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as CookLe
ture 10: Regex are regular!2011 June 27 at 2:00 PM
1 The theoremToday we will argue that regular expressions des
ribe exa
tly the regular languages. Statedformally,Theorem 1.1 A language L is regular if and only if there is a regular expression R su
hthat L(R) = L.Our argument will o

ur in two pie
es. First (the⇐ dire
tion) , we will prove that regularexpressions have `equivalent' NFAs using the 
losure properties that we already know. Se
ond(the → dire
tion.) , we will show a te
hnique for translating any DFA or NFA into a regularexpression and brie�y argue its 
orre
tness.1.1 From regex to NFAGiven the indu
tive de�nition for regular expressions, our proof will pro
eed indu
tively.It turns out to be quite simple, given all the knowledge we have about regular languagesalready.Proof:By indu
tion on the stru
ture of a regular expression R over Σ. At base, R = ∅, ε, or afor some a ∈ Σ. The language L(R) is ∅, {ε}, and {a} in ea
h of the respe
tive 
ases. Sin
ethese languages are �nite, they are all regular.Now 
onsider regular expressions R1 and R2 su
h that L(R1) and L(R2) are regular.Indu
tion pro
eeds in three 
ases:� For R′ = R1 ∪ R2, note that L(R′) = L(R1 ∪ R2) = L(R1) ∪ L(R2), whi
h is regularsin
e the regular languages are 
losed under union.� For R′ = R1 ◦ R2, note that L(R′) = L(R1 ◦ R2) = L(R1) ◦ L(R2), whi
h is regularsin
e the regular languages are 
losed under 
on
atenation.� For R′ = R∗

1, note that L(R′) = L(R∗

1) = (L(R1))
∗, whi
h is regular sin
e the regularlanguages are 
losed under star.Thus all regular expressions des
ribe/generate regular languages.
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Another way to prove this is by drawing NFAs for ea
h pie
e in the stru
tural indu
tion.
L(ε), L(∅), and L(a) are a

epted by the following NFAs:

aThen we 
an 
onstru
t the union, 
on
atenation, and star of any NFA by the 
losureproperty 
onstru
tions that we saw in Le
ture 8.1.2 From NFA to regexThis part of the proof is not as simple. At �rst glan
e, it's not 
lear how regular expressionsrelate to automata at all! How 
an I extra
t a regular expression from the a

epted languagesof a 
ompli
ated NFA? We need to understand what regular expressions mean in terms of aDFA/NFA.Consider the regular expression R = 0+1+ ∪ (01)∗ and a DFA M that a

epts L(R). Rdes
ribes what a 
ertain set of strings looks like:� either they are of the form 0+1+ or (01)∗� in the �rst 
ase, it's one or more 0s followed by one or more 1s� in the se
ond 
ase, it's 01 repeating zero or more timesThese strings are also the a

epted strings in M , though. Ea
h w ∈ L(R) 
orresponds tosome sequen
e of states r0, r1, r2, ...rn from M that ends in an a

ept state, or equivalentlysome `a

epting path' from the initial to a �nal state. Sin
e L(R) has every a

epted string,we 
an think of R as a 
ompa
t way of representing all of the a

epting paths in M .1.2.1 The GNFA 
onversion methodThere is a te
hnique to `
ompress' every NFA into a single regular expression that representsevery a

epting path. The algorithm uses a new automaton type 
alled the GeneralizedNondeterministi
 Finite Automaton (GNFA), whi
h has the following properties:� The transitions have regular expressions, whereas the NFA transitions have only sym-bols. A string w is a

epted in a GNFA if there is a path of transitions with labels
R1, R2, R3, ...Rm su
h that w ∈ L(R1 ◦ R2 ◦ R3 ◦ ... ◦ Rm).2



