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1 Resour
esFor this le
ture and the previous one, you probably 
annot �nd detailed notes in the Sispertext. Try looking in the Hop
roft et al text (whi
h provides an equivalent perspe
tive usingequivalen
e relations), or in the Fall 2010 le
tures (from whi
h we borrow the su�x languagenotation)1.2 Le
ture 13 re
ap: Su�x languagesLast le
ture, we observed that the states of a DFA partition the strings of Σ∗. Ea
h string in
Σ∗ moves a DFA from q0 to exa
tly one state q ∈ Q, and the thus we 
an group the stringsby state. Furthermore, we 
laimed that if two strings w and w′ lead to the same state, they`behave the same' from then onwards in the DFA; for any additional input z ∈ Σ∗, wz and
w′z both a

ept or both reje
t.We de�ned a su�x language of a string w ∈ Σ∗ with respe
t to a language L asSu�xL(w) = {z ∈ Σ∗ | wz ∈ L}and 
laim that two strings `behave the same' when Su�xL(w) = Su�xL(w′). We also de�nedthe su�x 
lass of a language L as

CSuffix(L) = {Su�xL(w) | w ∈ Σ∗}the 
olle
tion of su�x languages with respe
t to L.For the regular language Lex = L(1Σ∗∪0+), we found that CSuffix(Lex) = {Lex, Σ
∗,L(0∗), ∅},where ea
h of these su�x languages 
orresponded to a state of the DFA for Lex. This led usto the observation:Remark 2.1 If L is a regular language, then CSuffix(L) is �nite.We argued for this informally, noting that the states partition the strings, and ea
h state willhave one su�x language for all the strings that lead to it. Sin
e there are a �nite number ofstates, there are a �nite number of su�x langauges.For the nonregular language L0n1n, we proved that CSuffix(L0n1n) is in�nite, by �nding adi�erent su�x language for ea
h w ∈ L(0∗). This led us to the hypothesis:1http://www.
s.uiu
.edu/
lass/fa10/
s373/Le
tures1
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Claim 2.2 L is a regular language if and only if CSuffix(L) is �nite.To prove the reverse (⇐) dire
tion, we 
onstru
ted MSu�x = (Q, Σ, δ, q0, F ) using �nite
CSuffix(L) as follows:� Q = CSuffix(L). Ea
h state 
orresponds to a su�x language.� q0 = Su�xL(ε). The su�x language for no input (ε) is the start state.� ∀S ∈ Q, a ∈ Σ, δ(S, a) = Su�xL(wa), where w is some string with Su�xL(w) = S.Transitions o

ur from one su�x language to another as determined by the stringsthat have those su�x languages.� F = {S ∈ Q | ε ∈ S}. If ε is an a

epted su�x, than this must be a �nal state.We ended the le
ture while proving that δ is a well de�ned transition fun
tion. So far,we argued that for any S ∈ Q, there is a w su
h that Su�xL(w) = S by the de�nition of
CSuffix(L).3 MSu�x 
orre
tnessLet's 
omplete the argument that MSu�x is a 
orre
t DFA and a

epts L.3.1 δ is a fun
tionWe need to show that δ behaves like a fun
tion from Q×Σ to Q. There is a problem in the
hoi
e of w: if we 
hoose w and w′ su
h that w 6= w′ but Su�xL(w) = Su�xL(w′), than wehave to be sure that they lead the DFA to the same state, i.e. Su�xL(wa) = Su�xL(w′a)for all a ∈ Σ. If this didn't happen, then δ 
ould transition to di�erent states on the sameinput (whi
h isn't allowed in a DFA).Lemma 3.1 For strings w, w′ ∈ Σ∗ and language L, if Su�xL(w) = Su�xL(w′), thenSu�x

L
(wx) = Su�x

L
(w′x) for all x ∈ Σ∗.Note that this 
laim is a generalization of what we need. Our 
ase is where L has �nite

