NFA/DFA:
Closure ‘Proper%i;@.s,
Relation to Keqular Lanquages
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Today

NFAs recap : Determinizing an NFA

Closure Properties of
class of languages accepted by NFAs/DFAs

Towards proving equivalence of regular languages and
languages accepted by NFAs (and hence DFASs)

More closure Properties of
regular languages
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NFA : Formally

— (29 Q9(39S9F)

2. alphabet Q: state space s: start state F: set of accepting states

By detault, NFA
can have e-moves

0:0x{ZUgl— 20) <

We say g %y p if Jai,...,a,€EXU {e} and qi,...,q+1 € Q, such that
w=ai...a, q1=q,qu1=p, and Vi€ [1,t], gi+1 € 0(gi,ai)

LIN)={wls*yp forsomepEF }

e.g., o(1,0) = {2}, 6(1 X)=0, o(1 e) {2}. e-closure Ce({1}) ={1,2, 3,0}

QT QD0

\/" \/
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e-Moves is Syntactic Sugar

Can modify any NFA N, to get an NFA Npew Without e-moves

L Niew = (Z, Q, 5new, S, Fnew)
Onen(q, @)= C( O( Cel{gh. @) < {plg>wp)

ae

5w p & pE Cligh.
L & p © p=. e.g.: Onew(1,0)= {02,345}
?HW\N GNP G ¥new P
ro { F, if C.({sHWNF =
F U {s}, otherwise.

Theorem: L(N) = L(Nyew)

Oa-z g €
}@—\U/r

E E
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e-Moves is Syntactic Sugar

Can modify any NFA N, to get an NFA Npew Without e-moves
Niew = (Z, Q, 5new, S, Fnew)

6new(q, Cl) = Ce( (5( Ce({Q}), Cl))

C a o O
0 {ab,c} {ab,cd}
{a,b,d}
1 {b,d} {b,d}
0 {b,C} {b,C,d}
{b,d}
1 {d} {d}
0 o o
{c}
1 {d} {d}
0 o o
{d}
1 {d} {d}
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e-Moves is Syntactic Sugar

Can modify any NFA N, to get an NFA Npew Without e-moves

Niew = (Z, Q, 5new, S, Fnew)
(5new(q, CZ) = Ce( (5( Ce({Q}), Cl))

a o

O {a,b,c,d}

1 {b,d} 1
0 {b,c,d} B {F, if C:{sh)NF =0 U
1 {d} T FU {s), otherwise.

0 Qo

1 {d}

0 Q

1 {d}
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NFA to DFA

Can modify any NFA N, to get an equivalent DFA M

To avoid errors, first,

Remember to
specity final states

remove e-moves I a o
0
q a (5 {a} 1
0 b, c,d 0
s O BRSO dabed
1 {b,d} -
o 0 {b,c,d} {b,d} 1
1 d
L (bcd)
0 o 1
c 0
1 {d} {d} 1
0 (%)
d O 0
1 {d} 1
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NFA to DFA: Formally

NFA: N = (2, Q, 8,5, F)
0:0x=—=P0) |

DFA: My = (2, P(Q), 67, st, FY)
0" : P(Q) x Z — P(Q)

g-MOoves
already

removed

o7(T,a) = U,er o(q,a)
st={s}, Fi={T|TNFz@}

Theorem : L(N) = L(My)

Proof? Recall definitions of L(DFA), L(NFA)
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DFA: M = (2, QM, 61\/1, Sm, FM)

Two ways to define
the state that an input w leads to starting from a state

w
q ~>p
fw=a...a; and 1q1,..., qr+1,

such that g1 = ¢, g1 =p, and |

Viel[l,t], g1 =om(qiai)

Theorem : g p < p=05*(g.w)

LIM)={wl3Ip EFy,su»pd={wlo*(suw) E Fu }

Language Accepted by a DFA ®

( )
0*(q,e) =q

0*(q,au) = 0*(0m(q,a), u)

\_ W,

Prove!



Language Accepted by an NFA ®

NFA: N = (2, QN, 51\7, SN, FN)

Two ways to define
the set of states that an input w leads to starting from a set of states

q mp E o0'(T, a) = Uger On(q.,a)
: ! s ~N
if 3 a;...a; and di,. .., qr+1, such (37*(T, 8) =T
thatw =ai...a;, g1=¢q, g1 =p | |0TX(T, au) = 0"*(0'(T, a), u)
and Vi€ [1,1],gi+1 € Ongia)| - b
b ost={sy}, FI={T|TNFy#0}
Theorem : g»p < pES*{g}w)

CsS 374

LIN)={wlIp EFy, sy pr={wld*{Ls\Iw)NFyz0}
={wlo*(st,w)E Ft}

10



Side-by-Side

DFA: M = (=, Ou, Out, 531, F)
m.

6MIQMXZ%QM

s

0*(q,e) =q
0*(q,au) = 0*(0m(q,a), u)

\

v,
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LM) ={wlo*(suw) € Fu}

NFA: N = (Z, Ow, On, S, Fn)
Ov: Ovx 2 — P(On)
O : P(On) x 2 — P(On)
0¥(T, a) = Uger On(q.,a)

~N

p
oT*(T,e)=T
OoT*(T, au) = 0*(0'(T, a), u)

\. V.

st={sy}, FI={T|TNFyz@}

LIN) = { w | §t%(st w) € Fi )

If Qu=P(Oy), Ow = OF, s =st, Fu = F', then LIM)=L(N) |4

11
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Closure Properties for NFAs

It L has an NFA, then op(L) has an NFA
where op can be complement or Kleene star

It Ly and L, each has an NFA, then L; op L, has an NFA
where op can be a binary set operation (e.g., union,
intersection, difference etc.) or concatenation

Complement and Binary set operations
Consider the equivalent DFA

Union can be seen directly too...