� There is a single start state with outgoing edges to all states and no in
oming edges.� There is a single �nal state with in
oming edges from all states and no outgoing edges.� All states besides the start and �nal have edges between them.� Any unspe
i�ed edge (i.e. not drawn) has the regular expression ∅.The 
ompression pro
ess works as follows:1. Given NFA N , turn N into a GNFA by:(a) Adding the new start state, 
onne
ting a ε transition to the start state of N .(b) Adding the new �nal state, 
onne
tion a ε transition from ea
h �nal state of N .(
) Adding ∅ transitions between any two states of N that have no edge.(d) Make ea
h of N 's �nal states non�nal.2. While: there is a state besides the new start and new �nal, remove one su
h stateand update nearby transitions. Given a situation like the following, where qr is theremoved state and R1,R2,R3, and R4 are regular expressions:
q1 q2

qr

R4

R1 R3

R2

qr disappears and we update the edge between q1 and q2:
q1 q2

R1R
∗

2R3 ∪ R4

This pro
ess needs to be done for all q1 and q2 that are dire
tly adja
ent to qr, in
ludingthe start and �nal. q1 and q2 might even be the same state, so we are updating a selfloop!3. Finally, when there is only the start and �nal state with one edge between them, theregular expression for L(N) is on the edge.
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This is easier to understand by example. Starting with a DFA...
1

2

3

4

a

b

b

a

a

b

a, b


reate the equivalent GNFA...
1

2

3

4

s f

a

b

b

a

ε

ε

ε

a

b

a ∪ b

And remove states in any order until only the new start and �nal remain. Noti
e thatremoving state 3 does not require modifying any transitions. There are no paths through 3between two adja
ent nodes!
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4

s f
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ε aa∗b

aa∗

ε

b

a ∪ b

1

4

s f

b

ε

aa∗

ε

b

4

s f
aa∗

b

ε

b

s f
aa∗ ∪ bb∗

Now we have the regular expression aa∗ ∪ bb∗ = a+ ∪ b+ for the DFA.1.2.2 Proof of 
orre
tness (sket
h)Without going through all the details of formalizing GNFAs, here is a rough outline of theproof that would be ne
essary: 11. Argue every DFA/NFA M 
an be modi�ed into a GNFA with the same language.(easy, just juggling notation)2. Argue the language of any GNFA remains un
hanged after removing one node. (harder)1See other resour
es like Sipser or http://www.
s.uiu
.edu/
lass/fa10/
s373/Le
tures for moredetails. 5
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3. Con
lude that there is one edge remaining at the end of the repeated node removalpro
ess, and it 
ontains a regular expression R with L(R) = L(M). (easy)It seems 
lear that the �rst and last steps are true. You should 
onvin
e yourself that themiddle step is as well, sin
e we update all the ne
essary paths on the appropriate transitions.2 Closure property: HomomorphismUsing our newfound regular expression equivalen
e, let's do a qui
k 
losure property proof.A homomorphism is a fun
tion f : Σ → ∆∗ from symbols in one alphabet Σ to stringsover another alphabet ∆ (possibly the same one). Given a string as input, it applies symbolby symbol: f(w) = f(w1) ◦ f(w2) ◦ ... ◦ f(wn). For example, de�ne:
f : {a, b, c, d} → {0, 1}∗

f(a) = 0, f(b) = 1, f(c) = 00, f(d) = εThus f(aba) = 010, f(ca) = 000 = f(aaa) = f(dddaddddcdddddd). Homomorphisms areuseful for 
hanging between alphabets, removing 
hara
ters, and doing all sorts of substitu-tions in strings.2 For a language L, de�ne f(L) = {f(w) | w ∈ L} by applying f to ea
hstring in L.Claim 2.1 Given homomorphism f : Σ → ∆∗ and regular language L over Σ, f(L) isregular.Proof: There is a regular expression R su
h that L(R) = L. Create a new regularexpression R′ by repla
ing ea
h o

urren
e of every a ∈ Σ with the 
orresponding f(a). Forall strings w1w2...wn ∈ L with wi ∈ Σ, the modi�ed regular expression has f(wi) in pla
e ofea
h wi, making f(w1)f(w2)...f(wn) = f(w) ∈ L(R′). Also, L(R′) 
an only 
ontain stringsthat are in f(L(R)). Thus L(R′) = f(L) and f(L) is regular.

2And for solving homework problems. There are lots of qui
k proofs using homomorphisms and their(more 
ompli
ated) inverses. 6
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