CSuffix(L) and x is a single symbol a.Proof: By 
ontradi
tion, say that Su�xL(w) = Su�xL(w′) but Su�xL(wx) 6= Su�xL(w′x)for some x. Then there must be z ∈ Σ∗ su
h that z is in exa
tly one of Su�xL(wx) andSu�xL(w′x). Without loss of generality, say z ∈ Su�xL(wx) and z 6∈ Su�xL(w′x). Thus
wxz ∈ L and w′xz 6∈ L, meaning that xz ∈ Su�xL(w) but xz 6∈ Su�xL(w′). But this wouldmean Su�xL(w) 6= Su�xL(w′).3.2 Corre
tnessNow let's argue that MSu�x a
tually a

epts L. For input w = w1w2w3...wn ∈ Σ∗, MSu�xruns through the state sequen
eSu�xL(ε), Su�xL(w1), Su�xL(w1w2), Su�xL(w1w2w3), ...Su�xL(w1w2w3...wn)2



by the de�nition of the transition fun
tion.If w ∈ L, then the sequen
e should a

ept at the end. Sin
e w◦ε ∈ L, then ε ∈ Su�xL(w)and Su�xL(w) ∈ F . Thus Su�xL(w) = Su�xL(w1w2w3...wn) is an a

ept state.Similarly, if w 6∈ L, then the sequen
e should reje
t. Sin
e w ◦ ε 6∈ L, then ε 6∈ Su�xL(w)and Su�xL(w) 6∈ F . Thus Su�xL(w) = Su�xL(w1w2w3...wn) is a reje
t state.4 Myhill-Nerode TheoremClaim 2.2 is telling us that a (somewhat obs
ure) stru
tural property CSuffix(L) of a languagedetermines its regularity or nonregularity. This is generally known as the Myhill-Nerodetheorem, though usually through di�erent formalism.Theorem 4.1 (Myhill-Nerode Theorem)For any language L,(our version) L is regular i� CSuffix(L) is �nite. Furthermore, there is a unique (upto iso-morphism) minimal DFA for L determined by CSuffix(L).(typi
al version) L is regular i� there is an equivalen
e relation ∼L on strings su
h that
x ∼L y when ∀z ∈ Σ∗, xz ∈ L ⇔ yz ∈ Land ∼L has �nite index. Furthermore, there is a unique (upto isomorphism) minimal DFAfor L determined by ∼L.We've seen the �rst part, whi
h is the same as Claim 2.2. The se
ond part is interestingthough: there is a unique optimal `program' to solve any �nite memory de
ision problem. Itturns out that this is a 
onsequen
e of Claim 2.2, and MSu�x is the unique, minimal DFA!Even better, there is a systemati
 te
hnique (i.e. algorithm) for generating the minimal DFAgiven any DFA for the language.4.1 MSu�x: minimal and uniqueFor a DFA to be minimal, there 
annot be a DFA with fewer states that a

epts the samelanguage. (Intuitively, this is the ma
hine that uses the least memory to solve the problem.)The 
laim is that MSu�x is the minimal DFA for L = L(MSu�x). In previous le
tures, weargued informally that DFA states must 
orrespond to a su�x language. Thus any DFAmust have at least |CSuffix(L)| states to a

ount for ea
h su�x language. 2For a DFA to be unique, it must be the only one with its number of states. Note thoughthat we 
an easily make an in�nite number of DFAs with the same state size just by renamingstates. (e.g. state sets Q = {a, b, c, d} and Q′ = {1, 2, 3, 4} te
hni
ally are di�erent, eventhough their edges might look the same.) In this 
ontext, we only want stru
tural di�eren
esto matter. If two DFAs are the same ex
ept for renaming the state labels, we say they are2The formal proof of this in the Fall 2010 le
tures pro
eeds as follows: for a DFA M = (Q, Σ, δ, q0, F ),a 
ertain mapping f : Q → CSuffix(L(M)) between any DFA's states and the su�x 
lass is onto. For �nitesets, ontoness implies the domain is at least as large as the 
odomain. Thus |Q| ≥ |CSuffix(L).3



isomorphi
 to ea
h other.3 We say a DFA M is unique (upto isomorphism) if M is the onlyDFA with that number of states, ignoring other DFAs that are isomorphi
 to M .The Myhill-Nerode theorem 
laims that MSu�x is unique upto isomophism. This 
anbe proven by showing that any other DFA with |CSuffix(L)| states is isomorphi
 to MSu�x,though we will not show that here. Intuitively, re
all that ea
h DFA state 
orresponds tosome su�x language in CSuffix(L). A unqiueness proof shows that MSu�x is the only 
orre
tway to put transitions between the su�x language states. From another perspe
tive, the`uniqueness' of CSuffix(L) for
es the uniqueness of MSu�x.4.2 Finding the minimal DFANow a more prati
al 
on
ern: how do we �nd the minimal DFA for a parti
ular regularlanguage L? We 
ould build it if we knew CSuffix(L), but determining the su�x 
lass justfrom the language des
ription seems like a di�
ult pro
ess. In fa
t, our main intuition aboutthe su�x languages is from the states of a DFA, not from the language itself. Instead let'sassume that we have a DFA M for L already. Our approa
h is to optimize M so that itbe
omes MSu�x!The DFA Minimization algorithm will determine whi
h states have separate su�x lan-guages, and thus whi
h must be distin
t states in MSu�x. For example, 
onsider the followingDFA for the language L(Σ+), where ea
h state is labeled with the su�x language that it
orresponds to:
Σ+