Closure Under Union ‘

~C 0 ol®
O O
1C
.
O~ 0 ;
: efe 0~ 0
; oJo



Closure Properties for NFAs

It L has an NFA, then op(L) has an NFA
where op can be complement or Kleene star

It Ly and L, each has an NFA, then L; op L, has an NFA
where op can be a binary set operation (e.g., union,
intersection, difference etc.) or concatenation

Complement and Binary set operations
Consider the equivalent DFA

(Union can be seen directly too...)

CsS 374

Now: concatenation and Kleene star

14



Single Final State Form ‘

Can compile a given NFA so that there is
only one final state
(and there Is no transition out of that state)

O O—1¢

CsS 374
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Closure Under Concatenation ‘
O O O

O QQQ
O O

CsS 374
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Closure Under Kleene Star




NFAs & Regular Languages

Theorem : For any language L, the following are equivalent:

_Is accepted by an NFA
IS accepted by a DFA
_ IS regular

222
I

Saw: (a) = (b)
Later: (b) = (c)

Now : (c) = (a)

S 374

- Proof of (c) = (a) : By induction on the least number of
operators in a regular expression for the language

18
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NFAs & Regular Languages

Theorem : L regular = L is accepted by an NFA

Proof : To prove that if L = L(r) for some regex r, then L=L(N) for
some NFA N. By induction on the number of operators in the regex.

Base case: L has a regular expression with O operators. Then the
regex should be one of @, ¢,a € 2. In each case, AN s.t. L=L(N). u

Inductive step: Let n> 0. Assume that every language which has a
regex with k operators has an NFA, where 0 <k < n.

It L has a regex with n operators, it must be of the form rirz, ri+r2, or
ri*, and hence L= LiL,, or Ly U L, or (L1)*, where Li=L(r;) and
L>=L(r2). Since r; and r» must have < n operators, by IH L, L, have
NFAs. By closure of NFAs under these operations, so does L. u
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NFAs & Regular Languages

Example : L given by regular expression (10+1)*

E

% <
’4._»'———-'———'@ Jed )

1

O—C
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Closure Properties for
Regular Languages

Theorem : It L; are regular then, so Is:

Z

Z

Z

Z

Z

LiU Ly, Li*, Lily

From the definition of regular languages
(or from NFA closure properties)

L By considering DFAs for the languages and
using the complement construction for DFAS

LiMN Iy

formula(Ly, Ly, ..., Lk)

suffix(L1)
h(L1) and hi(Ly), W

—
By De Morgan’s Law (or by the

cross-product construction for DFAS)

nere his a hoch)morphism

Skipped from this course




More Closure Properties

formula ¢(L1, ..., Ly) = { w | f (b1,...,br) holds, where b; = (WEL;) }

e.g., (b1, b2, b3) = majority (b1, b2, b3)

Theorem: If Ly, ..., Ly are regular, then tor any boolean formula f,
formula (L1, ..., Lx) IS regular

Proof: Any boolean formula can be written using operators
A, v.and = (AND, OR, NOT).

formula £a ¢(L1, ..., Ly) = formula (L1, ..., Lx) N formula o(L1, ..., L)
formula rv o(L1, ..., Lx) = formula ¢(L1, ..., Ly) U formula ,(Li, ..., L)
formula =¢(L1, ..., Ly) =2* — formula ¢(Li, ..., L)

CsS 374

Complete the proof by induction on the number of operators in f.

22



More Closure Properties

suffix(L) ={ wlwisasuffixofastringinL}={wldx&Z* wa}

. If L is regular, then suffix(L) is regular

. Let M be a DFA for L.
We shall construct an NFA N s.t. L(N) = suffix(L(M)).

|[dea: N will guess the state that M will be in after seeing a “correct”
x and directly jJump to that state. Then starts behaving like M.

Need to ensure that (some thread of) N accepts w iff w € suffix(L).

f w & suffix(L), 3x, xw € L. Hence 3g s.t. s Wy g and gy p, p € F.
So some thread of N will jump to ¢ (s wy g) and accept w (g » p).

CsS 374

Converse? Trouble it N jumps to ¢ and accepts w from there,
o but no x could take M to ¢ (i.e., g unreachable)!



More Closure Properties

suffix(L)={ wlwisasuffixofastringinL}={wldx&€Z* xwe&L}

Theorem: It L is regular, then suftix(L) is regular

Proof: Let M be a DFA for L.
We shall construct an NFA N s.t. L(N) = suffix(L(M)).

|[dea: N will guess the state that M will be in after seeing a “correct”
and directly jump to that state. Then starts behaving like M.

QN— QMU {SN} Fn=Fu.

 0Mg.a) = {dulg.a)} for g € Ou. +Q10

& 5N(sN,e) = {q€0u | g reachable from su}

p
O

Exercise: Verify “corner cases”: e.qg., L=, ¢ & L etc.

24



More Closure Properties (FY1):

Homomorphism/Inverse Homomorphism g
Suppose given a mapping h : 2 — A¥*,

"Given DFA M over A, consider

DFA K over 2 and the same set of

.. h
|states, s.t. p aeKq iff p N»(%)q

Given DFA M over X, consider
NFA N over A (with additional

states) s.t. for any two of the

original states, p.q, if p % g then|

h(a) .
p ~»y g Via a path of new states

N

CsS 374

L(N) = h(L(M)) L(K) = ' \(L(M))
25 e.g., for h(a) =01



