+": Given an undirected graph G, what is the size of the smallest subset of vertices that touch every
edge in G?

M!)S+%C/0+": Given a collection of subsets S1,S2, . . . ,Sm of a set S, what is the size of the smallest subcollection
whose union is S?

M!)H!%%!)1S+%: Given a collection of subsets S1, S2, . . . ,Sm of a set S, what is the size of the smallest subset of S
that intersects every subset Si?

’C/-/": Given an undirected graph G, can its vertices be colored with three colors, so that every edge touches
vertices with two di!erent colors?

C2"/3&%!#N$34+": Given an undirected graph G, what is the minimum number of colors required to color its
vertices, so that every edge touches vertices with two di!erent colors?

H&3!-%/)!&)P&%2: Given graphG (either directed or undirected), is there a path inG that visits every vertex exactly
once?

H&3!-%/)!&)C5#-+: Given a graph G (either directed or undirected), is there a cycle in G that visits every vertex
exactly once?

T"&0+-!)1S&-+63&): Given a graph G (either directed or undirected) with weighted edges, what is the minimum
total weight of any Hamiltonian path/cycle in G?

L/)1+6%P&%2: Given a graph G (either directed or undirected, possibly with weighted edges), what is the length of
the longest simple path in G?

S%+!)+"T"++: Given an undirected graph G with some of the vertices marked, what is the minimum number of
edges in a subtree of G that contains every marked vertex?

S$46+%S$3: Given a set X of positive integers and an integer k, does X have a subset whose elements sum to k?

P&"%!%!/): Given a set X of positive integers, can X be partitioned into two subsets with the same sum?

’P&"%!%!/): Given a set X of 3n positive integers, can X be partitioned into n three-element subsets, all with the
same sum?

I)%+1+"L!)+&"P"/1"&33!)1: Given amatrixA↘ !n→d and two vectors b ↘ !n and c ↘ Z
d , computemax{c · x |

Ax ⇓ b, x ⇔ 0, x ↘ !d}.
F+&6!4-+ILP: Given a matrix A ↘ !n→d and a vector b ↘ !n, determine whether the set of feasible integer points

max{x ↘ !d | Ax ⇓ b, x ⇔ 0} is empty.
D"&$12%6: Given an n→ n international draughts configuration, what is the largest number of pieces that can (and

therefore must) be captured in a single move?

S$,+"M&"!/B"/%2+"6: Given an n→ n Super Mario Brothers level, can Mario reach the castle?