Σ∗

Σ∗

0

1

0, 10

1The algorithm will determine that there is one state for the su�x language Σ∗, and thusthe minimal version will 
ollapse two states into one:
Σ+ Σ∗

0, 1

0, 1The algorithm works by distinguishing pairs of states that are di�erent in the minimalDFA. That is, it attempts to �nd distinguishing strings - ones that are in one su�x languagebut not in the other - for ea
h pair of states. The pro
edure follows:3This is the same graph isomorphism 
on
ept that you may have en
ountered in your intro dis
rete math
lass. Two isomorphi
 graphs have the same node and edge stru
ture, though their nodes might have di�erentnames. 4



DFA Minimization:1. Given input DFA M = (Q, Σ, δ, q0, F ), 
reate a 
hart for ea
h unordered pair of di�erentstates. All 
ells in 
hart are initially undistinguished.2. For ea
h {q, q′} with q ∈ F , q′ ∈ Q \ F (i.e. exa
tly one is �nal)Mark the 
ell for {q, q′} as distinguished3. For ea
h blank 
ell {q, q′}If there is an a ∈ Σ su
h that {δ(q, a), δ(q′, a)} is distinguishedthen mark the 
ell for {q, q′} as distinguished.4. If any 
hanges were made to the 
hart in Step 3, repeat from Step 3.5. Extra
t the minimal DFA from the 
hart: undistinguished states are merged and thetransitions are 
onsistent with those in δ.This method builds distinguishing strings re
ursively. In Step 2, the �nal and non�nalstates are distinguished, sin
e ε is a distinguishing string: it's in the su�x languages of the�nal states, but not the non�nal ones. In Step 3, new pairs be
ome distinguished based onthe existing ones.Let's see an example minimization of the following DFA:A B C D
E FG H

1

0

0

1

0

1

01

1

1

0 0

1

1

0 0First we 
reate the 
hart for ea
h pair of distin
t states:B - - - - - -C - - - - -D - - - -E - - -F - -G -H A B C D E F G5



Noti
e that {A, B} and {B, A} are the same unordered pairs, so half of the 
hart isunused. We distinguish the �nal and non�nal states (Step 2):B x - - - - - -C x - - - - -D x - - - -E x - - -F x x x x - -G x x -H x x x x xA B C D E F GNext, we go through the blank 
ells and attempt to distinguish them (Step 3). Startingin the �rst 
olumn, noti
e that δ(A, 1) = B and δ(F, 1) = F , and the {B, F} 
ell is markeddistinguished. Thus the {A, F} 
ell be
omes distinguished too:B x - - - - - -C x - - - - -D x - - - -E x - - -F x x x x x - -G x x -H x x x x xA B C D E F GSimilarly, {A, H} is marked be
ause of {E, H} or {B, F}:B x - - - - - -C x - - - - -D x - - - -E x - - -F x x x x x - -G x x -H x x x x x xA B C D E F GWe 
annot mark {B, C} or {B, D}, sin
e none of the required state pairs are distinguishedyet - though they might be in the future. The next state that 
an be marked is {B, E}be
ause {B, F} is distinguished:B x - - - - - -C x - - - - -D x - - - -E x x - - -F x x x x x - -G x x -H x x x x x xA B C D E F G6



And so on. Here's the 
hart after 
ompleting Step 3 (all additions in bold):B x - - - - - -C x - - - - -D x - - - -E x x x x - - -F x x x x x - -G x x x x x -H x x x x x xA B C D E F GWe made 
hanges to the 
hart in Step 3, so now we repeat the pro
ess on the remainingblank 
ells (Step 4). It's possible that some of the newly marked states will 
ause others tobe
ome marked as well. This does not happen in our example, so the se
ond pass of Step 3
hanges nothing. Thus the �nal 
hart is the same.Now we 
an determine the minimal DFA from the 
hart. {B, C}, {B, D}, and {C, D}are not distinguished, thus they are the same state in the minimal DFA. The same is truefor {F, H}, and also for {E, G}. The transitions are the same as in the original DFA, notingthat self loops might o

ur for a transition between a non-distinguished pair:
A BCD

EG FH
1

0

1

0, 1

0 0, 1

It turns out this was our original example from the previous le
ture, whi
h a

epts
L(1Σ∗ ∪ 0+).
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