
CS 373 Summer 2011Theory of ComputationLu
as CookRedu
tion Cheatsheet2011 July 22Here, we provide a pair of outlines for doing redu
tion proofs. Noti
e that our proofs in
lass follow these outlines exa
tly!1 Redu
tion OverviewRedu
tions allow us to prove unde
idability or unre
ognizability of a `target' language L. Theproof is in the form of a 
ontradi
tion: we assume that L is de
idable/re
ognizable, and showthat we 
an then make a de
ider/re
ognizer for some known unde
idable/unre
ognizablelanguage K. When writing out redu
tions as TM 
ode, there are two things that you needto do:1. Give a ma
hine for K that uses a bla
kbox for L.2. In words, argue that this ma
hine a
tually de
ides/re
ognizes K.This is 
alled a redu
tion from K to L. Noti
e that the bla
kbox is for the target language
L, not K! This is be
ause we are assuming that L is de
idable/re
ognizable in order to derivea 
ontradi
tion about K.In le
ture, we showed the following redu
tions (and maybe more):1. LDIAG to ATM , showing that ATM is unde
idable.2. ATM to HALT , showing that HALT is unde
idable.3. ATM to ETM , showing that ETM is unde
idable.4. ETM to EQTM , showing that EQTM is unde
idable. (mapping redu
tion)5. ATM to REGULAR, showing that REGULAR is unre
ognizable. (mapping redu
-tion)6. ATM to FINITE, showing that FINITE is unre
ognizable. (mapping redu
tion)7. ATM to INFINITE, showing that INFINITE is unre
ognizable. (mapping redu
-tion)
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2 Redu
tions for Unde
idabilityHere is a general outline for a proof of the unde
idability of L using a redu
tion from K,where K is known to be unde
idable already. Informally, we 
all ML the �bla
k box� for Lsin
e we assume it works without knowing how.Proof:We will provide a redu
tion from K to L. Assume that the ma
hine ML de
ideslangauge L. Then the following ma
hine de
ides language K:
MK : on the input w for problem K... // Somehow, use ML to �gure out the answer to K.// (If you think you 
an de
ide K dire
tly without ML, something is wrong!// You have shown K is de
idable, whi
h de�es our 
laim!)// Then a

ept or reje
t wSin
e ML terminates in �nite time on all inputs, MK does as well.//Now we argue that L(MK) = K. Usually this involves reasoning// about di�erent 
ases for w ∈ K or w 6∈ K....But this is a 
ontradi
tion, sin
e K is known to be unde
idable.Inside of MK , we 
an use ML as many times as we want and however we want, as longas the whole 
omputation stops in �nite time and de
ides K.
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3 Mapping Redu
tions for Unde
idability and Unre
og-nizabilityMapping redu
tions are a spe
ial type of redu
tion that allows us to show both unde
idabilityand unre
ognizability. When a mapping redu
tion exists, we use the symbol ≤M . The mainoutline of a mapping redu
tion from K to L follows. It works with either the `de
idable` or`unre
ognizable' terms, as long as your are 
onsistent.Proof:We show K ≤m L. Assume that the ma
hine ML de
ides/re
ognizes langauge L.Then the following ma
hine de
ides/re
ognizes language K:
MK : on the input w for problem K... // Somehow, transform w into some other input w′ for problem L in �nite time.run ML on input w′if ML a

epts, a

ept w.else reje
t w //This means ML reje
ted w′//Argue that L(MK) = K. Usually this is a

omplished by doing//a 
ase for all w ∈ K and a 
ase for all w 6∈ K....Sin
e there is a mapping redu
tion K ≤m L and K is unde
idable/re
ognizable, then

L is unde
idable/unre
ognizable.The mapping redu
tion requires that ML is 
alled exa
tly on
e at the end of MK , andthe output of ML is used as the output of MK . Thus a mapping redu
tion is a spe
ial typeof redu
tion. This requirement is what gives us the mathemati
al statement:
w ∈ K ⇔ w′ ∈ Lwhere w′ is some input for L that is made from w. (i.e. There exists 
omputable f su
hthat f(w) = w′.)
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